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INnTRODUCTION

An indication regarding the relative importance of two combustion mechanisms
suggested by Penner (1953) may be obtained by determining whether liquid droplets
are in a given motor chamber for a sufficiently long period of time to vaporise com-
pletely without the occurrence of exothermic liquid phase reactions, If the time
required for the complete vaporisation of the liquid droplets is greater than the time
spent by the liquid droplets in the motor chamber, then liquid phase reactions must
occur, provided complete combustion takes place in the rocket chamber. It is,
therefore, of interest to determine the minimum time required for the evaporation of
liquid droplets in a rocket chamber.

A brief discussion and bibliography of the available literature on the evaporation
of droplets has been given by Penner (1953).

In view of the obvious complexity of the problem Penner (1953) has employed
an approximate treatment which is designed to estimate a reasonable upper limit for
the rate of droplet vaporisation in a rocket chamber.

In his treatment although the droplet temperature changed with time it was
assumed that the droplet remained isothermal during evaporation, i.e. the thermal
conduction coefficients of evaporating liquids were taken as infinite.

Hartwig (1953) has considered a shell model of the evaporating liquid in which
the droplet is composed of an inner core and an outer spherical shell of constant
thickness e. He assumed the inner sphere to be isothermal remaining at the original
temperature 7'y of the evaporating liquid and the outer shell to be llso isothermal,
its temperature being determined by an appropriate heat balance equation.

Probert (1946) indicates that the rate of evaporation of small droplets is propor-
tional to the diameter of the evaporating droplets rather than to the square of the
diameter. Penner (1953) mentions this important conclusion but surprisingly
enough both he and Hartwig (1953) used Knudsen (1915) equation which gives the
rate of vaporisation proportional to the square of the diameter. They have not
given any justification for the use of Knudsen equation in view of its non-validity
for small droplets as has been pointed out by Probert (1946).

In this paper the authors have discussed the problem on the lines of Penner’s
(1953) treatment and on the basis of the well-known expression for the rate of eva-
poration due to Maxwell (1890) and Langmuir (1918) which gives the rate of evapora-
tion proportional to the diameter of the droplet as suggested by Probert (1946).
This telation hag also been experimentally verified by Morse (1910), Namekawa
and Takahashi (1937) and recently by Ranz and Marshall (1952).

The authors have also discussed the problem on the lines of Hartwig (1953)
utilising the well-established expression for the rate of evaporation due to Maxwell
(1890) and Langmuir (1918) in place of Knudsen (1915) equation. The results have
been put in & much more convenient and neat form in place of the simultaneous
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numerical solution of the two resulting differential equations of Penner (1953) and
Hartwig (1953).

THEORY OF DROPLET VAPORISATION

The rate of droplet vaporisation depends upon the nature of the evaporating
liquid and upon the heat transferred to the liquid droplet after injection into the
combustion chamber. The minimum life of & liquid droplet in a rocket chamber may
be caleulated by using an upper limit for the heat transferred and also for the iso-
thermal rate of decrease of droplet radius with time.

The order of magnitude for the upper limit for the isothermal rate of decrease of
droplet radius with time can be calculated from the well-known equation due to
Maxwell (1890) and Langmuir (1918) which may easily be put in the form

—_— e .. .. .. .. 1
dt pRT ' r ()
where

r is the radius of the evaporating liquid,
¢ is the time,

D is the diffusion coefficient,

M is the molecular weight of the liquid,

p is the saturated vapour pressure of the liquid,
p is the density of the liquid,

7' is the temperature,

and R is the universal gas constant.

An upper limit for the heat transfer to the liquid droplets is obtained by maxi-
mizing the product A(7,— T} in the relation

Q = 4mr2h (T, 1) .. . .. o (@)
where
@ is the rate of heat transfer to the droplet,
h is overall coefficient of heat transfer,
and T, is the temperature of the hot gases.

Introducing certain approximations Penner (1953) suggests the reasonable rela-
tion for droplets of radius up to 1072 cms,

h=

R

®3)

where £ is the thermal conductivity of hot gases.

IsorHERMAL DROPLET

The rate of temperature rise with time of a spherical droplet receiving the
energy ) is

(d_T) Q  3WTe=T) _ 3HT,—T) @
1

i7) BN T pre  pri
'3177‘3p c

where ¢ is the specific heat of the evaporating liquid.
1B
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A liguid droplet is also cooled as a result of evaporation. The rate of decrease of
temperature with time associated with the cooling effect of evaporation is given
according to the relation

dT L d /4 3 3L dr
__(d_t) =—4———.(—ﬁ(§m'p == % .. .. (5)
2 §7'r7‘3pc

where L is the latent heat of vaporisation of the liquid.
The net change of temperature with time is, therefore,

dl _ 3k(Te—T) 3L (_ dr)

dat - pi%e cr dt
_8k(T,—T) 3L DMp 1
T pre cr " pRT "7
3 , LDMp

Combining equations (1) and (6)
dr _ (DMp/pRT)

T~ (3/p) (KT, 1)~ (LDMp[RT))

or
r T
dr _ DMpc[3RT
r {k(T,—T)—(LDMp/RT)}
o Ty
or
10g?=F(T). R )
"Sinee D, p, C and L are functions of 7.
From equation (7) we may put
T='\/m - .. . . (7!1)
where
(1) =rlexpi—2F(T)} .. .. .. .. (70)
Hence from equation (6) we get
ar 3 1
= e =)= (LDMp/ET
or
L fT)dT
dt ="+
3 {k(Ty—T)—(LDMp[RT)}
0 To
or

b=d(T). . e e e e e (8

Equations (7) and (8) give radius and time as functions of temperature. The
two equations also express the relation between 7 and t in parametric form.
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An Approzimation: I we plot p against 1 we find that for a small range of tem-

T
perature the curve may be taken as nearly linear, i.e.
B
_’p—-A—T... .. .. .. .. (9)

The constants 4 and B depend upon the range of temperature or the portion of the
curve, selected, and may be obtained from the curve.
Putting

D=oT2, .. .. .. .. .. (0

assuming I and C to be constant and using equation (9) we get

T
_ G_M'CJ AT—B
o

= 3R |, KT—1)~(MLo/R)(AT—B)

F(T) a7

=3R 7 (O=3T) or

T
oMc J (AT —B)
o
C—38T

a b
=—5T—To— QlogO—STO

(11)
where

C = kIl'y+BLMo/R

d=Fk+ALMc/R

2c  AcM|R

3 ' (k+ALMo/R)

2ke (o Mc/RNATg—B)
3 T (k+ALMa/R)?

a =

b

Thus we have
— C—8T \"®
'\/f(T) =r=Ty (a-—S'T—O) exp {% (T—-To)} . . (12)

When the drop has just completely evaporated r = 0, its temperature is given by

c

1= (13)

The life is given by equation (8) as
2 T b-1

rope [ (C—3T)

t=-2— i exp {a(T —T) } 4T .. .o (14
3 JT (C—STo)b p {a( 0} (14)
o

which is readily numerically integrable.
If the range of temperature (7y—7) is large it may be broken up into small
ranges and the method can then be applied.
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NONISOTHERMAL DROPLET

The mass of the isothermal shell of constant thickness is
m= %'ﬂ {r3—(r—e)3}p
If efr << < 1,

m = 4marlep. .. .. .. .. .. (15)

The mass of the inner core decreases as the radius decreages. This mass is
transferred to the outer shell and since it is isothermal this mass has to be heated
from a temperature Ty to 7. Hence the rate of absorption of energy to keep «
constant and the outer shell isothermal is

d 4 d
~o(T~T0) 77 {gw(r—ew} = 41rpC(T—-T0)(r—e)2(— é)

dr
~ 4mpe(T —To)r2 (-— ?ﬁ) .

In order to correct for this heat sink we may take effective rate of heat transfer as

@ = 4mr?h(T g T) —Aimpc(T — To) (r— )2 (_ %)

r draker(Ty—T) = dmper®(T—To) (_ %)

Thus the rate of increase of temperature due to heat transfer is given by

(dT) Q’_k(Tg—T)_(T—TO)( dr)
1

dat), " me pCer € T dt

The rate of absorption of heat by evaporation is given by

d (4 dr
—L—=ardp) = 2 —_—
Ldt (3777' p) 477 Lp( dt)

Hence the rate of decrease of temperature of the outer shell due to evaporation
is '

_ (dT) _ 4m2pL(—dr/dt) L ( _ gz) an

dt/s ¢.4nr2ep T ce dt

Neglecting the heat transfer between the two isothermal regions

-39,

represents the rate of change of temperature with time. Thus

aT _ KTe—T) _ {g T—-To} (_ ir)
T poer et e @ - o o 18
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Using equation (1), equation (18) may be put in the form

dT _ k(1y—T) DMp 1 [£+7*—T0]

dt peer pRT "1 |ce €
R U 1 ‘DMp{ , L}]
= pre I:E(Fg—q)'— (R—T) T——-]'O-l-z - .. (18a)
From equations (18a) and (1) we get
— J = J g «(DMp/RT) dT
Zﬁ‘i v T D‘M-p (/v 7 é)]
ro T, [6 Fe=1)= ( RT ) .1 Toty,
= (1)
or
r=ro—d(T). .. .. e oo (19)

From equations (19) and (18a)

t
t=[dt

0

_JT pe {ro—(T)}
o )

RT
=X(T) .. .. .. .0

Equations (19) and (20) express radius and time as functions of temperature. The
two equations also express the relation between r and ¢ in parametric form.
For determining the life of the drop we have to put 7" = 7' in equation (20)

such that
ro = (T)
An approximation: Using equations (9) and (10) we have
HT) = [T (ec/R)Y(AT—B)dT
k. oM3(L . cMB oM (L aMA
z TN v It By ¢ - 2
~T06Tg+ 5 (c 70’)+7{ % iR (c 70)} e
T
= Xy NI
= RJ (AT—B)/(@ +b'T=c'T?)d?
To
ol 4 ®A4/2¢)—B, atT)T
— A ’ e’ T2
T [ 57 log (@' +6'T—¢'T2)+ 5 log“—T]To (21)

where a? = a’+52/4¢'2.
AN ExAMPLE
We proceed to calculate the life of an aniline droplet of initial radius 10~ % ems and

temperature 373°K in hot air at atmospheric pressure and temperature 15984°K,
on the isothermal model,
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We have
M =9312
o = 0-6095/2732cm?/sec(°K )’
Knowing that the vapour pressure of aniline at 373°K and 393°K is 457 and
96-6 mms of mercury respectively we arrive at the following values:
AMq/R = 1277-24 X 10™® gms/cm sec. °K
BMo/R = 455593-9x 10 ® gms/cm sec.
Putting k = 0-5x 10~* cals./cm sec. °K.
¢ = 6721-91916 x 10~ * cals./cm sec.
8 = 17-10412 10" * cals./cm sec. °K.
Taking 7, = 130 cals./gm and ¢ = -553 cals./gm °K
b = 1-0000
a=27529x107* °K)™"

Hence
Ty = 393°K
T
t _pc 1 d _pelespa {7y—70} 1]
2T 3 08T, JT exp {a(I'—To)} 4T = 3a(C—5T)
0

Putting p = 0-94 gms/ce.
t/r2 = 1-0395 x 10* secs/cm?
Taking ry = 10" * cms.
t = 10395 10 ~* seconds.
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ABSTRACT

Penner and Hartwig have proposed isothermal and nonisothermal models for the evapora-
tion of droplets in rocket motor chamber. Their discussions are based on Knudsen’s equation,
which gives the rate of evaporation, proportional to the square of diameter of the drop. Probert
and many others have found the rate of evaporation to be proportional to the diameter, in agree-
ment with the expression given by Maxwell and Langmuir.

In this paper, the authors have discussed the problem on the lines of Penner and Hartwig
and on the basis of the well-known expression for rate of evaporation, due to Maxwell and Lang-
muir. The results have been obtained in & much more neat and convenient form as compared
to the simultaneous numerical solution of two resulting differential equations of Penner and
Hartwig.
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