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1.1. Let f(t) be integrable (L) over (—=, ), and periodic with period 2», and
let its Fourier series be given by

(1.1..1) L ag+2(a, cos nt4-b, sin nt)

= %Ao+z 4,(p).
1
We write
$(t) = 3 fle+t) +f(z—1)—2s}.
We assume throughout that ¢ > 0, and write

i
Bo(t) = 1%» f t—w)""" $(u)du, @ > 0,
o
¢<1(t) = ‘P(a'*']-)t“(x (pa(t); a® > 0,
and
Do (t) = gt@ou-l(t): (-=1<a<0)

1.2. Tt is known that the summability (¢, 8), & 3> 0, of the series (1.1.1.)
depends only on the properties of f(t) near the point ¢ = #. But when 8 < 0 this
is no longer so (Kogbetliantz, 1919). A reason of this failure may be that the
Lebesgue integrability of f(t) over (—m, =), by itself does not warrant anything
beyond the asymptotic order estimate

Ay(t) = o (1),
as n—>00. Bosanquet and Offord (1936) have proved that this is the only reason
for the failure of this property. They have shown, if
(1.2.1) A, =o0(n?), —=1<8<0,

then the summability (c, 8) of the series (1.1.1) is a local property of the generating
function.

As an extension of de la Vallet-Poussin’s convergence criterion for Fourier
series, Bosanquet proved the following theorem on Cesiro summability of positive
order.

TuEOREM A.* If ¢y(t) (x>>1) is of bounded variation in an interval (0, 1), apd
$x(t)—0, as t—>0, then the Fourier series of f(¢) is summable (¢, «—1) at the point
b=,

* Bosanquet (1934). See footnote on page 26.
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The object of this paper is to extend Theorem A to the case in which 0 < « < 1,
by imposing on the Fourier series a restriction of the type of (1.2.1).

2.1. We prove the following theorem :

TeeorREM. If ¢y (t) (0 < « < 1) is of bounded variation in an interval (0, 1),
& ()0, as t—0, and
A, () = o (n*1),

then the Fourier series of f(t) is summable (c, a— 1) at the point t = .
2.2. We require the following Lemma for the proof of above theorem.

Lemma. Sufficient conditions for the Fourier series of f(t) to be summable (¢, —8),
0< B <1, tosums fort ==z are that

An(z) = 0(n~f),
$1(t) =0 (1)

i
i

§>0 n>c0 1”

as t—0, and

ﬂ

(n; 1) = (nt+3—4B)+1pm.
This Lemma is proved by Bosanquet and Offord (1936).

2.3. Proof of the theorem: Since ¢y(t)—>0as t—0, therefore, ¢, ()->0 as
t—0. Thus, after the Lemma, it is sufﬁclent for the proof of the theorem to
establish the following

where

_ ]
(2.3.1) lim lim |, '“J S(t)t ™ “sin(n ; t)dt | =
>0 n—>op ;
where (n;8) = (n+ta)t+ (1l —a)m.
Now
o
(2.3.2) I = F(1~oc)J $(t)—% sin (n ; t)dt
1

"

EY £
=J‘ t—% sin (n;t)dtj (t—u)~% ddy(n)

% 0
1 )
= f”dd;a(u)J (t—w)=% t=%gin (n; 8)dt
0 .
) )
+ [ dDy(u) | (F—u)-%¢{-%sin (n; Hdt
u 1 Y w

"

n 5
=f Jin, u)d¢u<u>+f K(n, u)d®s(u)
1
0

”

= II+IZ , 88y,
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The inversion of order of integration in the two parts of the repeated integral
is justified by Fubini's theorem, since the resulting integrals are easily seen to be
absolutely convergent.

We next show that, for 0 < u < 7% ,

(2.3.3) (S (n, u) | < An?2-1;
and, for O<u<s,
(2.3.4) [ Kn, )| < Au-%*n*-1;

where 4 denotes some number independent of 8, » and .

Now, writing
3
J(n,u) = J (t—u)~%t~%sin (n; f)dt

I+,

= Ji+dJ;, say.
We have, if t<u< 711’

I

PARS Anocj (B )= dit
1

= O(n¥-1);

2
and, by the second mean value theorem, P <E<CE <,

[Jaf < A(%)-oc (7}&) —atjzlsin(n; t)dtl

< A.m2%-1,
This completes the proof of (2.3.3).

Again writing

5
K(n,u) = J' (t—u)~* =% sin(n ; t)di

o1
M+; S
=] +
" ugld
n

= K1+K2, say.
We have, for 0 < u < 8,

1
-t
| K1} <A?L‘°‘J {t—u)-%dt

= Au-*n*"1;
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and, by the second mean value theorem, %+ }?’ < ¢ B,

¢
J‘ s
up

[K,| < Au=—*n2 (n; t)dt

i
< Auy—%nex~1.
This completes the proof of (2.3.4).
Now, by integration by parts, we have

1
[ I|= J J(n, w)dPe(u)
0
‘ 11
= [@a(u)J(n, u)] —f@a(u) &%& J(n,u)du
0 Yo
1
4 1 d‘ X "ﬂ
<F Wt e H boliu® 5 I (1, )
Since ¢q(%) is of bounded variation in an interval (0, ) and ¢y(u)—>0 as u—0,

hence we may write
be) = yy(u)—sha(u)

where () and is(u) are positive increasing functions of u; each of these functions
tends to the same limit as u—0; and we may, by subtractlng a constant from each
function, arrange that this hmlt shall be zero.

Now, we shall show that

)

~

(2.3.5)

Pa(w) u“ J(n, wydu ‘

! !
fM]Ei no-1t.

Lz
J‘n
0

By the second mean value theorem we have

# )

!

[ M| =4 ('TIZ)J‘ iJn,u)du
BN

| o<e<)
1
1

"“Sbl(

1

o o] e
<aluld =],
“ ()

¢
This completes the proof of (2.3.5).

4-

< A n*-1,

)

£

nza-lj
¢

u%~1 J(n, w)du

1
n

u*-1duy
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Hence, we have

(2.3.6) ]ffg nl=%| I |
<alm e+

Again, by integration by parts, we have

u()+

-

3
1 I] = J K(n, u)dPy(u)
5
] 3 ré d {
_ _ N ) i
= [dﬁ(u)K(n, u)L j }d%x(u) Tn K(n, u)du

Aol

8
J ¢a(u)ua§;l((n, w)du i .
1

< An*! { |08 | +

+4

If now we prove that

(2.3.7) |P|=

]
J ll;l(u)u“ % K{n, u)du !
1

i

< A (®|n*,

then we shall have

hm HE nl—m}lzl
§>0n—>w

I e 1\ | X .
cafm T g0+ 4,()] + 0o +ivo]
> 0 7~»¢0 | n
=0,
Thus (2.3.1) follows from (2.3.2), (2.3.6), (2.3.7) and the Lemma.

We proceed now to establish (2.3.7). We have, by the second mean value

theorem,
8 i !
{P! = §;(8) J‘fua_ﬁ]{(n, w)du (;1& < ¢E< S)
‘ 5 5
= izpl(s) [u“K(n, u)] — o ¢(8) f w* K (n, wydu
¢ ¢
3
(2.3.8) <A™ (B | +4| 13 ] f u* K (n, w)du | .
¢
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Now

3
Q= J W K (n, w)du

J % wuf (t—w)~% ¢ %gin (n; t)dt

8
t™%sin (n; tdtj = —u)*du
£ 3

1

3
j 1% sin (n ; t)dt J; VN I=V) "%V

I

3 :

a0
J Ve 1=V) "%y J t™%sin (n; t)dt
§
§

17
1
0< <E<n<?d
Again, by the second mean value theorem, we have

8 |
J‘ t-%gin (n ; £)dt |

17
< A.,)—ot n-t
< An%-1,
Hence, we have
(2.3.9) Q] < Anx-1,

Thus, finally, from (2.3.8) and (2.3.9), we have
| Pl < A](8) | n*-!

as stated in (2.3.7).

This completes the proof of the theorem.
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