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1. INTRODUCTION

Secondary flow in stationary curved pipes has been studied in the past from
both experimental and theoretical standpoints. Dean (1927) obtained analyti-
cally the secondary flow which results from the curvature in a pipe when a viscous
fluid passes through it at low Reynolds’ number. White (1929) and Adler (1934)
made extensive experimental investigations which confirm Dean’s calculations.
Secondary flow of a viscous liquid in a rotating straight pipe of circular cross-
section has been studied in detail by Barua (1954). It has been shown that
there is a motion in which the flow at every circular cross-section is the same
and that the velocity components at any point depend only on the #, y co-ordinates
of the point, or, zy being rectangular axes through the centre of the circular
cross-section in its plane. In the present paper it has been shown that exactly
similar secondary flow occurs when a viscous fluid is flowing under a pressure
gradient through a straight pipe with elliptic cross-section, when the pipe is
rotating about an axis perpendicular to its length.

2. FORMULATION OF THE PROBLEM

We consider a Cartesian system of co-ordinates (z, y, 2) with 2 measured from the
axis of rotation which is the y-axis and is along the minor axis of the elliptic cross-
gection of the pipe. The z-axis is taken along the major axis of the ellipse. If
we denote the angular velocity about the axis of rotation by £, and the velocities
relative to the z, ¥ and z axes by , v and w respectively, the equations of motion
for steady state may be written as

ug—:+v %+w %:"’29’” = — (%(p/p)+.(22x+vv2u. .. @
wg v wdl = = 2 plp+r, L@
u %%}+v %)+w %—?j —20U = — ba—z(p/p)+922+vv%. .. .. (3
The equation of continuity may be written as
ey L L LW
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If we now introduce the assumption that the motion is the same in each cross-
section of the pipe, the equations of motion simplify to

du oOu ox
u$+va +20Qw a—+vv U, .. . .. ()
ov ov X
u§c+v5?—/ 5—+Vv v, .. .. .. (6)
va —20 5 (7)
+ 3 u_——a+va .. .. ..
where
X =2_ 192(x2+z2)
p 2

The equation of continuity becomes

au av

As a consequence of the foregoing assumption, the form of y is restricted to
X =c'z+d(x, y) .. .. .. B )]

where ¢’ is a constant, and may be termed the gradient of X along the axis of the pipe.
From (8) one can write

O
w = 'U—é; e e .. . (10)

where ¢ is a function of z and y only. Making use of these relations and eliminating
x from (5) and (6) we get

dw , 0(g, V)

—_ = 2y 2 .. .. A |
29 + 5. 9) yVEV . (11)
From (7), (9) and (10)
O O w) _ _ iy o0 L2
20 = st oy = —C v, .. (12)
where
02 0%

Let us now make a transformation by putting x4y = ¢ cosh (£+417), and let
£ = £, correspond to the ellipse

172 yz—
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where @ = ¢ cosh &, and b = ¢ sinh &,. Tn this case (11} and (12) become

2Qc[cosh ¢ sin 9 af+s1nh £ cos 7 3 ] __%V_)s@ VHQV %) (13)
2Qc[cosh £ sin 7 %+sinh £cos %]z,b = — CQ—’+VV'2‘W— %((ﬁ—’:%, o (1)
where
. 02 92 ¢ ) 1 - 2
vE= a§2+a 3 @= d(x,y) c? (sinh? {-4sin®y) 2 (cosh 26—cos 27)

3. SOLUTION OF THE PROBLEM

When there is no rotation, the problem reduces to that of the flow through an ellip-

tic pipe under a pressure gradient, and it is known that equations (13) and (14)
can then be satisfied by

and V=0 ?

c2c’

(15)
W= 1wy = m (cosh 2£—cosh 2£)(cosh 2¢&,—cos 277)5

In the general case, when the pipe is rotating, let us assume that the solution can be
expressed in a series of the powers of 22 (supposed small) as

=2 +2W+ ... .. .. .. .. (18)

w = wy+2w,+(20Q)2ws+ . . .. . . oo (An
Substituting for ¥ and w from (16) and (17), and equating the coefficients of powers
of 202 we get from (13) and (14) a set of equation for the ¥’s and w’s. Firstly
from (14)

190 o = B e in2.

AVACIT 0 - (sinh2 £ 4-sin2 x)
which is exactly satisfied because of our choice of wy. From (13) equating coeffi-
cient of 202 we obtain
v QT %) = —c[cosh ¢ sin 7 va%+sinh £ cosn 8%;] Wy

or in extenso

[(cosh 2£ —cos 29) v '2-44(cosh 2¢+4cos 277)—4(sinh 2£ —aa—£+sin 2 %)] V%

= A(sin 3n sinh £{—sin 7 sinh 3 £)(cosh 26 —cos 29)2, .. (18)
where
c'ch 1
A=15 (1+cosh 250). (19
The solution of this equation appropriate to the boundary conditions
by _ Oy

o
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when £ = &, for all 7, is given by *
Yy == sin 5(4 sinh §+(B;—B~—2By) sinh 3§— B’ sinh 5¢)
-+s8in 5y(~B’ sinh £+ B, sinh 3£+ A sinh 5¢), .. .. (20)
where
Aq = —2B'(2 cosh? 2£y+2 cosh 2£,+1) ; \
(144 cosh 2£,)2
(2 cosh? 2£,4+2 cosh 2¢,+41)

A2=—B 2

! 1 .
-5 2(2 cosh? 2¢£4+2 cosh 2£,+1)°
B — Br (]'_I-4 COSh 250) . (21)
27 7 2(2 cosh? 2¢,+2 cosh 2£,+1)
(144 cosh 2£,)(14cosh 2¢y+cosh? 2£p) |
(2 cosh? 2£4+2 cosh 2£,+1) ’
A , B
wF =3 )
On equating the coefficients of 202, one gets from (14)

A3=

B, = B+2B’

B =

2 ’
V'ew, = S = 28—1/% [cos 7(0+4a, cosh 3é+ay cosh 56— B’ cosh 7§)

+cos 3n(—ay cosh ¢+0-4ag cosh 5£+3B; cosh 7€)
+cos 5n(~ag cosh ¢ —ag cosh 36+0+4543 cosh 7€)
+cos Ty(B’ cosh £€~3B, cosh 36—543 cosh 56+0)]
c2c'

+16v2 cosh 2£,
+cos 3n(—ay cosh £404ay cosh 5¢+4-ag cosh 7€)

+cos by(—ag cosh £—ay cosh 36+0—2By cosh 7£)

+cos Tn(—ag cosh £—ag cosh 3¢é+42B; cosh 5¢640)], .. o (22)

[cos 7(0+ay cosh 3£+ag cosh 5E-+ag cosh 7¢)

where
a) = 3A2+A_1+B’+3(B1—B—2B2) ;
ay = 5(By—B')+(B1—B—2B3);
ag = 34;+5(43+B');
g = 24, +4+2B;—4B'+4(B;— B—2B5);

(23)
as = 643+4(B;—B—2By);
Qg = 8.32—'6.8’;
ay = 8By—2(B;—~B—2B,) ;
ag = 1043+44B’.

The solution of this equation appropriate to the boundary condition w; = 0, when
£ = &, for all 7 is given by
wy = cos 7(c; cosh £+b; cosh 3§+by cosh 5¢4b5 cosh 7¢) l
+cos 3n(b, cosh £4-cg cosh 36+4by cosh 56+b5 cosh 7¢)
+cos 57(bg cosh ¢£+b, cosh 8£+c5 cosh 5£-+bg cosh 7£)
+cos Ty(bg cosh £4by cosh 3¢+4bg cosh 5E+¢q cosh 7¢) |

(24)

* Tt can be verified that the six equations obtsined from these boundary conditions
containing only five congtants, 4;, 4q, 43, By, Bg in (20), are consistent and uniquely determine
these five constants.
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where

c2c’

¢; cosh &, = 52 ( 8 cosh 3§0+ cosh 5¢0— % cosh 7{0)

-—————cz"' osh 3¢ b5 ‘fﬂoh7§)
1677 coh 22, (8 °° °+ 4 cosh 560+ zg cosh 74,

2

cq cosh 3£, = e (81 cosh §0+i% cosh 5£0+4—02 cosh 750)

L( cosh ¢ + cosh5§ ggcosnh7§)
16+% cosh 28, sh o ot75 0

(25)
¢ cosh 5, = ot ( cosh §o+ cosh 3§o+ cosh 750)
c2¢’ B
m ( cosh §o+ COSh 350 COSh 7§0)
c2c’ B
¢y cogh 7£) = o2\ 718 cosh §0+ 2 cosh 3§0+—~ cosh 5&
czc' B
m (48 cosh §0+ COSh 350 COBh 550)
A SR AT S SO Z@+——-———-°26' i
1™ 7782 8 T 16v2 cosh 2&, 8’ 27 7 812 2477 1642 cosh 2£, 24
b e’ B’ c2c’ g b, = c%’ ag + c2c’ 2
8= 8,2 487 162 cosh 2¢, 48’ £7 T 82 16 1612 cosh 2£, 16
be = ¢’ 3B, c2c’ g, c2c’ 5Ag e’ By
5= T 82 40 ' 1612 cosh 2&, 40° 8T

82 24 ~ 16v2 cosh 2£, 12

If we restrict ourselves to the first order solution of the problem and neglect terms
of the higher order in (2£2) in (16) and (17) equations (15), (20) and (24) are sufficient
to give the first order solution. We shall here examine the nature of the stream
lines for solution of this order. Let us consider a typical stream line. We shall
look for the projections of the motion along this stream line on the planes y = 0
and z = 0. The central plane y = 0 has two parallel generating lines of the cylin-
der cut by the major axis of the cross-section on which the portion between the
foci is given by £ = 0, and on two sides of this segment, 7 = 0, or =.
It can be seen from (20) that in either case

=—VaFE£0 u=veH=

So a particle of fluid once in this central plane ¥ = 0, does not leave it in the subse-
quent motion. The differential equations of the stream lines are
d¢ dq ___dz
3¢1 ¥
2.QQ 200 =57 %
To find the projection on the central plane we substitute the values of w, from (15)
(2]
and w— B from (20), and get

_ (2 cosh? 2¢,42 cosh 2£,4-1) sinh £d€ ]
0= = 500 wmh? 2y(conh? Eycosl? §) L7 the portion g =0
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and
_ 48v (2 cosh? 2&,42 cosh 2¢,4-1) sinh &d¢
T 2Qc sinh2 2£,(cosh? ¢;—cosh? §)

On integration we obtain

_ 24 (2 cosh? 2£,+2 cosh 26p+1) | (cosh £,+cosh §)
2Q¢ sinh? 2£, cosh &, cosh £,—cosh ¢

dz

for the portionn = =.

z =

~+const. for n = 0 . .. . . .. (25a)
_ 24v (2 cosh? 2¢,+2 cosh 26,+1) | (cosh £,+cosh g)
T 2Qc sinh? 2£; cosh ¢, cosh £,—cosh ¢

+const. for n == . (25b)

Similarly, substituting the values of w, from (15) and % from (20) and putting

¢
¢ =0 in the above differential equation of the stream lines we have
ds = 24v (2 cosh? 2£,4-2 cosh 2&,+1) sin ndy
TR’ sinh? 2¢; " (cosh2 ¢;—cos? 7)

which on integration gives

22 cosh2 26,42 cosh 2€,+1) 1 (cosh Eo+cos
28c sinh2 2¢, cosh & cosh {y—cos 7
Let us consider the particular stream line for which the constants of integration,

which generally should be different for different stream lines, are both equal to zero.
Wae see that at one focus, namely, € =0, 7 =0

)+const. .. (25c)

N

_ 24v (2 cosh? 2£,4-2 cosh 26+ 1) | (cosh §0+l)
282c sinh? 2, cosh &, cosh §p—1

the other focus £ =0, n=1m, z=2,, We find that for 5 = =, z increases as &
increases; since z—> o0 as £ — &, the stream lines never reach the edge of the
pipe at finite distance. For 5 = 0, the expression for z is the same with the sign
reversed, and z~» — 0 as £ > &, Similarly, if we take the constant of inte-
gration in z in equation (25c) to be zero, then on the part of the major axis of the
ellipse joining the two foci £ =0, z=0 when 7= =/2. We note that putting
the constants of integration zero in all the three above formulae (25a), (25b), (25¢)
the stream line corresponds to the stream line passing through the origin (Fig. 1).

———

2 ==

= —z say

-

Fia. 1.

Other stream lines may be drawn in this manner by choosing non-zero values for the
constants. For a given value of ¢ or w, z varies inversely as 2Q2. So as the
angular velocity of the pipe increases z diminishes. It may also be noted that to
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the first order of approximation the foregoing relations do not depend on the pressure
gradient ¢’ along the pipe, The differential equation for any stream line is given by

dé _ dy dz

VQu VQu W
From the first equality above, we get on substituting for %, and v, from (20)
dipy =0

Prp=4"

sin 7(4; sinh £+ (B,—B—2B,) sinh 3¢—B’ sinh 5¢)
+-8in 35((By—B—2B,) sinh £+ 4, sinh 3¢+ Bs sinh 5¢)
+-gin 54(—B’ sinh £+ By sinh 3£+ Ag sinh 5¢) = A’

where A’ is a constant of integration.

which on integration gives

or

1
Taking ¢ =1 and eccentricity of the ellipse to be 7 and transforming this

equation in terms of Cartesian system of co-ordinates and considering the stream
line in the case when
24’ 72002

BB o T

we obtain
32y[1 —a2—2y2f-a2y2+frt+yt] = ¢,
The projection of the stream lines on a cross-section of the pipe in the case when
¢p, = 1 has been plotted graphically and shown in Fig. 2. For different values of

i '} L i L 'l '} 1 4. 'l A L1 'S A 1 i ] ). 1 3. L 1 3 1 (] H}
14 I3 12 1 O 09 0807 06 03 04030201 O 01 02 0304050607 08091 1 21314 X
Fic. 2.

¢, we get a similar set of curves. For equal and opposite value of ¢,, we get a
curve which is the reflection of the former curve on the major axis of the cross-section
of the tube. The central plane y = 0 is a plane of symmetry and the motions in
the upper and lower halves of the cylinder are reflections of one other. Further
it can be seen that on the y-axis, i.e. minor axis of the ellipse, the velocity v of the
fluid element parallel to the y-axis is always zero and u, the velocity parallel to the
x-axis, is also zero only when

1
= 4 —= = 40-447 (approx.),
y Wi + (approx.)



D. D. MALLICK: SECONDARY FLOW IN A ROTATING ELLIPTIC FPIPE 185

Hence to the first approximation the stream lines of the relative motion
through the points

1

(x=0,y=—\7§) and (x=0,y=——\%§)

are straight lines and the velocity on any of them is the same as when there is no
rotation. The secondary motion due to rotation consists in slight curving of the
original straight stream line round the above two undisturbed stream lines.

4, CALCULATION OF RESISTANCE COEFFICIENT
In order to calculate the resistance coefficient, we shall now calculate the second

order terms in 262 in (16) and (17). Equating the coefficient of (2Q2)2 we get
from (13)

v QY ) = _a_(.'ﬁ.%(%%;ﬂl) —c (cosh ¢ sin g a%+:sinh £ cos q %)wl .

Substituting for ¢, and w; from (20) and (24) respectively and simplifying we

get
VVIZ(QVI2¢2) = g8in 277(0+.D11 sinh 4£+D12 sinh 6§+D13 sinh 85) [
+sin d9(—D,; sinh 26404 Dy4 sinh 664 Dy5 sinh 8E) f (26)
+sin 6n(—D-, sinh 26— Dy, sinh 4£4-04D;4 sinh 8¢) ’ o
+sin 89(—D;3 sinh 26~ D5 sinh 4£— Dyq sinh 6£40)
where
Dy = ;2 {4(By~B—2B;){B,— B—2B,+ By+6B’) —144 B, B'+ 124, B,
+124,B'+120B'24604,B'—8B2—244, By}
[
-3 (b1=38c3+3bg—~by)
D= ;2 {—8(B'+4By)(B,~B—2By—4B,)—12B'(1043410B'+645)}
- % (2bg— 4b, +4bg— 2b5)
4
Dyg = p {12(B'2—ByB'+10By45) } — % (3b3—5b5) >(27)

Dy = 0;42 {28By(By—B—2B;)+20.43B,+ 8B+ 84B'2—96B,B'+ 36 4,8}
[
= 5 (ba—5¢5+5b5—be)

4 Cc
Dy = 5 { —24B'(By+543) } — 5 (2b5—6bo)

4
Dyg = 5 {6(1043B +4B)} — £ (be—Ter) e e e
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Equation (26) can be written in the form

[(cosh 2£ —cos 29) 7 244 (cosh 264-cos 2y)—4 (sinh 2¢ 5%+sin 27 58—)] \vACYN
n

2
= g_v (cosh 2¢ —cos 27)2 [sin 2n(0+ Dy, sinh 4¢+Dy, sinh 66+ Dy 4 sinh 8¢)

+sin 49(— D, sinh 2640+ Dy, sinh 664 D;; sinh 8¢)
+sin 6n(—D;q sinh 2§ — D4 sinh 4640+ D¢ sinh 8¢)
+sin 8n(—D;5 sinh 2£ — D5 sinh 4§ — D;4 sinh 6£4-0)]
Of which the solution is of the form
g = sin 2n{ L, sinh 264 (B4 T'1—5T5) sinh 4€+B, sinh 66+
Bg sinh 8¢ 4B, sinh 10¢}
+sin 4n{(B1+T1—5T;) sink 26+ Ly sinh 4£4- (3T, —T7T5—383)
sinh 6£48; sinh 8484 sinh 10}
+sin 6B, sinh 264 (375 —7T3—3B3) sinh 4£+
Lyg sinh 6£+ (5T3—97 s —3Bs) sinh 86+ B, sinh 10¢}
+sin 87 {B; sinh 2¢+B; sinh 4¢+ (573 — 97, —3B) sinh 6+
L, sinh 8¢+ 7T sinh 10¢}
+sin 105 { B, sinh 26+ B4 sinh 4§+ B; sinh 66+
7T, sinh 8¢+ Ly sinh 106} .. - .. .. .. (28)
where Lq, Ls, Ls, Ly, Ls, Ty, T, T3, T4 are arbitrary constants and

¢ D c2 D D D 21 (D D
iz ﬁ2=_ ___(__11_*__1_3 14)~‘33-—___(._1_2_.__1_5)

hi=% Bxi3’ 20 4v60\ 32 ~ 48
B, = ¢ Dig : By = 1 D14 %_Qﬁ).ﬁ @ Dy |
L= L B60x96° 7T 4y 48 60 ~ 28 67 448 x84’
_¢ D
B7—'4v'28x64' .. .. .. .. - . (29
The boundary conditions -E;—'bg = al’bo =0 on £ = &, for all 5 give
Ll sinh 2§0+ ﬁ1+ T1—5T2) smh 4§0+,32 sinh 6§0+ﬁ3 smh 8&0
+8, sinh 106, =0 . .. U § 1
ﬁ1+T1-—5T2) sinh 2§0+L2 sinh 4§0+ 3TZ—7T3—3ﬁ3 Slnh 650
+ﬁ5 sinh 8§0+ﬁ6 ginh 10§0=0 .o . . . .o (2’)
Bz sinh 2§0+(3T2—7T3—333 smh 4§0+L3 sinh 650
+(5T3 9T4_3ﬁ6 Slnh 8§0+ﬂ7 sinh 1050 =0. .o . .o (3,)
Bs sinh 2§0+ﬁ5 sinh 4§0+ 5T3—9T4'—'3B0 Slnh 6§0+L4 sinh 850
+77, sinh 10§, = 0 .. . .. 4)

B4 sinh 2§O+ﬁ6 sinh 4§0+B7 ginh 6§0+7T4 sinh 8§0+L5 Sln.h 1050 =0 (5')

L, cosh 2¢,+2(B1+7T1—58T3) cosh 4§0+352 cosh 6§0+4ﬁ33 cosh 8§0
+5ﬁ4 cosh 10&0 =0 - .o . .. (6')
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‘31+ T1—5T2) cosh 2§0+2L2 cosh 4§0+3(3T2—7T3'—3B3 COSh 6§0

+4B5 cosh 8£,458¢ cosh 106, = 0 .. .. (7
Bg cosh 2£,+2(379—TT3—~38;3) cosh 4£,+3Lg cosh 6§0

+4(5T3—=9T4-~3Bg) cosh 8£y+587 cosh 1063 =0 .. . .. (8)
B3 cosh 2€,4-285 cosh 4£,+3(573—97,—38) cosh 6§0+4L4 cosh 8§0

4357, cosh 106, =0 .. . @)
B4 cosh 2¢&3+284 cosh 4£4+ 387 cosh 6§0+28T4 cosh 8§0

+5Lg cosh 10, = 0 .. . .. . .. .. (109

It can be verified that these ten equations (1’)——(10’) containing nine arbitrary
constants are consistent. Solving for Ly, (B14-7,—5T), etc. we obtain

= By(14-4 cosh? 2¢,)+ 1685 cosh® 2£,+4-8,{5+46 cosh 4£,(1+4 cosh2 2&;)} ;
,31+ T,—5T5 = —4,32 cosh 250—2,33 (243 cosh 4&¢)—41B, cosh 2£4(14+4 cosh 4&g),
ete, .. . . . . .. .. . .. .. (30)

Equating the coefficient of (29)2, we obtain from (14)

YV 2wy = c[cosh ¢ sin g éaz:+sinh & cos g a%]llxl-{-a(aé” 127;‘)0)-*-6(6(:;, :;;1)
or
V 2wy = % [ocl cosh 264 x5 cosh 4§+ a3 cosh 66+ ay cosh BE4-a5 cosh 10¢
+ag cosh 1264 cos 2n{ —a;+a; cosh 4€4ag cosh 6¢
+ag cosh 8641 cosh 10641, cosh 12¢}
+cos 4,,){ e e e e e e }
+ ..................................
................ .
+cos 127 }] .. (3D
where
c2c’

a =§ (AI+B1—B_2B2)+8V_065——_}12§0 (Bi+7T1—5T2—2Ly cosh 2&)
—#{A41(c1—b1) + (B1—B—2B5)(c;—bg+3b;—3c3)
+ B'(bg—by 4By —5bg) + 3.4 5(by —by) + Bo(3c3 — 3bs +8by — 5¢5)
+5A43(by—be)}

az = ¢(B;—B—2By—B’ )+m‘ (L14Be—2(B1+T1—5T3) cosh 2£,)

—{A3(by—bs)+(B1— B—2By)(c; —b3+3c3—3bg) — B’ (c1+ by — 5¢5)
+3Ag(by—bs) +5.43bp+ By(3by +505—35bg) }

* 1 3 2 ! — )
g = — 3(;B 8v Cocsf[ 250 (‘31+T1—5[2+B3—2B2 COSh 2&0)
—3{A4;(by—bg)+(B1—B—2By) (b1 +3bs— 3b5) — B’ (c1+ 5¢5— 5be)

+ 34505+ Bg(3b1+5bg) + 54502 }

* Terms not written in full in (30), (31), and (33) do not make any contribution in the
calculation of the flux integral (34).
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2 4
*e= Miﬁ?o (B2+Ba—2B3 cosh 2£,)
~2{A41b3+ (B1—B~—2By)(by+3bs) —B'(b1+5be)
+3A35by+By(Bcs+505) +543b4 }

5c2¢’
%5 = G ooah 3E, B3 2P cosh 26o)

—3{(B1~B—2B3)bg—B'by+3 A3b5+ By(3bs+5bg) +5 4505 }
6c2c’

ag = mﬁ4 cosh 26,—3{ —B'bg+3Bobs+5A43bg }

oy = %(3B’+B2+3A2—B1—B—2B2)

ce CY N UTYN
+5oomiaE, (8 (Bu+Ta—57)+ 3T, 71536

~2(2Lg+Ly—Bg) cosh 2£q) —3{ 4;1(by+3c5~3bg—by)
+(Bl—"B—2B2)(1Obl*cl+7b4+b5—'7bz—505"-563)
+B'(7b1—361+963+ 1 165— 1 lb4—9b6) +A2(361 +962—9b3—3bﬂ)
+5Ag(b; +3bg)+ By(cy 4 1165470 + 13bg— 13bg—Tcy) } .. (32)
4B, +2B’) __
2 (48, +8v cosh 2£,
+B1+ T1—5T3—Bs) cosh 2¢,) —3{ 4y (2by+4by— 45— 2b5)
4 (81— B—2B5)(6¢3+8by+ 10c5— 10bg—8bg)
—B’(8b1—201+ 14b4+ 1666— 16b5-— 1407) +A 2(6b1 + 12b4)
+ A5(10by 4 2063) + By (4c1 + 146+ 125+ 1855)
20 )
g = -5—0‘;{{2—5; {5 (35— T3~ 385) + 3B — 2(485+ B2 —Ba) cosh 2£,}
—3{ A1(3bg+5bg)+ (By— B—2Bg)(Tby by +11b3+13be)
—B’(963—b1+19b5+2lc7‘)+5A3(363+5b5)
+ By(7b, +34b,+23bg) }
c2c’
0 = G ook O, (685—2(5B4+Bs) cosh 2£)
—3{(B1—B—2By)(2bg+8bs) — 10B'b4+ A5(12b3+ 18bs)
+ By(10by+20c5+ 22b5 4 28¢7) + A3(2004 + 30bg) }
c2c’
o1 = m(7ﬂ3~2ﬁ4 cosh 250)
—3{ —B'(11b5+bg) + Ba(13b3+23bg) + A g(25b5+3507) § -

The solution of this equation appropriate to the boundary condition wy =0
on § = §; for all 9 is

o

(4Lo+2B5—2(3 (372~ 7T3—3B3)

dg =

D

wy = [% {cosh 2¢é —cosh 2£,) +%§ (cosh 4¢~—cosh 4§°)+§% (cosh 6£—cosh 6£;)

%4 P -
+§Z£ (cosh 8£—cosh 8&,)+1 9 (cosh 10§ —cosh 10¢)
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+ IO; (cosh 12¢—cosh 12¢¢) + cc;; 22;’: {al (cosh 2¢y—cosh 2£)
+T—; (cosh 4¢ cosh 2£—cosh 2£ cosh 4£o)
+g—; (cosh 6¢ cosh 2¢y—cosh 2¢ cosh 6£,)
+53 (cosh 8¢ cosh 26q—cosh 2¢ cosh 84,)
+%9 (cosh 10¢ cosh 2y —cosh 2¢ cosh 10£,)
+%—i]6 (cosh 12¢ cosh 2£y—cosh 2£ cosh 1250)}
+cos 41){ ..., Fcos 1217{ }] .- o . - (33)

The flux through the pipe

£o 2 (

)
= 4= J J [wo+ (262)2w,](cosh 26 —cos 2n)dé dn
Q

Q
_ wcic’ 20 . o3 %7
= ~ 35, cosh 2g; *11b* 2o [H‘ ( ) {2(“1"‘9 3)
4 g o3
+3 (a2+— - E) cosh 2§0+2 (9 +2—5' -_— '1——5')(2+3 cosh 450)

+= ( +— —_ a—ég) cosh 2£o(1+4 cosh 4£)

+g X5 _. o‘11)(9+16 cosh 4£,+4-10 cosh 8¢)
3\~ 35 0 °
+$ %’ (6 cosh 2£9+4-5 cosh 6£,4-3 cosh 1060)}]

1f we denote the mean velocity through a stationary elliptic pipe of semi-axes
a and b under the same effective pressure gradient by w, we have

ac’ct sinh? 2£,

c
"—2-smh2§o.w.—'— 32v cosh 2&,

Therefore
16w, cosh 2£,

~ T c® sinh? 2§, (34)
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Hence, the resistance coefficient becomes approximately
2 2
CDy F 2 2!2) o3 ot7) 4 oy Ug
—_—_= = =l—]|— —_—— = ——— <
P (F) ¢ ( ¢ {2 (“"" 5 —3)T3lxetg — ) cosh 2o

g . A o9
42 (§+§5 - 1—5)(2+3 cosh 4£,)

4 (ay , % am)
+5 (4 96 cosh 2&,(1+4 cosh 4&,)
2(%s _*u
+3 (25 35)(9+16 cosh 4£4+ 10 cosh 8¢)
+§ . %8 (6 cosh 2¢4+5 cosh 6343 cosh 1050)} .. .. (35)

where Cp and Cp, stand for resistance coefficients for the cases when the pipe is
stationary and when it is rotating respectively, and F and F, stand for the flux
through the pipe in those cases. The validity of the equation (35) requires that 2
should be fairly small. '

In conclusion the author wishes to thank Prof. N. R. Sen for his interest and the
benefit of discussion with him in course of the work.

SUMMARY

The secondary fluid motion in an infinite tube through which a fluid is flowing under con-
stant pressure gradient while the tube rotates about a principal axis of the elliptic cross-section
has been worked out. The character of the flow is the same as in a circular tube, though the
details of calculations are very much complicated in the case of elliptic section. It is, however,
possible to satisfy the boundary conditions accurately.
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