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INTRODUCTION

In this paper the problem of thermal stresses due to periodic temperature
distribution on the surface of a semi-infinite solid has been solved following the
general method of the author’s previous paper (Sharma, 1956). The particular
case in which T' = 7', sin pf on the surface inside a circular area and zero outside
is considered. This problem arises in the case of a periodic supply of heat by a
blow jet on a circular area of the plane surface. The results have been given in
a closed form.

NOMENCLATURE

The following nomenclature is used in this paper:—
Ous Oy Oy Tay Tyzs Top = Cartesian components of stress,
Oy, Gg, Opy Trgs Thes T = cylindrical components of stress,
u, v, w = Cartesian components of displacement,
u,, g, w = cylindrical components of displacement,
©® = 0,+ay+0, = o,+0og+4o0,,
v = Poisson’s ratio,
E = modulus of elasticity,
u = G = Lame’s constant,
a = coefficient of linear expansion,
€, €y, €, = unit elongation in #, y, z-directions,
Y2y» Yeor ¥yz = 8hearing strain components in rectangular co-ordinates,
V2 = Laplacian operator,
k = coefficient of conductivity.

MeTHOD OF SOLUTION

If 7' is the temperature at any point in the solid, the stress-strain relations are
(Timoshenko and Goodier, 1951)

ou 1
e,—ol = 5% — = i [o-,—v(ay+a,)],
T ov T 1 (1)
e—al = 5 —al =& [ay-—-v(cr,—}—a,)], .. ..
ow 1
e = ¥ —aT = o [cr,—v(o’,,-i-ay)],
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and

_Ou Ov 2(1+v)7_
zy = @ é; - E xys
dv ow 2(14-v)
az ay TTym N v . . (2)

a’w au (1+V)T

Ves = oz +7 9z E e

Also the compatibility equations are

O%, , 0% _ 0%, (3)
—a? ay2 —_— ayaz -« LRy . . ..

and

or oy oy T

.........................

Substituting the values of «,, € € Yay» Yyer Vep in equations (3) and with the
help of the equations of equilibrium

or,,  Ot,,  0Oc
’z — = o . . .. 5
= T3, dy 2 T3 0 (5)
we get
410) 020 i .
(14v) [vze—vzo,— W] - [ ]+ o [va——a;f =0 (8
and two similar equations, Adding all these equations we have
(1—») V20 +2E 92T = 0. M
In the unsteady state
kerr =2
ED

With the help of equations (7) and (8), equations (6) reduce to

1 1 o
2 —_— — = .. .. 9
v [a,+1_vaET]+1+vax2[®+1ET] 0 (9)

And equations (4) by virtue of relations (1), (2) and (5) give

1 o2
— = .. .o {10
Vg a0+ =0 a0
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Solutions of equations containing 7., 7, and o, in (9) and (10) can be put
in the form

1
ey = — 1+) 25 9 (©+aBT)+i,
Tye = — (1+V) (@+aET)+¢z - (H)
- ! 0 (0+aET)— 2 BT
%= Ty C 5 — 1 BT s

where ¢;, b5, and ;3 are some functions of 7, z, and £. Operating equations (I1)
with 2 and comparing with the original equations we get after a little reduction

7)) 6 ¢ 0\adT
V2, thos hs) = — éﬁgj;ﬁcz (35 '3y b—z) = (12)
Solving these equations
(1, thas thy) = 1-—v [ (; éa‘ “‘)
o 0 0 3T
ka%— 55 ] o g - . (13)

where ¢y, ¢s, ¢3 are as yet undetermined harmonic functions. Substituting in
equations (11):

12 «E | oT [ o217
Tee = T o ¥0) 0w 77 @ Tl T)— 2(1—v) [z’a} =2k | oo dt] té1
1 0 E 8T a T
) ’ (14)
1 OLE aT [ o2
1
—_ '1"'- GET+¢3
-V
Substituting these values in the equation of equilibrium:
0 0 0 0
pAL —1) O +2:ET] = 2(1— 2)[ ‘751 ¢2 —(%3] .. .. (15)

whence © is obtained by integration and the constant of integration is determined
by the conditions of the problem. Thus we know completely the stress components
Taes Tyer Op Substituting these values in equations (1) and (2) on integration
we find %, v, and w which in turn determine other stress components.

Solution for a Periodic Surface Temperature.—A particular solution of equation
(8) is given by

T= f A sin (pt+vz)e” BJy(me)dm .. .. .. (18)
0
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e

g =
O ¢ )
2
SHIE ]

and A is some function of m to be determined subsequently. Substituting the
value of 7' in equations (14) and imposing the condition

where

bl —

Tz = Typ =0 when z = 0 .. .. .. (18)
we get
fr® 3 3
(). .o = Oa—x Jo(mr)dm,
Jo
nr a
fa], o= C 5 Jo(mr)dm, , .. .. .. (19)
Yo
[¢3]z:0 = mDJO(mr)dm,
Yo
where
C=-— M [7 sin pt+8 cos pt]
(1=v)p
(20)
aEA

mD = [(2BvEk+ p) sin pt4k(B2~72) cos pt]

(I—w)p

But ¢, s, #s are harmonic functions, so we take

pxr

=1 Ce™ ba—x Jo(mr)dm,
v o
[ e @
¢2=| Ce "5 Jo(mr)dm, .. . .2
Jo y
¢3 = mDe”m:Jo(mr)dmr.
Y0

Substituting the values of ¢, ¢g, 3 in (15) and integrating

(1=1)© +2aET = 2(1—12) J m(C+D)e” " Jo(mr)dm .. (22
0
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Thus using equations (1) and (2) we get:

- I—EVJ [{(O—}-D) (mz—1420) —Cle ™
0

U, =

BAk 1,
- o(ll—v)zj cos (pt+vz)e P ]Jl(mr)dm,

o .. (29)

w= — l;;v [{(O+D) (mz4+1—2v)+D}e ™™
<o
- (—T@% {7 sin (pt+7vz)+B cos (pt+)’z)}e’ﬂz] Jo(mr)dm |

'
/

Also we know

0',.+O'0 = @ —0; }
and E l:aur u'r] r ) . .. .. (24

O,—C, = ——

Hence from equations (14), (23) and (24):

o
7,40p = J [{m(O—{-I)) (24 2v—mz)—mD}e ™
0
— M (y2—pB2) cos (pt+7¥z)+ 23-—2,8)’ sin (pt+vz) { e B | T o(mr)dm,
(1—v)p k
® (25)
o, —op = [ [{(O+D) (mz—1+2v)—Cle ™
Y0
aAkm i
~ T cos (pt+7Yzle ]sz(mr)dm. |
Now, when z =0, if
T = T, &in pt r<a} (26)
=0 r>a
by Fourier-Bessel representation we can put
T = ToaJ sin pt J, (ma)J o(mr)dm .. .o (27
0
Comparing equation (27) with equation (16) we have
A = TyaJ,(ma) .. .. .. .. (28)

A being determined, we can find the stresses and displacements from equations
established. Thus the problem is completely solved.

In the case of an infinite disk, we can introduce in equations (21) the harmonic
function sink mz Jo(mr) which vanishes on the plane z = 0. In the axisymmetric
case we can thus introduce two more arbitrary constants which can be determined
from the conditions at the base involving displacements and/or stresses.
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ABSTRACT

A new method of solving three-dimensional problems of thermal stresses in an isotropic
elastic solid has been described in this paper, and the method has been applied to the solution

of the problem of a semi-infinite elastic solid having periodic supply of heat on a portion of its
plane surface.
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