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1. INTRODUCTION

A liquid sphere of mass m and radius R satisfies the relation

4 4
m=gw(a—ﬁ)7‘g+§wﬁR3 .. .. .. .. (LD
if the density is « within an inner core of radius ry and § outside. In a relativistic
treatment of the problem such as this one has to take note of three basic facts.
Firstly, due to the curvature of space, the co-ordinates that are used are not Euclidean
and hence the radius of the sphere in (1.1) is quite different from the corresponding
quantity in relativity which is also referred to as the radius of the sphere. This
distinction is important and it is often slurred over when comparisons are made
between the classical and the relativistic theories. Secondly, in the non-relativistic
theory the operational meaning of the word density is quite clear but in general
relativity one is not sure as to which function of the stress-energy tensor components
is to be identified as the density. We do not know for certain whether in our present
treatment the density should be identified with the component Ti of the stress-
energy tensor Ti‘, or with the invariant T formed from this tensor. Thirdly, in
the clagsical theory the concept of mass does not present any difficulty. It isregarded
as an absolutely inherent property of matter which is uninfluenced by the presence
of other matter. In general relativity, however, mass is a co-operative phenomenon.
Its measure is a more complicated function of matter and motion and is determined
by the total amount of matter surrounding the object of interest.

In the relativistic formulation of the problem we are confronted with nine
equations involving nine constants from which eight constants arising out of the
metrics have to be eliminated to obtain the analogue of (1.1). As the equations
are not all linear we have resorted to a method of approximation. As a first step
towards an understanding of a complicated problem like this, the approximate
result that we have obtained here will be found to be of some interest.

2. Tur NN EQuarions
The distribution of pressure and density in the relativistic treatment is given by
T;i , where
T, = (P+p)o0r—pg,

in the usual notation. The line-element will be supposed to be static and of the
following form:—

ds? = —et(dr24r2d024-r2 sin? 0dg2)+e'dl2, u = u(r), v =v(r). .. (2.1)
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The particles of liquid have no motion relative to the co-ordinate system. The
field equations are

R;—-%Rg;=—87rT;. . . . .. (2.2)
The pressure p and the density p are given by
T =Te=Ts = —p, T, =p. e (23)
All other components of T; vanish.

Since Ti = in the core and T: = B outside the core in the sphere from the

field equations we get separate metrics for the three zones, viz. the core, the shell
and the free space. Thus

M 2
et = (Ag+Byr?)-2, e = (LO"' A——————-O_i_%orz) for0<r<ry .. (24a)
2 M\
— 2) - e —_—
et = (A+Br2)-2 ¢ (L A+Br2) forrp<r<R .. .. (2.4D)
4 l_gb 2
e#=(1+m’) ,eV=(——r) forr > R. .o ‘e .. (2.4¢)
2r m
1+er

In the above Ag, By, Ly, My, A, B, L, M and m are the unknown constants
to be determined from the boundary conditions. The continuity of g, atr =1,

and at r = R gives

(i) Ao+Bor:=A+Br, )
(i) Lo—-—————MO , = L— ¥ 5
A0+B0f0 A+.Br0

m) 2 .. (2.5)
o — m
(iiiy A+BR (1+2R)
. M m m)"
() =7 pR= (1“ z“R) (1+ 272) -
The continuity of pressure at r =r, and at r = R gives
(v) B Ao(@Mo—Lo)—Bory(Mo+Lodo)] g
.. (2.8)

= B{A(2M —LA)—Bry(M +LA)]
(vi) A(2M—LA)—BRM+LA)=0.

Calculations for T: for (2.4a) and (2.4b) give

(vii)  8ma = 12405, } e
(viii) 87B =124B.
These are eight equations in nine unknowns. To obtain the ninth equation we note

that m, the total energy of the system, is the sum of the qnergies of the three fields
of our system. Using Tolman’s (1934) formula the expression for the energy content

is found to be
U =[fplewtvizez] .. .. .. .. (2.8)



S. B. ROY: A RELATIVISTIC ANALOGUE OF A SIMPLE NEWTONIAN RESULT 243

The formula when applied to the three zomes gives
2M By’ N 2MBR,  2MBr]
(Ao+By?)®  (A+BR23 (44Br)®

The analogue of (1.1) is to be found by eliminating 4, By, Lo, My, 4, B, L, and
M from the nine equations i~ix. As the equations are non-linear it is sufficient for

(ix)

.. (2.9)

our purpose if we adopt a method of approximation ignoring (%)3 and quantities
of that order.
3. APPROXIMATE SOLUTION
From the equations (iii) and (viii) we obtain

27 m\ 7?2 ' m  3Im2
e 2 = =35 = - T Q.
A+3ABR—(1+2R) 1 R+4R2' .. .. (3.1)

Let,

where x contains terms up to the second order. Substituting this value of A4 in

(3.1) we get
27 m 27 \2
o= em (1 g) - (Fem)
Thus
3m? 2w m 2 . \?
From (iii) on substitution of the value of 4 we get
2 2 -
B_-?Tﬂ(l-i- )+(—33,8R) . (83
Equations (vii) and (i) give
By = 2’;“ [(1+ )+(R2—r§)2§”ﬂ]+ %Tzr?)a? (39
and
\ -
4y =1-m 3 m)  (Zom)
A Ay TR ﬂRz (1+R) (3 FE
+r [ B(l—j— ) ——,82R2——- (1+ )—4%20(3(1?2 2)——- ] (3.5)
Again (iv) and (vi) give
2 2 472
L=2(1—-%+27—;;—2) +§332(1+’}_’$) +o5 R L (36)
and ’ .
Moy ImE 2 ,8R2+ ———,82R4 BT

R 4R2
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Equations (i), (ii), (vii) and (viii) give
2
MoBy(4y—Borl) = { (a—B) (4 +Br%) L+M (2AB—Bx% —A,B;) .

Using the values of L and M from (3.6) and (3.7) we obtain

2 2 4
M,B, = -?:1 [m (1-. %}) - T;l (B2—12) af+2m (R2—r]) B2+ { cx2r(2)]. (3.8)

Also
2 m 872
B= " ), ST pape
M 3 B (1 R) + 5 B2R2.
We now substitute these values in equation (ix) which can be written as

2r(MoBo—MB) = 2RSMB _
(A+Bri)® (A+BR2%)3

We thus obtain the following equation
3
I8 g lo _8m z}_%z ) A+ Y ops
mll 3(O< B)R 3;8R -—3(oc ,B)rO+3/3R

. i
+ 1‘ 6; (a2} +afR2r; — ofir, — B2R?r) +B2RS).

Hence

4 5 47 1672 : 9 2r)
m = _3_<a.-/3)r3 + 5 BR3+ g~ (a —pyr; { (ro + f")a

2 ‘ 16 ‘
_(_R9_5Rz),gi!+§ﬁ2,3235. (39

Tn the case of a homogeneous sphere of density £ (3.9) reduces to

m=§,,/333+%5,125235, . (310

4. DiscUsSIONS

The equation (3.9) is the approximate relativistic analogue of (1.1). As already
remarked above in the introduction the radii r, and R in (1.1) are not the same
as those in (3.9). The densities also do not convey the same meaning in both cases.
Tt is therefore not a simple matter to determine the relativistic correction to the
classical result. We may, however, regard the density as being the same in simple
cases and attempt to find the required correction. We may for ingtance take the
case of the homogeneous sphere of radius R and density 8. If B; be the proper
radius the relation between R and E; will be

R=R1—%anB—m,.. .. .. .. (4.1)
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the terms of order higher than the first being ignored. Substitution of this value
of R in (3.10) gives

47 .3 16 5
m=pR—ZmBR, .. .. .. .. (4

The second term in (4.2) is the usual expression for the gravitational potential
energy. This result, already obtained by Tolman by a different procedure, is
interesting because it gives an insight into the approximate relativistic correction

and its physical significance.
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ABSTRACT

A liquid sphero of radius B is considered with a density o for 0 <7 < ry and a density
B for ry <r < R. The relativistic relation defining the mass m in terms of «, 8, 7y and R is
obtained, in an approximate form.
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