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I. INTRODUCTION

The reflection and refraction of magneto-hydrodynamic waves at the interface
of discontinuity of two fluids of different densities has been discussed briefly by
Walén (1944, 1946), Alfvén (1950) and Lindquist (1952). Recently Ferraro (1954)
and Roberts (1955) have discussed this problem, in considerable details, by taking
the same uniform permanent magnetic field in the two media.

In this paper we discuss Ferraro’s case of two infinitely extended media but
start by assuming different permanent magnetic fields in the two media. It is shown
that reflection and refraction are possible, provided the discontinuity in the perma-
nent magnetic fields is perpendicular to the plane of incidence, and provided, as
in Ferraro’s case, the incident waves are polarized perpendicular to the plane of
incidence. The amplitude relations come out to be the same as in Ferraro’s case,
but the laws of reflection and refraction are slightly modified. The later reduce
to Ferraro’s result in his special case. It is also found that the interface remains
undisturbed by the magneto-hydrodynamic waves.

II. FUNDAMENTAL EQUATIONS OF MAGNETO-HYDRODYNAMICS

The well-known equations governing magneto-hydrodynamic phenomena in
an infinitely conducting, inviscid, and incompressible fluid of density p and

permeability unity reduce in the presence of an external homogeneous field H, to
the form (Walén, 1944)

%%41.3)2’:(3.5)3—(5’.3)2 L (la)
% L, )i = x(957) = o Tx (7 x7)
—>2
_5.{%:-2—;%;}——6w. L aw
Here
w=%(p+§l—7;f_;2), e S (2)

h denotes the induced magnetic field, ; the fluid velocity and p the hydrostatic
pressure at any point in the fluid, while H = Hy+% is the total magnetic field.
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Gaussian units are used for electro-magnetic quantities. The equations (la) and
(1b) simplify to

%%=(§0.$)17, L 3
and %—’2:%(30.3)2, (3b)

respectively, provided Walén’s conditions

P=F— @
T (4)
and w = constant .. .. e R ()

>
are satisfied. & then satisfies the equation

a2h_) 1 - 2
g;=;;p(ﬂo.v)h. P ()

The same equation is also satisfied by v.

For the case of the plane harmonic waves condition (4) is identically satisfied.
Also, as shown by Walén (1944), equation (5) holds for an infinitely extended medium,
but as pointed out by Roberts (1955), it does not hold for semi-infinite regions.
Walén’s conditions will be assumed here.

JI1. REFLECTION AND REFRACTION OF PLANE MAGNETO-HYDRODYNAMIC WAVES

An elementary solution of the form

)

z=2+zoexp {jw(t—-ﬁﬁ,—r)j,.. .. .. (7

— — — -
where 4 and kg are constant vectors, n a unit vector and r the position vector of
a field point, satisfies equation (6) if

Texv(n. 1), .. . o . ®
where
H,
Vo= .. .. .. .. 9
(4mp)} @

- -
and 1, denotes a unit vector in the direction of Hy. This solution represents a plane

harmonic magneto-hydrodynamic wave travelling with a phase velocity | W}, in
the positive or negative direction according as the upper or the lower signs are taken

>

in equations (4) and (8). Also n is the normal to the wavefront. We shall further
—- > =

denote by 1,.1,. 1, unit normals in the directions of positive z, y, and z axes res-

pectively.
The reflection and refraction of such waves travelling from a medium 4 (z < 0)
to a medium B (z > 0) incident, say in the YZ plane, on the plane surface z =0

4
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separating the two media 4 and B which consist of infinitely extended and infinitely
conducting, incompressible and inviscid fluids of different densities, say p, and p,

respectively, has been considered by Ferraro (1954), in the presence of a single
permanent uniform magnetic field H,. We shall here investigate the more general

—-> -
case, corresponding to the presence of unequal permanent fields H , and H, in
the media A4 and B respectlvely Let their orientations be given respectlvely by

the unit vectors l 4 and 1 ¢n where

T, = (sin , sin g, , cos a, sin B, , cos B,), (k= 4, B) . .. (10)

As pointed out by Roberts (1955), no surface currents can be generated in these
infinitely conducting fluids for the case of harmonic waves, Hence we have the
usual boundary conditions, viz. the continuity across the boundary of the magnetic

—> —>
field H, the electric field £ and v,, the normal component of the particle velocity.
Recalling that in the case of infinite conductivity £ = — % (_),,x]_;)), the boundary

conditions are, in the obvious notations

H,=H, .. . . .o (1D)
v xH,=v,xH, .. .. .. .. (2
2V, =10, =0, (say) . . o (13)

at z = 0. Since
—- —-> -
div H = div (Hy+5) = 0,
we have the further conditions
divh, =0; divhy =0, S 1)

Let the solutions, of the same form as in equation (7), for the incident, the
reflected and the refracted waves be represented by

h,=A,+h,exp2,, .. .. .. .. (18)
according as we replace the subscript ¥ by the subscript ¢, r, or R respectively.
Here

o (t .

B ka - s
v, N 1)
Wk= ﬂ:V(nk]'f):
and
H H
V= i (ST or g (=),
(4mp,) (4mp5) . m

1f= lfA or lfB'
4B
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In equation (17) the subscript appropriate to the medium of propagation is to be
used, and in equation (16} the sign for the reflected waves is to be taken opposite
to that for the incident and the refracted waves.

Without loss of generality, we can put 4; = 0. The wave in the media 4 and

B are then respectively

- —-

b, = A,+;L:,,~ exp 2;+hy, exp Q..
and

hy=Ag+h,pexp . .. .. .. .. (18)
To satisfy the boundary condition (11), one must have

AH = Hy—Hy = 4,~A4g, -« oo o (19)

hop = Foy by, 5 .o (20)
- ~r
and the equality of the exponential parts at the boundary 1, .7 = 0.
Using the identity
- (> >\=> > - -
r = (lz.r)lz—l,x(l,Xr)
the latter gives, as usual, the relations
w; = W, = WR, .. . . .. (2D
and
- - —> — - =
mXl, _mx1, nexLl. 9y

w; W, Wr

The relations (22) give the laws of reflection and refraction and show the coplanarity
- > o -

of 1,, n;, n,, and n,. Denoting by ¢, 7, and R respectively the angles of incidence,
reflection and refraction, measured positively as shown in Fig. 1, we have explicitly
W, =V ,(sin i cos o, sin B +cos i cos B),

W, = —V /(sinr cosa, sin B, —cos r cos B,),+ .. . (23)
W, = V(8in B cos ay sin B+ cos R cos B).

Substitution of these expressions in (22) now gives the laws of reflection and refraction,
respectively, in the form

cot ¥ = cot t+2cosx, tan B,, .. . .o (24)
V, cosB, V, cosa, sinfB, )
= : L L= —]1]cosa,tan B, . 25
and cot B = VBGOSBB.COM + 7, con a, e £, agtan B {(25)

These reduce to the forms obtained by Ferraro (1954) and Roberts (1955) for

theoaseH0‘4=HOBifoneputsaA=ab,=ot; B, =By=8
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Tllustrating the reflection and refraction of magneto-hydrodynamic waves at the plane
surface Y ¥’ geparating two infinitely conducting and infinitely extended fluid media

— —
4 and B having different permanent magnetic fields H,, and Hyp respectively.
AB is the plane of incidence, ¢, r and R are respectively the angles of incidence, reflec-
tion and refraction, The planes through the z-axis containing the magnetic field
— —

vectors Hy, and H,g are inclined at angles @, and %, respectively to the plane

of incidence, while the angles B, and By give the respective orientations of these
vectors with respect to the z-axis.
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To derive the amplitude relations we now make use of equations (12) and (13).
The latter gives, taking account of the sign in equation (4),

b > - - -
\/Z—B 1,. {ho,- exp 2—hg, exp .Q—A,}
4

- {—> - } ,
= 1,. Lhgr €Xp 2+ Ar
where 2 denotes the common value of ,, 2, and 2, at the surface of separation.

If this relation is to be satisfied for all times ¢ and for all r on the plane
- -
1,.7 = 0, one must have

——) — — -
—J@IZ‘Ar=1z~AR, .. .. .. (26)
P4
and . _
pg{> = > - 5> -
,Ji(lz-hoi—lz-hOr)=lz- OR .o e - (2T)

Combining the equations (26) and (27) with those resulting from equations (19)

>
and (20) after scalar multiplication of both sides by 1, one obtains

1.4 ! 1] aH,
gz e = = - Allg,
Vetl \
o ) (28)
-> - \/P - -
1, Ag=— Vot 1.. aAH,,
p
and -
T Fe= Vo175,
Vet (29)
> > 2\/P > =
1, 0R = = 1 hO. ’
p+1
where .
Pp
= - .. .. .. .. (30
P=\r )
From equation (12) one now obtains
- — > > > =>\_ [~ - -> >
('UA X HOA)+(U¢+Ur) X (hi'l'hr) - {UBXHOB)-F(UR XhR) ’
or, taking account of equation (4),
- - 2 > - > e
(UAXHOA)_(4,,PA)%h‘th=”BXHOB’ .. .. (3D

Equating the non-exponential terms, the coefficient of exp (£2) and the
coefficient of exp (22) on both sides we obtain

— - 1 -> -

ArXHOA =_—\_/—;ARXHOB’ (32)
-> - -> — -> — l -> -
ho X Hyg=ho, X Hy 1 — by X A, == hop X Hop - o (33)
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and

oo X by = 0. 38
Vector multiplication of both sides of equation (31) ‘by _l: gives
- [ - - -> - —> 2 - - -
’”B(lz‘HﬂB)—vA(lz'HﬂA) =AHp,— 1 lzx(hixh,). .. (35)
(47p,)
Now
v—; _i— 1 { _h)ex Q+_7)Le .Q+Z}T
" A g (477PA)} 0 P [ ﬂrxp T r) Tz
Using equations (28) and (29) this gives at the boundary
1 1 (7.,
v = hoi . 1 ) expQi— —= (1,? A Hy } (36)
4wp [\/p+1( ) Vp+1' )

Further, equations (32) and (33) on vector multiplication by 1, and on
simplification with the help of equations (28) and (29) reduce to

12\-/1‘20 A+(T 1, )4 =—%%21—0AF1“, (37)
I\ZOB"ORJ“F ), = \(/~ L i L (A )+(T By b, 39)

Equations (19) and (37) give

- >

Hy (Vo) (1, Hy)=V3(T,. 2 )

T Vatl (T . H,)+vil &, B o)
4 \/pAH \/p+1)( H ) (I:.AEI)O)‘
T Vet (T,.ﬁw)w;a(i A,
Similarly combining equations (20) and (38) we obtain
Z \/P+1 {\/P(l H A) EOB}ZOi+2\/;(_}:0i' Z)Aﬁu
0or T > > =
(VoD (T, Hyy) - +/3(1, 5y,
+2\/P ( P+1)(1, EB) (_1) A_’o)} Yx(;;()iXAﬁo)}
- > - 2
{( HOB)"'\/P( 'HOA)} . (40)

1!
7 2\/P[ Vp+1) (_1: OA)h i+ ( ;:O)AI_}O]
Y W {(1.E 2

_f Hozo)"‘\/P( -H, )
2\/p (Vp+1) (1, H ) \/p(l,-Aﬁo)}{i:X(ZmXAﬁo)}_
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le]'i)m. f§qua,t)ions (39) and (40) we observe that condition (34) is satisfied in general
only i

- -
ho;xAHo=O, .. .o .o . (41)

and we can write

-

”:0 - (\/f;‘l‘l) E\/; (T : —>0Ak) -1, HOB }201'4'2\//;(;:0;' '—fz)AEo ,
e {(1,. Hy,)+ v (1. &)

-> -

T 2\/;)[(\/;+1) (Y ,ﬁo_d)zm-{-(lz , ho;) A I_}O]
(Vo) (T B, )+ a1 B,

We shall now consider the restrictions imposed by equations (14). These
give the relations

-}—: -~ ;: —
0i - T , Ror - My
w, W, =
; -
.n
R "R _ ¢
We
or (ly.hm smz+(1¢.h0,.) cosz+( y-ho,)sm"—(lz-ho,)cosr:()
W, w. '
. (43)
s . - -
(ly . hoze) sin r+(lz . koze) cos R —o
W, ’

Substituting for ky, and h , from equation (42) the equations (43) reduce to a pair
- > - -
of homogeneous equations in (1y .hO,‘) and (1‘ Lk

the conditions

0‘.) and hence, in general, lead to

- > - >

ly'h0i=0; 1,.h0‘=0- .. . .. (44)
-

Hence we must have, in general, the incident wave vector hy; perpendicular to

the plane of incidence in order to have the possibility of reflection and refraction.

This restriction on the polarization of incident wave is the same as obtained by

Ferraro (1954). Equation (41) now gives

- >

- -
1, AHy=0; 1, AHy=0, .. .. .. (4)

that is the vector A H, should also be perpendicular to the plane of incidence.
The normal component of the permanent magnetic field must be continuous, in
conformity with general boundary conditions. As a consequence of the conditions
(44) and (45) we obtain from (36)

Y )
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showing that the interface z = 0 remains undisturbed by the magneto-hydrodynamic

waves. Also since hy; X 4, = 0, k; Xk, = 0, the equation (32) simplifies to

ogl1,. Hyp)—,(1,.H,,) =0,

- - - -
giving for 1,.H,=1,.H,7#0,
- -
V,=0Vh. .. .. .. .. .. (47)

These results obtained by Ferraro (1954) are thus found to be true also in a
more general case.

Equations (37) and (40) further simplify with the help of equations (42) and
{43) and we get

—> 1 —
Ar= = AHO!
Vp+1 (48)
Ay =— Ve AH,,
Vp+1
and "
Ve+l (49)
hop = —YL Ry
Vp+1

The latter result is the same as obtained by Ferraro (1954).
The laws of reflection and refraction also get simplified with the help of equations
{45) giving
cot r = cot 142 cos a, tan
Ao tan By (50)
cot B = 4/p cot i4+(4/p—1) cos &, tan B, -
These relations show that the laws of reflection and refraction, apart from density
ratio and angle of incidence, will be dependent on the orientation of the magnetic
field of the respective media in which the waves are being propagated. Further,
there is no possibility of total internal reflection because cot R and hence R is always
real. When cot B becomes negative R is to be measured in the opposite sense,
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SUMMARY

The laws of reflection and refraction of magneto-hydrodynamic waves from the surface
of discontinuity of two infinitely extended and infinitely conducting fluid media of different
densities and having different homogeneous permanent magnetic fields have been derived. The
laws are quite simple and depend on the orientations of the magnetic field of the respective media.
It is also shown that reflection and refraction are possible only provided the incident wave is
polarized perpendicular to the plane of incidence and the discontinuity of the magnetic field
is perpendicular to the plane of incidence.
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