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1. IxTrRODUCTION

Sometime back we (V. V. Narlikar and Ramji Tiwari, 1949«) considered a field
which up to the first order of approximations, in the absence of a point mass.
turns out to be a field of uniform monochromatic radiation given by the electric
and magnetic force vectors,

E={u —¢0), H=(,0, —d), . .. (LD

expressed in a rectangular Cartesian frame. Here
¢ = A cos 2 (x—1)), .. .. . (1.2)

4 and X being constants. The same field in the absence of the electromagnetic
field reduces to the field of a point mass m as given by the Riemannian metric,

ds? = — (14-m 2r)4(da2+dy2+dz2)+ (1 —m 22 L +m2r)=2dt2, .. (1.3)

in the usual notation. The field equations were calculated on the basis of
Einstein’s theory of 1948. Up to the second order of approximations the gravita-
tional terms of interaction appeared in the electromagnetic equations, but no such
electromagnetic terms were found in the gravitational equations. So the gravita-
tional equations had to be calculated further up to the third order of approxima-
tions. It was not possible then to obtain a solution of the fi#d equations although
their consistency and integrability were assured by the fact that the four identities
and the strength conditions were satisfied by them. The present paper deals with
a particular solution of the gravitational equations. The terms of the field
equations have now been calculated according to Einstein’s 1953 theory. In this
theory the total field is non-symmetric, the antisymmetric parts of which besides
the symmetric ones are real. The technique adopted (now) to calculate the field
equations is essentially the one used in the previous paper referred to above.
The field equations obtained here differ from the field equations of the previous
paper only in so far as the sign of a few terms is concerned.

2. OUTLINE OF THE METHOD

We take for the non-symmetric tensor

I = Wy +b ‘e e e .. (2.1)
where
2m 3 mZ2 md
= — —— e — e
a,= (l+ ; +2 r2+2r3)+hﬁ .. (2.2)
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fort=1,2,3 and

a,=a,, a,=h, 1#£7, .. . (2.3)
while
bp=oa,  by=¢+B b =Y
by =38, by=e by =Xt .. .. .. (24
bij = —bﬁ.
The orders of smallness of various terms are as given below :
m =0 (1), ¢ =0(1), b, =0(3)
«, B, V.8, ¢, X =0(2). .. .. . (2.5)
The modification of the field of pure radiation as affected by gravitation is measured

in terms of «, 8,7, etc. These six unknowns are to be determined from the field
equations

Q. =0 or its equivalent (V=gB*) ;=0 .. . (2.6)
and
@i, 1@, i +Qy . =0 - .t - 2.7
with
a ¢l b a b a 2 b b a
Q= Qik, Py @y, Pak_Qia, » TPy Qab+Pab Qe . (2.8)

The comma behind a suffix denotes as usnal a partial differentiation. In what
follows when successive differentiations are intended, the corresponding suffixes will

be put in proper order after the comma. Pj, and @, are symmetric and antisym-
metric parts of I';; . Also (\/ _—_gBis) is the antisymmetric part of the contravariant

tensor density g =(3/—g¢*). The ten &, correction terms to the gravitational
potentials due to thdvpresence of the electromagnetic field are determined from

the field equations

P‘.k=0 .. - . .. (2.9)
where
a a b a b a b a b
Pik = Pik, a_Pib Pak—Qib Qak_P?a,k-*-Pik Pab+Qik Qab' . (2.10)

It is easy to see that the last term in (2.10) namely @7, sz and the terms —@Q; ,
and P, sz in (2.8) can be dropped because of (2.6). The symbols I'j, and the

tensor R with P; and @ as its symmetric and antisymmetric parts provide
equations which have transposition invariance.

The field strengths of the electromagnetic field and likewise the two compo-
nents of the current vector density become infinite at all points on the negative
side of the z-axis. With the help of a covariant tensor dual to the contravariant
tensor asgociated with the field strengths it has been possible to show that the electric
and magnetic fields are perpendicular to one another and that, up to the third
order of approximations, they are equal in absolute value. With the determined
values of p, ., o, and o, it has now been possible to obtain four partial differen-
tial equations of the second order for the electromagnetic vector potentials subject
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to the condition of continuity. It will not be out of place to recall here that these
equations were of the fourth order in our previous paper.

When the values for «, B, 7. etc., are substituted in the ten gravitational
equations, they are reduced to those of general relativity for a weak field. The
parblcula.r solution of the gravitational equations contains singularities all along the
negative side of the z-axis. These singularities can be transformed away by means
of a singular (and therefore forbidden) transformation of co-ordinates possessing
singularities all along the negative side of the x-axis. All this means that, according
to this theory, the field of uniform monochromatic radiation does not interact with
the gravitational field of a point mass up to the third order of approximations.

3. PRELIMINARY CALCULATIONS

The contravariant tensor ¢g* is given by

g,-sg“=gs,-gsz=85.. .. .. .. .. (3.1)
We take
gls —_ Als+Bls
with
Al = A%, B = — B, . .. .. .. (3.2)

We obtain up to the second order of approximations

r 2 r2
gzz=ga3=_[1_2:"’ 27_:’?2],
g44=1+:_2_:_n+%%%+¢2, .. . .. .o (3.3)
Pr=a.  S=gip- Ty

gt =¢t—y, ¢B =3,
g =—e, g¥=—(+X)

Also
13 m2 -1 _ 4m 19 m2
a¥% are determined from (2.2) and (2.3) with the help of the equation
aja* =8 . e e e .. (38)
Up to the second order,
5me2
11 == q22 == 33 = — bl
all =g a ( - T+ 3 r2)
2
att = (1+ = 2-1’5,-) @i = 0, i%£j. S (38)

P;, and @, are obtained from the set of equations

Jik, 1 = sk F'SI +9is I-‘I; . e .. . .. (3.7
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The actual calculation of I'-symbols is very tedious. P-symbols and @-symbols
have been determined here by a method of successive approximations (V. V.
Narlikar and Ramji Tiwari, 19495).

4. ELECTROMAGNETIC EQUATIONS

The four equations (2.6) can be expressed as

o, 2+B; 3—')/, 4_2¢ (—/’TZ) 2 = 0, .e .o .e (4.10)
%, 1—8,3te, =0, .. .. .. .. (4.15)
4
—B,1—8, =X, 4+2 (?) 1¢+ ~;”~¢, 1=0, .. .. (4.1¢)
m
Y, 1+€> 2+X: 3+2(;) 3¢=0. .o . . (4.1d)

With the help of the definition
V =g Bs = (/=g g") , .. .. .. (4.2)

where 4/ =g ¢ (=) is an antisymmetric tensor density in 4, & and I, or even
otherwise we can interpret

V=g B2 =gy
= —(p7 3—H54 =E¢:

— 2
V=g B =p+é— "4
=(p> 2+G>4= —Ey’
A/ —g B¢ = —y

=H,,—Gg=H, .. .. .. .. (43
v/ —g BB =3
=—-0,,~-F,,=EK,
vV —g Bt = —e
=F,3—H,,=H,
V=g B = —x—g— 2y
=G,—F,,=H,

where F, @, H and @ are the components of the electromagnetic vector potentials.
gw plays the role of the electromagnetic vector potentials :

g8 = -8, golt=—@,
g% = —F, gi*=—H. ce e (44)

The equations (4.1) turn out to be Maxwell’s equations

curlE+§£=o, divH=0. .. .. .. (4.5)
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Up to the second order of approximations the condition

g7 ag 075 g s Y =0 L0 L @)
expresses the equation of continuity in the form
2m\ (0F | oG | oH 2m)\ 0
(1._—7) (%+—@+5?)+(1+ 7)5?20. .. o {47)

Here the semicolon refers to a covariant differentiation as defined by Finstein
(1948) in connection with the covariant differentiation of a tensor density. The
current density is given by

bik,l +bkl,t +bli,k .. .. - .. (4.8)
from which we get
p=0,3 =B 2+5
%= =04 te63 =X N X))
gy =X,1 +8,4 =7 3

o, ="V, 9 —€, — 45

where p is the charge density and o,, 5,, o, are the components of current vector
density at , v, z at time ¢. The set of four equations (2.7) takes the form

Dp=—4(_?) LS
Da,=—4(’—;f) L Co L (410)
Do=4(@) ¢,1+s(’f) $. 1,

¢ /51 Y/,83

Doz = _8 (—’”'L) 95, 1
7/ 33
where

oz 92 92 g2

0= 5 52t o am . (411)
It has been now possible to obtain from (4.10)
p=—2 (?) ¢+f1 (, y, 2, %)
»2
m
g, == -2 (;) 2¢+f2(.7:,y, 2, t), .. . . . (4.12)

o, =2 (?) , $+4mg {log (x40}, o, +f3 @ 9,2, 1),

g, = —4 m¢ {IOg (IE-{—?')}’ 32 +f4 (x, Y, 2, £,

where fy, fs, fs and f4 are functions satisfying the wave equations. By virtue of
the boundary condition that when m is zero the field reduces to the field of a
6
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uniform monochromatic radiation wherein the charge-and-current vector density
does not exist we observe that these functions are all zero. Hence the complete
solution can be written as

p= —2(?),2¢,

0',=-—2(T)’2¢, R /R £ )

r

oy =2 (77”) 1¢+4m¢ {log (2+n)}, 5

o, = —dm¢ {log (w+n)}, ,,.

Here we see that p and o, are zero when y is zero. o, is zero for all points on the
positive side of the z-axis and also for all points on the line in the y—z plane
inclined at an angle of 45° with the z-axis. o, too is zero all along the positive
side of the x-axis. Both ¢, and o, become infinite for all points on the negative
side of the z-axis. (4.9) now takes the form

U g B, g8, 1= —2 (ir'-‘) K2 e (Ale)
=8, gt g—X, g = —2 (?)’qu, N 2 P1.)
X, 148, e—7, 3 =2 (’;”)  $-4md {log (@40}, 4y, .. (4.140)
Vyo—ei—a, g = —dmg {log @40}, 50 .. .. .. (414d)

Differentiating (4.16), (4.1a), (4.14a). (4.14d) with respect to =z, ¥, z, ¢ and
adding the results we obtain

O o =4mé, 1 {log (x+7)}, 32 .. .. .. .. .. (4.15)
from which we have
o = 2mé {x log (x+7r)—7}, 30. .. .. .. (4.16)

Proceeding in the same manner we find

Op=28 (7;)’ 1¢'= 1+4=;n¢, 11+4mé, 1{log (@+n}, 38°

Dy=—4($)3¢,1, R TR L )|

H

m
0Osé =4(7),2¢,1:
[l e = 4mg, 1{log (z+rr)}, 82’

]:‘X:él(l:-b) ¢, 1+4n-l¢; 11+4:7n¢’ 1{10g (1’+7‘)}’38,
51 4
6B



EQUATIONS IN EINSTEIN'S GENERALIZED THEORY OF GRAVITATION 299

the solutions of which can be given as
B = 4?¢+2m¢, 1 log (z4r)+2mé{x log (x+r)-—r}, a3
v = —2me{log (z+r)}, 5>
8 = 2meilog (x+n},,, .. . . . e .. (4.18)
c = 2md{z log (wHr)—r}, 5,
X = 2?¢+2m¢, 1 log (z47r)+2mp{x log (w4r)—r) ...

It is worth noticing that the values of «, 8, v, ete., as determined in (4.16) and
(4.18) are exact in the sense that the complementary functions are all zero because
of the boundary condition.

(4.14) by virtue of (4.3) and (4.7) can be expressed as

0—420, ,, =0,

f

DF+4(’7”) = (’ﬁ é, . A S !

= 4me {Iog :c+r)} —4?95’ .

s 24 22
m
O H+4 (—(D) = dme ilog (z+7‘)§
r » 32
It can easily be verified that (4.19) satisfy identically
0 {F 1+G, o+ H, 3+(1+4’£) & g =0 .. .. .. (420
1 4

as is expected from (4.7) which may as well be expressed as

] G+4 (? q>)

F,1+G,2+H,3+(1+4’-:-‘)¢,4=0. ce e L.(a2n

5. DETERMINATION OF THE NATURE OF THE KELECTROMAGNETIC FIELD

With the help of (4.3) we now get from (4.18)
2my
E: r+x) ¢
2m 2my?
0= P et e rap
2myz
n r(r+w2¢’ .. .. .. . . . .. (8.1)
2mz
& T r(r+x) qs ’
_ —2myz
v r(r+.'zc)2

Ho= =gy

E ¢—2m¢ , 1 log (z+1),

¢y

2my

- +, e ~2m$ 1 log (@+).
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As indicated in (4.3) the components of (1/ g Bik) represent the electric and
magnetic field strengths. The covariant components of the dual tensor corre-

sponding to B¥* are given by
F,,=1%18,,(/—gB") .- .. (8.2

where 8, is the Levi-Civita symbol. Maxwell’s four equations (4.5) can now be
recast in the usual tensor form

LI & WFFo, =0 .. .. .. (8.3)
Also the second set of Maxwell’s equations, namely
curl H-%? =1I, divE=, .. .. .. (5.4)
can likewise be expressed as :
F¥ 5y =1 . .. .. .. (5.5)
with
F¥ = a”aa"ﬂFaﬁ. .. .. .. .. (5.6)

I in (5.4) represents only current vector density, while I# in (5.5) represents
charge-and-current vector density. The semicolon refers to the covariant differen-
tiation with respect to Christoffel’s symbols. (5.3) and (5.5) can alternatively be
expressed as

B*: k=0 . .. .. NG
and
by Fby by, =1, .. .. .. .. (5.8)

where I;; is an antisymmetric tensor in the suffixes 1. k, 1.
The covariant components of a vector dual to the antisymmetric tensor g are
given by
I

Ai=gd,.qv L (59)
The equation of continuity (4.7) can simply be expressed as
AP p=0 e e (B10)
where
AP =al 4. .. .. .. .. (541)
It has been found that .
F.B* = 0. .. N G A )

(6.12) clearly indicates that the electric and magnetic fields are at right angles
to one another. Also up to the third order of approximations

F F* =0 N G R E)

which shows that the electric and magnetic field strengths are equal to one another
in absolute value. Thus it is clear that the electromagnetic field is the field of a
plane wave. Having once obtained the electromagnetic field tensor it is easy to

calculate the electromagnetic energy tensor Ef:

E$=_F““Fﬂ+%8’:F°‘ﬂFaﬁ. .. .. .. (5.14)
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Up to the third order of approximations we have
El=E:=E,=0,
E'= —E; = —¢* —4m,, log (1) +4m¢? {wlog (x+r) —r}, ,,,
B = B} = —F = —2mg¢2{log (@47} ,, .. .. .. .. (515
B} =By = —F; = —2m¢*{log (@+n} 4,
B'= —E = —$2—2" $*—dmp3, 1 log (z+r)
+4md?{x log (w+r)—r} ,,.

6. THE GRAVITATIONAL KQUATIONS

The ten gravitational equations are :

Py = 11y, soF P11, a3— P11, 44) =P12s 12— Pass 13 F g, 14
+ Hhogthgz—hyg), 11—~¢IB—(B—X), 11+ 16 (?) 1954’, 1
—4, 11(B=10=28,1(8, 1= X, 147, 9)+87 b, 11

+47 (9, 1)2+ 242 ("f) =0,

» 11

Pig = $(h1g, 33— has, 13— a1, 23) + $(ha4s 24 +Pazs 16=Po1, 44)

+ blgs—heg), 13— 3 CI = $(B—x)s 126 (

m

T),2¢¢’1

+¢’ (e, 3"ﬂ> 2+ X, 2—¢, 3) +2¢2 (—,r’nl) =0,

212
Pig = Y(h1s, 2a—Rhaz, 12— P21, 32)+ 3 (has—Rg4), 13 . . .. (6.1)
+3(h1g satPug 10—h1s, 1) + 50OV —(B—X), 13

bt o+0isa (2) vee(%) <o
>3 »13

i 2
Py = 3(h1a,00—has, 10— P21, a2) F 31y, 33—Pas, 13— P15 43)
+3(hgg+hgs) » 14+ 56(B+x)—(B—X) , 14—10 (?), . $é,1
"4’:1(?(,1—,3:1+B,4“X:4—'27’:3)—4$(¢,1)2+8?¢¢, 14
—¢ ,14(f—x) =0,
Pgy = }hog , 11+hos » g3=—hoa » as) +3(Ba1+hag—Ryg) , 22—ha1 521

—hgg , 23+hos s sa—P(B—X) , 22+ 262 (ﬂ)’ 22 =0,

4
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Pog = }(hoa, 11—hs1 > 21 —~P12, 31) + 5(hog » sa-+Pys > 24—~has , 44)

+3(h11—Pga) , 25— 3 W —€) —$(B—x) , 25+2¢7 (g)

_¢’1(“11+“;4_€:1—'E’4)=0:

s 28

Py = Hhog s 11—Pa1 > a1 —P1g, 1) +3(h2a 5 33— Pss, 25—Pga , 43)

+3(h11+Rg3) s 24+ 318 ~H(B—X) , 4—6 (‘?) 9¢¢ )1
_¢;1(1,3‘€,3—B,2+X,2) =0,

P33 = 3(hss, 11+ hss » so—has s 44) =31, 31 —Pae, sa+hsa a4

+ 3 b1 4hoz—Fas) , 33— P (B—X) 4242 (%) . —¢(B~x) 35

—296 5 l(ﬁ:1+lgs a—X, 17X !4)+8 (?)’ 1¢¢ 51 = 0:

Pgg = Hhga, 11— P41, 31— P1g, 01)+3(Pss» 2a=—hag , s2—Pgs s 49)
+3(h1y+Pos) s 34— 30V —d(B—X) » 34—F,1(Y s 1+V5 4)
m
—6¢¢ , 1 (7)’ . 0,

Pyy= 3(haa, 11+Pag, 02+ Paa s 38) ~ha1 , a1—Pa2 , 4o —Pus 5 43

+hlhusFhagthsg) s sa—dTIX—$(B—X) , sa+4 - (6, 1)2

+4 (%) 1¢¢’1+2¢’ 1(3»4_}(!4—7’73) —8‘?¢¢,14+¢: 14(}9_}() = (.

It has been observed that when «, 8, 7, etc., as determined in (4.16) and (4.18)
are substituted in (6.1) the electromagnetic terms cancel out in each of the field
equations which are reduced to

Na=0 .. .. .. .. .. (62
where
Ny = ~%8°P( Ol Pop _ Bhio azpkp) (6.3)
02%92P 070 PuipaP  9a'da”
with
Bl1 =822 =388 = 844 = —1, 8 =0, ix£j .. (6.4)

It is indeed remarkable that the solutions of (2.6) and (2.7) when substituted in
(2.9) should lead to the cancellation of all the electromagnetic terms from the
gravitational equations. Whatever electromagnetic effects remain can be found
only in the k-terms.

From the structure of the gravitational equations (6.1) a particular solution is
suggested by the assumption

hio = ¢8 = —hg,, hyg = —¢7 = "haay hos = ¢ (x—e). .. (6.5)
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With these values of A’s the field equations (6.1) are simplified to
$(ha11 s s2+har s s3=Puy , aa) + 3(hoathas—hyg) s 11+Pag s 14

~2(2) o2 (1) eea(2) 40 =0,

Pis, 24+ (hag=hyy) , 12+4 (;n) 2?”95 ,1=0,

m
hig, sat(hos—hyy) , 13+ 4 (;) , ¢b,1=0,

bl

hags spthag s g3t (hazthog) , 14+2 (T) $2+2 (”1) $2
22 ;88

N r

+8nb¢¢:1{10g (a:+7‘) ; :22+8m¢¢;1{10g (23+7‘)} ,33=O, .- (6-6)

$hoz s 11+hoo s s3—hag , ga) + My Rz —hyy), 22—2952(?) =0,

s 22

m
$(h11—hay) 5 23— 242 (;) b 0,
m
r

m' 9
(h11+P33) 5 2a—ha1, 212 (;) " ‘—4( ) 0¢'95>1=0,

m
(has s 13+has, sa—hsg s 4a)+ (11 +hog—hyy) , 33—4 (;) . 2=0,

‘m m
(hr1+Pos) > s3a—hay » 31~2 (;) $2—4 (—) ¢$,1=0,
»13 T3

$(has, 11t Pag > st Pag s 33) —har , a1+ 3B FRon+Rag) | 44

T/,
It is now possible to obtain from (6.6)

iy = 4m {gtlog (x+1)},q,

by = —4m {$2log (z+1)}, 4, . .. .. . .. (8.7
hig = —2m {g2log (w47}, 1 +2m {2 log (x+1)}, 4,
hog = hyg = 0.

By virtue of the boundary condition that when ¢ = 0, the field reduces to the
field of a point mass in classical relativity we see that the complementary functions
which otherwise would have been attached to the 4’s in (6.7) are zero. Substituting
for «, ¥, ete., in (6.5) we get

hig = 2mg? {log (x+7)}, o = —hay, .. .. (6.8)
his = 2mg? {log (z+7)},3 = —hsy,
hgg =0,
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Thus we have
hyy = 4m {$2log (z+1)},1, hip=2m¢? {log (x+n)}, s,
hys = 2me2 {log (x+7)}, 5,

hig = —2m {¢%log (x+7)}, 14+2m {g2log (x4+n)},4, .. .. (6.9

hos = 0, hes =0,

hoy = —2m42 {log (&+7)}, 2, kg3 =0,

hoy = —2md2 {log (z+7)}, 5, he = —dm {$2log(x+7}, s

It is obvious from (6.9) that there exist relations among %’s :

by = —3(h11+hyq),
hup= —hyy  hig= —hg, .. .. (6.10)
hog = hog = hgg = 0.

The solution obtained in (6.9) happens to be a particular solution of the
gravitational equations. Before some meaning is given to the new singularities in
(6.9) it has to be seen whether the singularities have arisen out of a singularity in
a transformation. By means of an infinitesimal transformation of co-ordinates

z“=x1°‘+(T)°‘ .. .. .. .. (6.11)
3

where T% (2 =1, 2, 3, 4) are four functions of the third order it is possible to

(3
transform away these singularities, provided we take

T = T* = 2¢°mlog (w+7), T?=T°=0. B (: 8 1)
(3 (3 (3) (3

We get the unexpected result that the solution (6.9) is a transform of Schwarzschild’s

external solution through the singular transformation (6.12). It may be mentioned

that the expressions (4.13) for the charge and current density remain unaffected up

to the fourth order by the transformation, since its departure from the identity

transformation is of the third order of smallness.

The two noteworthy features of the investigation are (1) the automatic
cancellation of the explicit electromagnetic terms from (6.1), and (2) a solution of
the reduced equations (6.1) with electromagnetic effects which, however, is a
transform of Schwarzschild’s solution through a singular transformation. Thus the
electromagnetic effects can be traced to the singularity in the transformation and
are therefore not real.
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ABSTRACT

A particular solution of the gravitational field equations in Einstein’s generalized theory
of gravitation has been obtained. The field set up is such that it reduces to the field of a point
maas in clagsical relativity in the absence of the electromagnetic field, and also up to the first
order of approximations it reduces to the field of uniform monochromatic radiation (Ey = Hy =
—A cos 2n (x—1)/A, Bz = E; = Hz =Hy = 0) in the absence of the point mass. The charge
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density and the first component of the current vector density vanish all along the z-axis while
the remaining components of the current vector density vanish on the positive side of this axis
and become infinite on its negative side. The electric and magnetic intensities are affected by
the presence of the gravitational field of the point mass. The electromagnetic field possesses
the properties of a plane wave. There are four partial differential equations of the second order
(4.19) for the four electromagnetic vector potentials subject to the condition of continuity (4.7).
When the values obtained for the electromagnetic field quantities are substituted in the ten
gravitational equations (6.1) they are reduced to those of general relativity for a weak field.
The solution obtained from (6.1) contains a line of singularities. What is rather curious is that
this solution is a transform of the Schwarzschild solution through a singular transformation.
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