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1.1. Let f(0) be a periodic function with period 2s and integrable (L) over
(—ar, m). Let the Fourier series associated with f(8) be

G -
10 ~% +,Zl (@, cos nf+b, sin nf). ... (L
Then the rth derived series of the Fourier series (1.1.1) is

zg— a, cos nf+b, sin nd). .. . . (L1.2)

We write

)
d,’s being constants independent of t;

gt = 5 [{f(x+t (t)}+(—1)’{f(.v—t)—P(—t>}] :

¢
qsa(z):f%j %=1 $(u) du, (& > 0) ;

Do(t) = $(1) ;

$o(t) = D{a+ 1)t Dy (2) ;
and define g,(¢) in a similar way.
Also we write

1

Vo ix)= f (1—#)%*~1 cos 2t dt, (¢ > 0);
1]

(— 1)k+1 ght

Tl+h—a )I"(oc+l)J‘ =DV (@t dt, (B> @ > 0),

where h is the greatest integer not greater than «.
Suppose that there exists a polynomial P(t) of (r—1)th degree in ¢, such that
g(t), defined as above, is integrable (L) in (—m, w), and is defined by periodicity

Joe) =
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outside this range, then the rth generalized derivative of f(f), at 8 = x, has been
defined (Zygmund, 1935) to be the limit of r!g(¢), as t— 0, and is equal to the rth
derivative of f(6), namely f7(6), at 6 = x, in case the latter exists and is finite.

1.2, DeriniTioN (see Hardy and Riesz, 1952). Let 2T u, be a given

infinite series, and A, a positive steadily increasing function of n, tending to infinity
with . We write
H) =A@ = D u,
An < w

A} (w) = Z (w—2A,)"u,
An < w

and
C5 (w) = 45 (w)fwr.
The series 27" u, is said to be summable (R, A, ), r > 0, if lim c:\(w) exists and is

w—>®
finite.

The summability (R, A, r), for the particular cases A, =% and ), = log %, is
equivalent to the summabilities (¢, r) and (R, log #, 7), respectively. (Hardy and
Riesz, 1952.)

1.3. In the year 1909 Lebesgue (see Titchmarsh, 1949) investigated the order
of the partial sums of Fourier series. He proved that if f(x) is continuous, then
8, = o (log n), 8, being the nth partial sum of the Fourier series of f(x). By the
help of Fejér’s (1910 a, b, ¢) examples it was found that no more is true in the above
statement, since if e(n) is a function which decreases steadily to zero, as n— o0,
however slowly, there is a Fourier series of a continuous function for which
S, > e(n) log n, for arbitrary large values of n. The result of Lebesgue for the
order of the partial sums of Fourier series has been extended by Sunouchi (1951)
so as to be applicable to Cesdro means of partial sums. In § 3 of this paper we have
shown that Sunouchi’s result can be obtained under less restrictive conditions.
In § 4 we have shown, by framing examples, that the result obtained on the orders
of these means is the best possible.

In § 5 of this paper we have shown that from the knowledge of the order of the
Cesaro means of Fourier series, the orders of the Cesaro means of its successively rth
derived series can be obtained easily. Recently Mohanty and Nanda (1954) have
published some results giving the orders of the Cesaro means of the first derived
geries of Fourier series, but this result can be easily derived either by putting the
above-mentioned result of Lebesgue in a kernel established by Wang (1934), or still,
in a rather generalized form, by putting r = 1 in Theorem 1 of this paper.

From the theorems of this paper in conjunction with certain known results,
we have deduced like corollaries, a number of results which will throw some useful
light on the theory of this subject.

2. We give some lemmas in this section which will be used in the proofs of the
various theorems,

Lemma 1 (Bosanquet, 1934). The function Jg(x), B > a >0, and its deriva-

tives are bounded for x > 0, and for large values of »

. cos {x— §<«+ﬁ+1)} . .
Jpg (@) = T(o+1) 4B« +0(x2+ﬂ—a)+0(;2)'
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Lemma 2 (Bosanquet, 1934). If 8 ﬂ(w) denotes the (C, B) mean of the Fourier

sertes of f(0), at 8 = x, then

7
Sﬁ(w)-—S = wf tf)a(t)J;(wt)dt-i-O(l), n>0,8>a>=0).
Lemma 3. If °
¢ #
J | a(u) |du = o{t(log —1) }, (a > 0),
0

in (wt—mo)

Sa(w) = o(1)+o{ (log w)?} +J d,() —t% dt+s

as t— 0, then we have

w
= o{(log wp*1}, (—1<p< o0),
and
Syps(w)—=8 =of(log w)}, (5>0,p>0).

Proof. The proof of the first part of this lemma for the case (x>0,
—1 < p < ) is given by Sunouchi (1951) and for the case (¢ =0, p >> 0) is given
by F. T. Wang (1935-36). The proof for the case (a =0, —1 < p < 0) follows
from the arguments similar to those of Wang. For the second case we have from
Lemma 2 and Lemma 1

n
Saal0)=8 = [ $o(07 gtet) de-Ho()

1
— 1
w | $a(0)]
= 0(wJ0 LAUN dt)“’(“’j ()} 42 d’)

g1~

+1;;8J1 j’fg dt],
where
0 =f:!¢a<t>1dt-
Or

8ot s(w)—8 = of (log w)r},
which completes the proof,
Lemma 4 (Wang, 1934). If Bf(w) denotes the (c, k) mean, for k > r, of the rth

derived series of the Fourter series of f(0), at § =z, and Af_'.(w) denotes the (¢, k—1)
mean of the Fourier series associated with g(t), at t = 0, then we have

I'l4-k4+r—1)
w)—r18 = z '_—"—_I‘l+k—z) {A, ()—-S}+o(1),
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where
0 = (r—i+D(r—14+2) ... (r)
i TE+1)
Lemma 5 (Hardy, 1949). If

r=1

is summable (c, k+1), k > —1, then a necessary and sufficient condition that it should
be summable (¢, k) is that
n
%
A, _ru, = o(n*+1),
r=1
as n—» o0, where

(k+DE+2) ... (k+m)

R
4, = m'

Levma 6. (a) If (¢, ) means of the series
0
Uy
r=1

are o (log n), as n— o0, for & >0, and if its (c, a+1) mean extists, then the series
Z log (r+1

b) If the partial sums of the series

are o{ (log m)P+1} and its (c, 1) means are s+o{(log )P}, as n— 0, for =1 < p
< o, then the sertes

is summable (¢, o), and

O ur
,Zl {log (r+1)}**?

18 convergent.
Proof. TFor the proof of part (a), it will be sufficient to show, by Lemma 5, that

. @+l 0
J = Z o oy = O @3>0
as n—» 0.
Applying Abel’s transformation twice we get, denoting p,—pat+1 BY Apa,
n-=2
1
_ a+l o g T n a+1A (n )’
J= zl v A {log (r+l)}+ n log (n+1)+ log n
r=
where

= Z Ay, (r<n),
1

p=
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and

r
o+l o
T, = 7,
p=1

(log (r+1) {log (r+l)}

(log r+l) 0{ (log r+l))}

= o(n* log n),

Now it is easy to see that

7L+ = O(n%+1),

7-;"+1 =o(n*log n.r).

n oc
J = o{z |74 j/(r{log (r+l>}2)]+o( ““)+0(10g+;)

r=1

Thus we get

= % lo —_—r +o(n+1
o[n gn; Tioa (r+l)}2} o(n*+1)
= o(n%*1),

which proves the part (a) of the lemma.
For part (b) it is sufficient to prove that

u
I= -"—'—_‘—'= l,
Z,, oz i Y
as % —» 00, M —> QO.

Now putting

Zu,:Sk and Zs,=s§,

we have by applying Abel’s transformation twice

1 S S,
I = S A2 n=l
; r & [{log (r+1>}*’“} (logn”+1+{log (m41)}7*1
1 1 1 1
—Sa- [(log n)v+1] UCEREE [(log m),,ﬂ]

m—2
1
= O[Z” Flog T r)2] +o(1)

=o(1),
which completes the proof.
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LemMa 7 (Zygmund, 1925). If Zu, =o(l) (R, n, B), for some value of 8 > 0s

and if Sx(w) = o[ {p(w)}*], & > 0, where p(w) is an increasing function which tends to
infinity as w—> o0, and S,(w) denotes the (R, w, o) mean of the series Zu,, then

Zu, = o(1) [R, u(w), o], where

Y

3.1. We now establish the following theorem:
Taeorem 1. If

T B p—

:

as t = 0, then we have
Su(w) = of(log w)P*1],

as w— 0, Sy(w) being the (¢, o) mean of the Fourier series of f(6), at 6 = .
Proof. We have, from Lemma 2,

7
Sa(t)—S = wf $a(0T %) dt+o(1), (7> 0)
0

: 7
0 1

= Q;(w) + Qe (w)+o0(1), . .. .. (3.1
say. We have

1
Qﬂw,:O[wylfﬁJyﬂ.tw]
’ 1 1

=0[-{th. ———M“ft’“‘”du}a +wrﬂ Mo;ﬁuﬂdu}dt]

¢
1
[ 1 p+1
= of(log w)** ‘]+0{wy <log ;) dt]

0

= o (log w)P*1]. (3.1.2)
Also by Lemma 1 we have
7
Wh 1 M
Q(w) = j' dalt) 5_12_(_._’”‘) dt+0{17)J.1 | ‘Istz( ) }dt]
(3.1.3)

= Qg,1(w) +Qg,2(w),
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say. Now
1
Qz1(w) =0 {[ [#alt)| ¢“t(t) ]dt }
1
= o{ (log w)?+1}, .. .. .. (3.14)
and
| galt
Qz.5(w) = O{J —o;(—‘ dt}
1
= o{ (log w)r+1}, .. .. .. (38.1.5)
Thus we get from (3.1.1),........ (3.1.5),

Sa(w) = o{ (log w)?+1},
which completes the proof.
4.1. We shall now show that the result of the above theorem is the best possible

of its kind. We shall discuss this from two points of view. Firstly, we shall show
that:

There i8 an even periodic integrable function ¢(t) such that

1 r
da(t) = o{(]og Z) }, (x>0, =1 < p<o0),
ast—0,but,att =0,
Sy (w) > fw(log w)p+l .. .. .. (411

for any ¢ tending to zero as w — o, however slowly and for arbitrary large values of w.
Secondly, we show that :

There ts an even periodic integrable function $(t) such that

¢ ?
J ]¢a(u)ldu=0§t(log %) }, (0 >0, -1 < p < 0),
0

J; o (u)du = o{t(log %)p},

Sx(w) 3£ of (log w)r+1}, .. .. .. (412

and

ast—0,but,att =0,

Jor arbitrary large values of w.
We shall demonstrate these by constructing examples,
- 4.2, To demonstrate (4.1.1) we construct the following example:
ExaMrLE 1. Consider first o to be a non-integral number and let [} and {a}
denote its integral and fractional parts, respectively. Let k= [a]+1. Take the

sequence of integers To, Iy, 7oy o oo v v v o monotonically tending to infinity such that
ro = A, where A is a sufficiently large integer, and

({a}—e}/(14a)]
r‘ — ([(r“'l) - J+1)r‘_l’ (O << € < {u})y

where the inner brackels | 1 denote the integral part of their content.
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Let

and {C,} be a sequence tending to zero as i — co, such that

&
c, -0,
for any given sequence {£;} tending to zero as i —> oo, however slowly. We denote the
interval [o;, o;-1] by I;, and define an even periodic function o(t) such that

n

1\* .
a(t) = mt“(log —t—) 8in (r, t—ma),

for values of t lying in the interval In,, and
a(t) =0,

for t lying everywhere else in (o, m), the sequence {n;} consisting of positive integers
monotonically tending to infinity taken with sufficient large gaps. T
We define
B(t) = - Jt (t—u)~ {*la® (u) du.
r(1—{a}) ],
In order to show that ¢(f) is integrable (L) it will be sufficient to show that o™® (¢)

is integrable (L).
We have, for ¢ lying in I,,,

Na+1) %St—) = * (log %)p sin (7, —wma),

L)

1 7 -
T(a+1) a(t) =*—lgin (Tat—m) {a(log %)p__p(log %)P 1}

1\ . T
—_ Tnit“ (log 3 ) sin (r,,l.t — oL — Q)

= O(P 1)+ O(r 81T,

where ¢ is as small as we please but always greater than zero. Differentiating again
ol(t), (k—1) times, we get finally

“P0) _ (=) +0{(r) T

1

FO{(ra)P ™A 4 L O TRTY),

O'(h)(t) = P1+P2+ e 0 +Pm+1+ PN +Ph+1,

t It is easy to see that
ﬂ(a-,') = a(“"i—l) = 0.
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say. Now

AT Ty ]

om; =1
f Pm+1 dt = 0 J

o,
. r. \&+l—e
g 74
(7”){1}—61 (r,,',_l) }

Cri(rag)F =M= dt}

1

Cy;
(rﬂ._l)({fi}*‘e)z/'(l-f-a) )
ence we get for allo < m < A,

kg

@ a,. )
Py dt =0 :
[ +1 {Z (Tay2) (I = 9T F0) {

v 0

= o(),
which shows that

f ‘c(h)(t) ldt = O{f (P1+P2+ cass +Ph+1)dt’} = 0(1)1
(1] 0

and thus o™ (1) is integrable (L) and consequently #(¢) is also integrable (L).
Again, by a theorem of fractional integrals, we have

ot

2.0 = 7 J (=)= $(u) du
1]

I Y RN SEE S AP ,
_F(aj (t u) I{F(l—{a})j‘ (u ‘U) (h)(’U)d’U‘%dZL

=

0 0 i
1 1 t F(“)P(l_{“}) a—{a}

= . B (p) ——————L (I — d
@) r(l_{a})fo O Plariztan) T

:
= A J {t—v)t=1 ™ (v) dv

Thus we get

for t lying in I, and
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everywhere else in (o, »). It is easily seen that

s}

Thus we have framed an integrable and periodic function ¢(t) such that

s}

Sy(wy > €, (log w)?+1,

We now show that

By Lemma 3, we have
{.'n'

Sy(ra) = o(1)+of (log (r, )"} + $,(0)

sin (r,t—ma)
t

v mofrag

= o(1)4o{ (log (r,))P} +J. P (.20 §)

say. Now
'rrot/'r"___l . N AT .
i (#) sin (1, (=2} §in (7, t—na)
J = [ LAY L di+ ‘ Bult) ———— dt
v ‘rrOL/rni v ﬂa‘/r”',"l
=J1+Jg,
say. We have
O”. WO(/Tn'-—], 1 1 » Cni ﬂa/rni-l 1 ? cos (2"’,,,}"‘2‘711)
LT, a%frn,

=Jl,1+J1,2, .o . . .o . .o .o .. (423)

say. Now we have

C; ( 7 \? 1 (l rni_l)p*lz
"1»1‘—‘"2@;17{3‘%) ~\8 e

Cni 1 ‘rnz)p—lLl \ }
=g () o

> &,,(log 7y L .. . . .. .o (4.2.4)

Also we have, by second mean value theorem

L

J1,2 = C;. % (10g ;}) F J cos (27t —2na)dt, (;—? <i< T:::),
TrTn;
= 04 C,(logr,,)*}
=o{(logr,)’}. .. . " .. e .. (4.2.5)
Thus we get from (4.2.3), (4¢.2.4) and (4.2.5),
Jy > &, (logra )P L. .. .. .. (4.2.6)

5B
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Again we break Jg as follows:

nT

Jg= J dult)
mx/r..‘.

sin (7, t—awa) dt
t

71(1/1'1;’-_1 [ 4
“J o
wa/r,.‘.-l "“/r"i—l
=Joa+Ja2, - e e Lo (42.7)
say. As ¢y(?) is equal to zero for ¢ lying in

e ™o
3 H
rni-— 1 rn,; -1

Jo,1 = 0. .. . .. .. (4.2.8)
Also

i-1 not/fn‘l—l . P
sin (rpt—me). sin (r, f—mot) 1\?
Jo,e = J C o “ (10g?) dt

we have

ny t
I=1J qofre;

i-1 pmafra -1

1 cos (r,,,',——r,ll)t—cos{(r,”-{-rm)t—:z-n-a} (1 I)Pd
X{log <) dt
t/

- 7ZZ t
I=1v ggg/r,,l

0("1 7, (log n,)/')

i

! rn;—rnz

?’(log )'715_1)})
0 (.T)li —1\)
Faior )

=oll). e e 29

il

Collecting all our results (4.2.2), (4.2.6) and (4.2.9), we get
Sd(rn,;) > grzi(log Tni)l-Hj:

which establishes our statement (4.1.1) for ‘a’ non-integral.
For the case when ‘o’ is an integer we have o = h, and we put this time

X (1-ey/(1+a)
‘7‘$~ = {L(—T'—_l—)—&——-—j+l}7‘,-_1, (0 < € < ].),

and define the function ¢(t) as before. The remaining analysis follows similarly.

Thus the statement (4.1.1) is completely demonstrated.
43. To demonstrate the statement (4.1.2) we construct the following example:

Exampre. First consider ¢ o’ to be a non-integral number and let [a], {4} denote
its integral and fractional parts, respectively, and let h=[a]+1. Let {3} be a
sequence of odd integers monotonically tending to infinity, sufficiently slowly. Also
take the sequence of integers 7o, 71, Tg, -« -+ « - monotonically tending to infinity such that

r0=k
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where k 15 a sufficiently large integer, and

ro= {2[[ (i3 =P Jla 1} riny, (0 <8 < {a}),

where by [[p]] we denote the nearest integer greater than p such that [[pl}je is also
an integer.

We write
l’l‘.
i = i+25
‘&[1 = Uity
™ol
*x; = é;,-_':
1t

2r;-4\"
O'i = (log —1—1) 5
ok

and denote the interval {o;, a;eq] by 1,
Let oft) be an even periodic function such that

ot) = C,, t* sin (M, { —ma),

for t lying in I, where n; is a sequence of positive increasing ;integers taken with suffi-
cient large gaps, and

everywhere else in (0, ).
We define

~t

1
t) = ———— | (=) " e (u)du,
We now show that ¢(¢) is integrable (L) by showing that ¢’(f) is integrable (L).
Proceeding as in the previous example we have, for ¢ lying in I,
*)
ac (t) o O{ta(Mni)h}+0{ta_1(Mn'-)h"l}+ RPN

+0‘{iu—m(M7l.'>h-m}+ s 0@
=P1+P2+""+P;n+l+"" +Ph+la

Anmg~1 770(/(27‘"‘._1)
f On" Pm+ldt = O{J‘ Oﬂ.-(Mn.-)h_mla_mdt}

O, 70f(27n,)

say. Now

= 0{C',,..(Mn'.)h-m(l/r"‘,_l)a+1-m}
R O
= {O‘M' (r'n,;—l) (fr"‘_l){fx] }

C’n; (F’m‘)h )
0{ (rﬂi—l)s )

i

ot 1
= 0{(7'”'.—1)815 , (0 < 8y < B),

for all values of m.
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Thus we have

m o 1
[imeeof i

= 0(1),
which shows that ¢ () and so consequently ¢(¢) is integrable (L). Also we obtain,
as in the previous example
¢0L(t) = Cni sin (.M,,,'t—TIO(),
for ¢ lying in 1, , and

everywhere else in (0, 7).
We have, if ¢ belongs to the sequence {n,}

wof(2r, maf(2r;
f e bult) = f ey Uy sin (M b —ma)dt
%) (27,) o/ (2ry)

_G o8 Mmo. o Mmoo
=, (2ri-1 o) — cos o, —me
=0,

Hence, if ¢ lies in /,, then
t

t
f $olt) du = f Y A ———r
2 0

11'0(/(21‘,.1)

Cy
37 08 (M,,zt—mx)

7]

- fle}

taking L tending to zero as ! — co. This, however, is always possible. Again, since

M

we have

We now show that
Safw) 7 of (log w)'}.
Proceeding as in the proof of Sunouchi’s result and Lemma 3 we have

~TT

Sa(w) = o(1)+0{ (log «w>v}+wJ $al)
e (200)

= of{ (logw)/*'} + H(w),

gin (wt-——wac)dt

wt
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say. Now we have

i sin (M, t—nu)

71'1/(2M,..)

mx/ 21',. n-oa/(Zrn..-1) m
o I I

WOL/(ZMn -not/(Zrni) 11'0(/(21‘,,!._1)
=H1+H2+H3, . . . .. (43.2)

say. Now, as we take the sequence of integers {n;} with sufficient large gaps, we
can take n;,q > n;+2 and thus take

T T, 1
< < —
rn4;+1—1 rni-f-l P‘n,-
or
™ 7
2T”i+1'1 ZAM,,!;. }
which shows tha M i ies i i n;4q DOT in the interval I,
Thus we get ¢,(t) = 0 in the interval
5 5]
2M,,7 2r )’
and therefore
Hy=0. .. . . .. (£3.3)

Next
Co [TICm=1) o, (IO o8 2( M, g ma)
2 AT

t

naf(2ra;) 2 (2rn)

Ch; i ny LT
— '—2— Og 77%_1) +O (/”i m

= do{1og (1ny-1)}* {14+0l1)}
= Ay(log ry;)t*1{1+0(1)}
= Ag(log M,)p+1{140(1)},
Ag, A4, Ag being constants > 0. This shows that
Hy # of (log M, )P+1}. ce e (4349

Again proceeding as in the previous example we get

-oftio)
l‘l'""

= of (log M, )*+1}. ee .. .. (a3.5)
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Thus we have from (4.2.1).. .. (4¢.2.5), putting w = M,
Sa(w) # of (log w)p+1},

which demonstrates our statement (4.1.2) for non-integral values of a.
For the case when o is an integer we have o, = h. We take this time

re= {2 " Wat 1l (0 <3<,

where [[p]] has the same meaning, and the remaining analysis follows similarly.
Thus the statement (4.1.2) is conpletely demonstrated.

4.4. It is easy to see that, if

b,(0) = o{(log %)P} (—1<p < ®),

Jt a0 |1 =o{t (1o 1)}

0

then we have

and not vice versa, and if

t 4
J )¢a(t)]dt=o{t(log :—) } (=1 < p <o),
0

7 t P41
j’ [ ()| dt=0{(log 1) }
¢ t
t
and not vice versa,

Thus the two examples which have been framed, show that in Theorem 1,
neither the order estimations of Sx(i) can be modified, nor the order conditions of
¢, (t) can be replaced by less restrictive conditions of a certain type.

5. We now establish the following theoremn for the successively rth derived
series of the Fourier series.

TueoreM 2. (a) If

- )—s ! 41
Jl_ga,g_lm{(log;) R

then we have

4
as t — 0, then we have
B "¥(w) = o{ (log u)™*},

as w—> 0, B:+8(w) being the (c, r+48) mean of the rth derived series of the Fourier
series of f(0) at § =z, and

o) if
t P
J gl =oft (bg})'}, 20030,

0

as t — 0, then we have
B*81 (w)—rls = o{(log w)}, (81> 9).
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Proof. We have by lemma 4, putting k = 438,

S 42r4-8—1) {

) s e S (1) FO—U Y gras-iy sl
B8 (w)—rls ZO( e e R R 5}, (5.1)

where A‘j‘:+8'i(w) denotes the (c, 748—%) mean of the Fourier series associated with
g(t), at i =0, Now from Theorem 1 we have

AT ) —s = of (logw) ™'}, (i=0,1,....7). .. .. (5.2
Hence we get from (5.1) and (5.2), for the case ()
7+§ p+1
B (w) = o{ (logw)’**}.
Again putting ‘ 8, instead of ‘&’ in (5.1.), we have for the case (b), from Lemma 4,

B () —r!s = of (logw)’ },
which proves the theorem.

6. We give some corollaries in this section which are obtained directly from
Theorems 1 and 2 and Lemmas 3, 6 and 7.

CororrLary 1. If

¢
f | a(u) |dr = o(l), (@ > 0),
0

as t — 0, then the series

@

Z @, cos nx+b, sin nx
log (n+1)

n=1

is summabdle (¢, &), and if

Jt [¢(u);du=o{t(1og;)"}, O<p<w)

0

as t — 0, then the series

ﬁ* a, cos nx+b, sin nx
£, PR
Ay Alog(nt1)}7*
18 convergent.
We get the above result with the help of Lemmas 3 and 6.
CorovLLARY 2. If

t
f [gst)—s|dt = o(t), (3 >0),
0
as t - 0, then the series
Ll:,, {a, cos nf+Db, sin nd}

>4
] log (n+1)

ts summable (c, r+38), at § = x.
We obtain the above result from Lemma 6 and Theorem 2. The particular
cage (5 = 0, r = 1) is given by Mohanty and Nanda (1954).
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CoROLLARY 3. (a) If
T ,(0) « _
J Mt Idt:o{(log-}) },(a>0),

‘i’k(t) = o(1},

as t—> 0, for some value of k, then the Fourier series of f(6), at 8 = x, is summable
(R, log «), to sum S.
) If

and

J &%(t—)—l dt = o(1), (x> 1),
und t

,(t) = o(1),
at t — 0, for some value of k, then the Fourier series of f(6) at § ==, is summable
(B, p, @) to sum 8, where
w(n) = exp {(log n)***}.
This result eagily follows from Theorem 1 and Lemma 7.
COROLLARY 4. (a) If

J {_S_J.SEl___s—J dt = 0{(10g ]Z)'+8}) (8 > 0)3

t
and
gk(t) —8 = 0(1)9
as {— 0, for some value of k, then the rth derived series of the Fourter sertes of

f(8), at 8 = =, is summable (R, log, r48) to sum rls, and (b} if

J O=2 = o), (48> 1,5 30,
H
ast —)0: a'nd

gk(t') = 0(].),

for some value of k, then the rth derived series of the Fourier series of f(6), at 6 = z,
ts summable (R, w, r+8) where

u(n) = oxp Llog 7)) 73},

We can easily obtain this result from Theorem 2 and Lemma 7.
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