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1. Meijer (1941a, p. 727) introduced the integral equation
(L.1) -ﬂ@=f e TW, L eOf L,
0

and its inverse
~ 'B+)‘

1—% [
(1.2) ) = lim ! +MJ

= ilm m e}” (st)k -t M (St)F(S) dvs,
>0 SN

B-xi St

where M, ,,(2) and W, ,(z) are the two Whittaker functions.
Jaiswal (1952, p. 385) denoted (1.1) symbolically as

1
foy 2 40,

where ¢(s) = sF(s). i
For k = 4m, (1) reduces to the known Laplace transtorm, due to the identity

e—}st;_ (st)-m—iW (st),

m4+¥, m
ie. H(s) =s f e~ f(t)dt,
0
which we will denote as
$(s) = ft)

The object of this paper is to establish some integral representations of the
image of Meijer transforms with the help of known integral representations of
Wi m(2) and My, .(2).

We have, in general, imposed stringent conditions on the results given in this
paper. These conditions may be relaxed by the help of analytic-continuation.

Xy, Ko ... 0, ] 41 b
2|, p= , we have
Bi, .- B, p=a

made a cut from o to —oo in the z—plane, so that the function may be extended
to the cut z—plane from |z| <C|.

Further, in the case of functions rFq[

2. Theorem 1. If f(t)]f%%e &(s)
and (s, ) =t Ky (2uA/1) f(1),
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then*
2.1) $(s) = MJ oo B e i,
provided ’
(i) f(t) is continuous for t > 0,
(i) B(s) > s > 0, and R(—k+m) >0
(ili) B(p—k+14m) > 0, where f(t) = O(t+) for small ¢,

(iv) J
T

for R(s) > sq > 0and u > 0, and
(5) the integral (2.1) is absolutely convergent.
Proof. We have

t e K, (Z"‘ﬁ)f(t) dt tends to zero as T — o,
147

add

(2.2) ¢<s)=sJ M (a) R WL

o (Bd
0

Using the integral (Meijer, 1941c, p. 299)

4(st)te—tst —u?  —oh- —
Wiy, m(st) = I%)(—E_—EEE—)J e u 1K, (2ur/st)du,
0
where s % 0 and RB(—k+m) > 0,
we get
® 3o -dst ® —_
$(s) = SJ o ¥ (st)Th [%@J e 0P E,, (2u\/st)du} fieyde,
0 0

Replacing u \/ 3 by u we get

o -] —2k-1
@ (8) = T—)—(—é%:—t—m—-)-" e"t(st)'k [J e_“2/5 u_k T Kon(2uy?) — N ]f( )t
0

0

4 ” —uzs -2 - N —S
(2.8) = mj P T I:SJ‘ t KZm 2%‘\/t f e ] du
0

0

_ 4 * —ulls  _2k~1
_F—————————x(_k:{:m) J e U Plu, s)du,

provided the change of order of integration is justified.

Regarding the change of order of integration in (2.3), we note that the
u-integral is absolutely convergent, if R(—ktm) >0, E(s) > & > 0, and the t-
integral is absolutely convergent, if R(u—k-+14m) > 0, where f(t) = 0 (&) for

small ¢, IT \ t™"e K, (2u AV/1f(®) | dt tends to zero as T ~» oo, for B(s) > s > 0,

* The symbol I'x (a + B) denotes I'(a+B) I'ae—pB).
1B
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and f(¢) is continuous for ¢ > 0, and the repeated integral is absolutely co

if (2.1) is absolutely convergent. ¢ y convergent,
Hence the change of order of integration is justified by de la Vallée Poussin’s

theorem (Bromwich, 1931, p. 504).

2.1. Theorem 2. If t"f(t)k‘-—‘:);jﬁbn,k+%,m(8):

then

(2.4) o rts,m(s) = 23*""[ Pf:_i (cosh 2u) tanh! " u By, m+3,m (8 cosh2 u) du,
0

provided

(i) R(s) = s >0, B(k) < 1,
(i) B(p—k+3) > 0, where f(t) = O(t+) for small ¢,

(iii) f(t) is continuous for t > 0,
e o]

(iv) J et f(@& l dt -oas T -, for B (s) > s >0, and

l

T

(v) the integral (2.4) is absolutely convergent.

Proof. We have (Meijer, 19415, p. 600)
W sy (88) = 2(st) f g oo P::r_i(cosh 2u) sinh? " cos
0
where s % 0, jarg s| << #/2 and R(k) < 1.
Using this integral in (2.2), we get

o o
st ke — 35t cosh2u pi+ .
Po sy ml8) =8 fo e 2% (st) *[2stf g BT oA Pm_i(cosh 2u)

0

W24y du,

x sinh? ~*u cosh®**y du] ft)de

XL

m—1%

= 28é_kf P**? (cosh 2u) tanh!~*u [s cosh2y f
0 0

oSt oSk =k g dt} du

9]
=2st~* f P:f_i (cosh 2u) tanh® ‘u TR C cosh?u) du,
0

provided the change of order of integration is justified.
This can easily be shown if we follow the method of Theorem 1.
We may note here that we can find the behaviour of ¢, _, ., (s cosh?u) for

large values of u by the help of Watson’s lemma.
If ti-*f(t) satisfies the conditions of Watson’s lemma and if f(¢) = O(#) for small

t, then, by Watson’s lemma

byt mtd, m (s cosh?u) = 0 {(s coshZu) K+ #-4} for large cosh?u,

= 0{e 2W=*D“} | for large u.
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Bxample. If f(t) = J, (at), then * (Jaiswal, 1952, p. 389)
- a T'x(v—k+nt+ltm)
2’8" Mv+n—2k+1)I(v41)
vidn—k+14+m v4+n—k+24m
2 ’ 2 a?

8 y—2kt14n vhn—2k+2
l‘+1’ 2 3 2

¢,., Etb,m (s)

X 4F

R (v—k4n+14+m) > 0 and R(s) > 0.
Using the values of ¢0, hit, (8) and ¢>%_ 5 mtd, mS cosh2u) in (2.4), we get

" P e g fokdy joktr. o
fo P:_**(cosh 2u) tanh*~“u sech™ “**1y 2 2 72 77 Feoshtu | du

v+1

v—kt1dm v—k+24m
Ix(v4+1—ktm) 2 ’ 2 2 2]
2r(v—2k+1)I(v—k+4) 3[ +1 v—2k+1 v—2k+2 a/SJ
v
3 2 > 2

R(y—k+1xm) >0, Ry—k+3) > 0, R(k) < 1 and R(s) > s, > 0.

ZS I

m n, k+¥,m

2.2. Theorem 3. If4"f(1)

(8), then
(2.5) $o, nep, m () = 287 f ) P} *}(cosh 2u) sinh™u x

2k+2)-1 2
X cosh oy kiyrp sy (8 coshou) du,

provided
(i) R(A) >0, B(s) = 5o >0,

o [
T

(iii) RA+pu—k+131—2) > 0 where f(t) = 0 (t*) for small t,
(iv) f(¢) is continuous for t > 0, and

e % f(t) | dt > 0 as T — o0, for R(s) > s > 0,

(v) the integral (2.5) is absolutely convergent.
Proof. Using the integral (Meijer, 19415, p. 599)

¥ 00
W, 4o (st) = 2(st)* J g botsinn® gy sl b (8 eosh‘b’u)P,ln'_zt’\ (cosh 2u) sinh®u du,
0
where s # 0, |arg s| < =/2 and R(2) > 0,

* The symbol pFg [aliﬁl’ athp- - ' Z] denotes
y118, 7248 .. ..

+B1, 23— By, g+ By, xp—fo. o - - o,
pFyq [al 3 2.
¥1+81, ¥1—81, vot8g ve—82. . - .
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in (2.2), we get
a

B 11y ml®) =3 f ¥ (at) (e

0

X [2(st)’\ J ¢ ¥otsink® Wi tass, 3-8t cosh? u)P,l;_?(cosh 2u) sinh2A u du] dt
0

00

= 282'\J P17 2Ncosh 2u) sinh?\ u cosh™ ™1y
0

o0
g5t cosh? « ke
X [3 cosh2 u fo e ¥ %o coghe ) A Wy rast, 3t cosh? w)®(t) dt]du

o]
2 1-2 12 2k+23-1
= 26" fo Pm_i\ (cosh 2u) sinh' A cosh U 452/\, Y ‘_l\(s cosh? u) du,

provided the change of order of integration is justified.
This can easily be shown, if we follow the method of Theorem 1.

Example. If f(t) = e~#, then (Jaiswal, 1952, p. 387)

_ 1 Px(n—k+14m) n—k+lxm g
$oirtm® = G Tmooir ) 2| n—2ktl T3

Rn—k+14+m) >0 and R(s) > 0.
Substituting the values of ¢, , 3, ml®) and ‘752,\. biashi-n (8 cosh? u) in (2.5),
we get

J Pl-zi\ (cosh 2u) sinh® u cosh® =% ~1 u, Fy [)‘_k'i'l:’:%'—)‘; __a ]dvu
- 1—-2k 8 cosh? u
0
_ 1 I'x(1=—k+xm) [I—k;i;m._?]
TOTXA—k+1x£3—ANF 1 1-2k s,

R(1—k4m) > 0, RA—k+1+£1—1) >0, R(A} > 0, R(s+a) >0 and RE(s) > 0.

2.3. Theorem 4. Ift"f(f) ﬁﬂ» Pr ki, m (). them

m

0

(28) o sy, m(S) = (28)2’\f Pé;_z_’\* (cosh «) sinh® u cosh® 232y »
0

X ¢2A, REA+E, £1 (8 cosh2u)du,

provided
(i) R()) > 0 and B(3) > sy >0,
(i) f(t) ts continuous for t > 0,
(iii) R(p+r—k+3) > 0, where f(t) = O (t#) for small ¢,
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(iv) f :

(v) the integral (2.6) is absolutely convergeni.
Proof. We have (Meijer, 19415, p. 600)

e tz’\f(t

dt - 0 as T —> oo for R(s) > so > 0, and

o

Wk+):, .\ (-S‘t) = 2A—k_} (St))wif e—f}st sin_h2uD (’\/WQSt cosh2u) x

25+22+3
0

X P;mz); (cosh u) sinh2du du,

8#£0,|args| < n/; and R(A) > 0.
Using this in (2.2), we get

®x
N _ )
Po. kg, m (5) =sf e"f“(st)'k"f[2"""*(@)“*] e I
0

o ¢]

0

X D2k+2)‘+%( A/ 2st cosh2u) P;;%)‘% (cosh u) sinhZAudu] ftdt,

o

@*
= 2A-h=1g2 Af P;—Z)‘; (cosh ) sinh?u cosh?*+2X+3y [s j ¢~ st cosh®u ¢
m—
0 0

X (st cosh2a)~"=A-% D2k+2)‘+§ {(2ts cosh2u)t} tz)‘f(t)dt} du

(s cosh?u)du,

@®
= (25)" P;;f); (cosh ) sinh?\ cosh®*T2A~ %2 Boy perth +1
0

provided the change of order of integration is justified.
This can be shown if we follow the method of Theorem 1.
Example. We have (Jaiswal, 1952, p. 132)
H (2t)k+2 — F)'((v+n—jk+2im)
& PG M+ (v +n—2k+2)
%(u—*—n —k+2+m), v+n—k+3+m), 1 . f"‘_]
Xsha s 1o bn—2k+2), Ho+n—2k+3), v+3 &)’

RBy+n—k+24m) > 0 and R(s) > 0.
Substituting the values of ¢ , . s m(8) and @y, NG cosh?u) in the integral
(2.6), we get

D
j P, ;mz); (cosh u) sinh®y cosh? ~2A=2 =72 o
0

. [l(vﬂ —k+2:4), Jo+rA—k+3+]), 1 4 ]d

X5ty vi, Hv—2k+2), bv—2k+3) ° T sZcoshiu] W
v—k4+24+m v—k+4+3+m

= Fx(V—k—‘I—Qﬂ:m) 5F4[ 2 y 2 ,1 X _é}

Pxtvd=k+22D 7 "4 1 0,03), yo—2k+2), bo—2k+3)  ©

R() > 0, R(y—k+24m) > 0, R(A—k-+»+7/4) > 0 and R(s) > 0.



MAHENDRA KUMAR JAIN: INTEGRAL REPRESENTATION OF MEILTER TRANSFORMS 329

k4]

2.4. Theorem §. If tf(1) o

- ¢"’k+i’m(s), then

2.7 P s m®) =2 J;f cosh 2mu cosh® 'y By ke, 4 (8 cosh?u) du,
0

provided
(i) B(s) > 5> 0,
(i) B(p—~k+1) > 0, where f(t) = 0 () for small t,

(iii) f{¢) 7 continuous for t > 0,
D

(iv) f e~ f(t)|dt — 0 as T~ w0 for R(s) > 55 > 0, and
T

(v) the integral (2.7) is absolutely convergent.
Proof. We have (Meijer, 1941b, p. 599)

2§_k(3t)% ® dst inh2u 2
WkH’ L, (8t) = — fo g s D,., (\/2st cosh u) cosh 2mu du,

s 7#0,|arg s| < #/2.
Using this in (2.2), we get

- w0
2} * (St)§ f —¥st sinhZy
) © X

¢0’k+hm(8) =SJ e—bt(st)“k_}[ _
0

0
XDy v (\/2st cosh®u) cosh 2mu du] fyde

®©

— w0
- 2
=2 JEJ cosh 2mu cosh®~Ta [2_};—1}8 coshzuf g dst oo o
™
0 0

X (st cosh®) “k-ip (\/2st cosh®u) ¢! f® dt] du

2k+1

s [° 2k -1
= et h 2 h osh2u) du,
2\/11_[0 cosh 2mu cos Uy pyg 43 (8008 )

provided the change of order of integration is justified.
This can be easily shown if we follow the method of Theorem 1.

Example. Let f(t) = J(2at) J,(2at).
We know (Jain, 1955, p. 132)
_ Ix(n+p+v—k+1t£m)a™ o
T Mp+ )T+ D) (ptv+n—2k+1)s"
Wp4v+1), Hp+v+2), dndptv—k4+1xm), Jntptv—k+2Em) —16a2]
Xe 5[ ptl, v, pbv+l, Hptv+n—2k+1), Hptv+n—2k+2) TR

P, ikt m (6)

R(n+p+v—k+1Lm) > 0 and B(s) > 0.
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Substituting the values of an’ hag, w8 and d:%, 432, + 4 (6 cosh?u) in (2.7) we get

x
f cosh 2mu cosh®®~#7~Vy x
0

i —ktd
v+ ), Bkt 2), Hubv—h4f), ET7mobiE
X ofs pbr—2h41 ptv—2k+2  —16a2 | ™
ptlvdl ptrtl, 2 ’ 2 * 5% coshiu

- n*f'x(y.+v—-k+l:|;m)
o Tx(ptv—k+5£1)
ptv+l ptv42 ptv—k+ldm pdv—k424m
e
~2k+1 p4v—2k+2
2 ’ 2
R(p+v—k+1) > 0, R(u+v—k+14m) > 0 and R(s) > 0.

X

X o < |

ptd v, a1, B

ki

2.5. Theorem 6. If ¢ f(t) —— B, 5oy, m (8) then

2242 7 _9p) * e
(2.8) ¢0, Atbm (8) = m ) cosh 2mu cosh w (s, u) du.
where

Y(s, u) = s cosh?y f exp (— }st cosh2u + st sinh2u)(2st cosh2u) * x
0
x D,,(\/2st cosh?u) f(t) dt
< 8" sinh®y
= Z ——7!-—~¢,’ Rid 4 t('s cosh?u),

r=0

provided

(i) R(—k4m) > 0and R(s) > s, > 0,
(i) R(p—Fk+1) > 0, where f(t) = O (t+) for small ¢,
(iil) e **|7(t)| > 0 as t — oo for R(s) > s, > 0,
(iv) f(t) is continuous for t > 0, and
(V) the integral (2.8) is absolutely and uniformly convergent.
Proof. We have (Meijer, 19415, p. 601)

k2 o3 ”
F - st sin o T v e
Wirs m(8) = 2 (st)’ I'(—2k) ’- gt sint®u D,, (1/2st cosh®u) cosh 2mu du

Px(—kxm) |
87#0,|args| > 37/2 and R(—kd4m) > 0,
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Using this integral in (2.2), we get

»0

¢0, ki, m(8) =8 J

A0

k2 3
—bist) k=3 | 27 (st)° T'(—2k) 3t sinh2u
e (st) [WP (—F ) — e X

0

D,,(+/2st cosh?u) cosh 2mu du ] ft)dt

o

22(k+1) P(_2k) - ok st cosh?
_m 0cotsh2mucosh u sJOe X

X (2st cosh2u) ~* D,, (1/2st cosh?u) e” sivhu §i0) dt] du

2(k+1) v, £ :
= gT“;(_f_k(d:Tz;c) J cosh 2mu cosh®®~Vu (s, u) du,
Q

provided the change of order of integration is justified.

Now expanding ¢ sini®s and changing the order of integration and summation,
we get the required result.

The change of order of integration and summation easily follows if we note the
following :
st sinh®u (st ginh2u)"

(1) the series e 1

is uniformly convergent in any fixed
r=0

interval 0 < t < @, a being arbitrary,

(1) f(t) is continuous for all values of ¢t > 0,
(iii) the integral f =} R(s) cosh®u
0
vergent if B(u—k—+1) > 0 and e RO [f(¢)|— 0 as t > oo for
R(s) > sy > 0, and

f@)D, (\/ 2st cosh?u) idt is uniformly con-

(iv) the integral f exp | —3st(1 — sinh2u)} | D2k(\/2st cosh2u)t™* f(t) | dt
0
is uniformly convergent under the above conditions.

k+1

2.6. Theorem 7. Ift'f(t)— 2>, ..\ ,,,( ), then

. _ 2P(%—k)P(2/\—k—%) 1-2A 23
(2.9) ¢0,k+§5, n(8) = Ta(—Ftm) P : (cosh 2u) sinh™u X
©

x cosh™ “2A~1y Q(s, u) du,
where
@
G(s, ) = s cosh?u f exp { —}st (cosh?u—2 sinh?u)} (st coshzu)d =% »
0

pd Wk_’\H’ 3 (6t cosh2u) f(t) dt

o 2r
& ginh™u smh
z 2
» k-,\+b,i—/\(s cosh2u),

re=(



332 MAHENDRA KUMAR JAIN: INTEGRAL REPRESENTATION OF MEIJER TBANSFORMS

provided
(i) B(s) > 80> 0, B(—kxm) >0, R()) >0,
(i) B(r—k4+2+1£3—)) > 0, where f(t) = O(t~),
(iii) f(t) s continuous for t > 0,
(iv) e O [f(t) | > 0 as t > oo for R(s) > 55 > 0, and
(v) the integral (2.9) is absolutely and uniformly convergent.
Proof. We have (Meijer, 19415, p. 601)
2t M3 —k) @A~k —})
I's(—kEm)

]
= $st sinh?
Wy mlst) = J‘ g S W st 4 (58 cosh?u) X

X P}n__zé)‘(cosh 2u) sinh®u du
§#0,largs| < 37/2, R(~k+m) > 0 and B(A) > 0.
Using this in (2.2), we get

o N . . © ‘
b e (o) =5 J e—;st(st)-m[mst) r(—HIEA—k—}) J ot
0

I'x(—ktm)

xW

ka3, 3 (8 cosh?u) P}n'_i" (cosh 2u) sinh™y du] f@)dt

_ 2T (—k)(2A—k—1})

<]
J P}”'_Z;‘ (cosh 2u) cosh? "% ~1y sinh®w x
0

X [s cosh%J e"’tc“hgu(st cosh2y)*+A-t W, )443 (st cosh?u) X
0
x ¢ £4) dt] du
L]
_ 23—k r@ea—~k—1) 1-2) . 22 2h-2)—1
Ta(—ktm) P, "} (cosh 2u) sinh™u cosh u G(s, u) du.
st sinh2u

Now, expanding e and changing the order of integration and summation the
result follows, provided the change of order of integration and the change of order
of integration and summation is justified.

If we follow the methods of Theorems 1 and 6, these changes can easily be
justified.

Example. 1If f(t) = t*, then (Jaiswal, 1952, p. 387)

_ I'sx(n+4r—k+14+m)
In+4r—2k+1)s"""’

by nism(8)
and

o0
- 2 -
G(s, u) = 8 cosh2u fo ¢~ ¥ e (of coshu)hTF W oy, 3 (8t coshZu) x

x ¢ S n gy R(n—k+A+12i—2) >0 and R(s) > 0.
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Substituting the values of b0 kg, m(S) in (2.9)
we get

f P}n‘_i’\ (cosh 2u) sinh™y cosh 2#~A-1y G(s, u) du
0

_ Ix(n—k+1+m)Ix(—ktm)s™"
T A =2+ O A=k (2A~k—1)
R(n—k+2+1£3—2) >0, R(—ktm)>0, R() >0 and R(s) > 0.
k+1
m 2> b, iy, (), then

2.7. Theorem 8. Ift f(t)

_ I(=kRrxw) [, PHutm,
(210) ¢O,k+},m(s) = F(2A)FX(—kim) 2F1 [ 2/\ 5 l—u:l X
1
X (w—1)PA "Lt o ) du,
where
< §'(u—1)"
Gi(s, u) = Z T ‘?S,’k_l\+;’“(8u),
r=0
provided

(1) B(—k+m) > 0, B(})) > 0 and R(s) > sy > 0,

(i) R(uyr—Ek+A+12p) > 0 where f(t) = o(t*1) for small ¢,
(iii) e *9f(t) | > 0 as t — oo for R(s) = sy >0,

(iv) f(t) is continuous for t > 0, and

(v) the integral (2.10) is absolutely and uniformly convergent.

Progf. We have (Meijer, 19416, p. 601)

74

- E-Ath p (stu) X

_(stPe M In(—kakp) [ g
kit m (5) To(—kLm)I'(2)) W

/\+,u.:|:m

szl[ 2

s#0, |args|<3wx/2, R(—k+m)>0 and R(}) > 0.
Using this in (2.2), we get

; l—u] (u—1)A"1 gt gy,

N chos § (st e Px(—kFadn

— S ) : St
¢0, Et+,m (6) = SJ et (st) l Ix(—k+m)I'(2)) J et IVk_/HL#(Stu) X
0 1

A+Htm
%X o Fy [ oy l-u] (u—1)%-1 u"'ﬂiu? ft)yde

_ Ix(—=k+rtp) ’ Atptm o 2A-1, prk-p-1
= Ta(—kLm) () 12 1[ 2 ;1 u](u D™ X

X [su J e ¥ (spy) AR Wk_/\H’u(stu)e'(l'“)“f(t) dt} du.
0
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(u—1)st

Expanding ¢ and changing the order of integration and summation, we get

1-—-u] X

_ Ta(=kagr) [ [Apdm
"‘O’kﬂ:m“*"F<2A)PX<~~kscm)J o[

X (u—1)2A" Lt EA g u) du,

provided the change of order of integration and change of order of integration and
summation is justified. This can easily be done if we follow the method of
Theorems 1 and 6 respectively.

Example. 1If f(t) = ¢, then

Tx(r+l—k+13m)
Tr41—2k+1)5*’

Substituting the value of ¢, »-)43, u(s) in the expression for Gy(s, u), we get

Ix(l—k+2+1£p) o [l —k+2a+1tp u—]
T+ —2k+ )6’ > | 1420 —2k4+1 " w

B{l—k+) +1£4) >0, B(s) >0 and u > 1.
(2.10) then gives

JF, /\+#:i:m; l_u] JF, l-k+/\+1:l:#;u;-_l]x
) 22 I42)3—2k+1 "

R(—k+14m) > 0 and R(s) >0

‘#,, ht+d, m (8) =

Gl(s’ )

X (w—1)""1 ubtE-A=l gy,

_ Ix(U=k+1tm)(—km)(+22—2k+1)IE2)) 5 -0
= Tk A+l LT =2k D x(—kFan) * hEm) >0,

R(\) >0, Rl—k+A+14+#) >0, R(l—k+14m) >0 and R(s) >0

+

2.8. Theorem 9. If f(t) k l) B(s), then
32 —k/2 £y LI
T8 s 2
(2.11) ¢(s) = Fo{—kim) oin 2m7rJ‘ e ‘u Wi paae (/8) X(u, ) du,
where
X(u, 8) = { (7 ut) I2 *\/ut)} t* ),
provided

(i) R(—k+m) >0, R(1Lm) >0, R(s) > so >0,
(i) B(p—k-+14m) > 0 where f(t) = O(t*) for small ¢,

(iii) f et " ft) 'dt—>0as T — o for R(s) > s >0,
T

(iv) f(t) 18 continuous for t > 0, and
(v) the integral (2.11) converges absolutely.
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Proof. We have (Meijer, 1941d, p. 448)

4 P o3
2" (st)te ¥ ke
w 77() e;uukl
0

bk, m () = I's(—k+m)sin 2mn

WJ — 4%, §+&k : \/St 1(“ v‘;t)\g du

where s £ 0, R(14m) > 0 and R(—k+m) > 0.
Replacing u%s by « and substituting in (2.2), we get

L4

B2 ~dst b k2 [T Lg% _Fy
—~3st ~k-} moe (St) s s 2
§) =S¢ e (st : e u X
#0 L (st [rx(— 0

k+m) sin 2mn

xW . L(uls) 5(12_”‘(\/;[15) (Vut) du]f(t
Q—E,i+§ ’

k
~Hz,m3! *
" I'x(—ktm) sin2m7-rJ0 e v Wi ih, e (] ) duX

x [sj e ™ {I?‘_m(y‘/ﬂi)—li(\/&.—t)gt_k f(t)dt]
0

P o«
3/2 - - “ k
T 8 2 -} —-xt-1
— 2 u? awie
T Ix(—k+m) sinzmwj e ‘v bo oy g aa (W) X(u, 8) du,
0

provided the change of order of integration is justified.
This can be shown if we follow the method of Theorem 1.

29. Theorem 10. If f(i) k+% > $(s), and
X1(u, 8) = J‘ K (st cosh w)t' ~*f(t) dt, then
[}

(2.12) $(s) = J? sz‘kJ' k“ ; (cosh u) sinh? ~*u cosh*ux, (u, s) du,
k)
0

provided

(i) B(k)<< 1 and B(s) = sy > 0,
(ii) R(p—k+2+m) > 0, where f(t) = O(t#) for small t,

(iii) J. [e"“t"’kf(t)ldt -0 as T— oo for B(s) >8>0,
T

(iv) f(t) is continuous for t > 0, and
(v) the integral (2.12) is absolutely convergent.
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Proof. We have (Meijer, 19415, p. 603)

2t (st)3/ 2 gt

w sty = 7 A
ko

g m j K (st cosh u)PkH’ (cosh %) sinh*~*u cosh***u du
0

s 0,larg s| < «/2 and R(k) < 1.
Using this in (2.2), we get

dls)y=s J (st)l'}2 [\/% J K, (st cosh u)an’i (cosh u) sinh* "y cosh **y du] ft)dt
0 0

=\/;—2732'kj anti(coshu)sinh%—kucosthu [J
0

- \/%sz‘kJ Pf’iz (cosh u) sinh* "% cosh* ™y X1, s) du,
0

ool

K, (st cosh u)tl'kf(t) dt] du
0

provided the change of order of integration is justified. This can be justified if we
follow the method of Theorem 1.

k+3
m
h(u) = "1 d(s), then

t

3. Theorem 11. If f(t) —> ¢(s), and

2k -1

(3.1) fit) = WJ (1—u| )" 1™ * Bl du,
0

provided
(i) B (3+m+k—1}) >0, R(s) > s >0,
(i) h(u) is regular for 0 <u <, and
(iii) the integral (3.1) is absolutely convergent.

Proof. We have (Watson, 1952, p. 352)

1

142m)" 427" —htme Chtart e

Mkm(z)=%~J e
, i

Using this in (1.2), we get
AL —at m
I'l—k4m) jBJr egst(st)k_g‘i(f) [T(l+2m)2 2 sty
A

f(t) = lim

o T(1+2m)2mi s | Tim+k)[A+m—F)

1
xf (1+u)"‘”k(1-—u)’"+k‘1e"‘““du] ds.

1
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Replacing #(14u) by 2u, we get
aomthmt (P rende) | [ (20)7 ()
J) = W '[B Xe (st) e (—t-) (1-— ?) X
P V3 0

2 _
xe " 1)du] ds

¢ .
(-1 L 1 B+xi e hemd(s)
0 -Xf

2k =1
t

_ _ mtk=1_ m—k
= F_———(m+k) Jl) (1—ult) w" " h(u) du

where h(u) = s"*™ ¢(s),
provided the change of order of integration is justified.

The change of order of integration can easily be justified, if 2(u) is regular for
O<u<t, B(s) » s >0, and

g mtk—
J 0=
0

Example. We have (Jain, 1955, p. 122),

¢ F M (v—p—2k+1) [v, v—p—2k+1 ]k+%—_> st
Tx(v—p—k+1Em) ¥ 2 |y—F—k+1Em’ m " (s+4ay’

du is convergent.

also we have (Humbert, 1941, p. 56)
m+k

_uLm _ =% .
2 +& l(u) (1+8)m+k

Taking p = 0, a = 1 and v = k+m and substituting in (3.1), we get
14

m+k=1 m-k+1l
-, e u _t 'im+-k)'(m—k+1)
J e (1— —) L, . (w)du= FE@m+1) X

0
m+k, m—k+1
X2y [ 1L,om41 Y
(m+k) is a positive integer, m—k+1 > 0 and m > —1.

k+%

3.1. Theorem 12. If f(t)——=— &(s), and

h(u, t) = J,, (21/us) s §(s), then

(3.2) £t =%@J et U, 1) du
0
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provided
(1) R(k+m) > 0, R(s) > sy > 0,
(1) R(u, t) i regular for u > 0 and t > 0, and
(iii) the wntegral (3.2) is absolutely convergent.
Proof. We have (Meijer, 1941c, p. 301)

b bt L7 _
M, )= 2I(1+2m)(st)" e J uitem Iy (2u A/ st) du,
0

I'(k+m)

R(k+4-m) > 0 and s # 0.
Replacing #?t by u and substituting in (1.2), we get

SO = i o

-

I(l—k+m) ﬁﬂie&st(st)k'i e*2(st)* I'(1+42m)
I'(m+-k)

* _ujt fu\FY -y du | P(s)
X JO € ({) J2m (2 ’\/u‘g) 2 ’\/Z’JZ} T dS,

F'Y B+A¢
_ I'l—k+m) ~uft k-1 1. 1 stk — $(8)
_Tm—-l——k)—] e " u Alﬂ_%i \ xe s°J,, (2 \/us)———s——ds du,

_ I'(l—k+m) ® —uft k-1
= Ttk J e Tuw h(u,t)du,

provided the change of order of integration is permissible.
This can be easily shown if we follow the method of Theorem 11.

b+

3.2. Theorem 13. If f(1) pon

— ¢(s), and
hy (u,8) = H,, (24 us)s" " §(s), then

I(1—k+m) t&r N (u

(3.3) f(t) = T(itm) - (u ]ty "2 hy(u, t) du,

W{ik+im+i

thtim—3/4

~h-jm-}
)

provided
(i) Blk+m) > 0, R(s) > 0> 0,
(i1) hq(u, t) is regular for u > O and t > 0, and
(iil) the indegral (3.3) is absolutely convergent.
Proof. We have (Meijer, 1941c, p. 307)

2ty e T(14+2m) [ home _
M, _; a8 = T ey W :::::t:(ff)ﬂz’"“*(zu\/“) du,

§#0 and R{k+m) > 0.
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Replacing »2t by u and substituting in (1.2), we get

ag s © % e
L(1—k+m) J e*“(st)k'*[m‘gt)} “F(1+2m)j e";; (zj)w’ l)x
t

o) = h > D(142m)2mi T(k+m)
d
xW{*kaH (u/t)Hzm-;,(2\/ 2\;‘_]#8
th+im-3/4

F(l—k+m)t“* P 1w w\ —FE=m-1 ~
- ¢ (?) W{*kﬂmﬂ (w/t) u* "t x
0

th+im-3/4

B+xi
[hm LJ es‘sk-*i’(’—(;—)H2,,,_}(2\/a)d8] du

2m
A—>x LT B—Ai

T(L—k4myd [ =1% () -it-tm-t -
= 1"(k+m)"~ e 21 (?) W{;,kﬂmﬂ; (uft)yu hy(u, t) du,
Fetim-3/4

provided the change of order of integration is justified.
This can be shown if we follow the method of Theorem 11.

k+2

3.3. Theorem 14. If f(t) —=— ¢(s), and

ho(u, t) = s Jzk_l(\/is)sz(\/&)¢(s), then

® "1’:: —k U 2k —
(3.4) f(t)=z£;,(—(1ﬁki)_1n—)t‘(2k“ﬂj o 2 (7{) Wk’m(z)uk Lhg(u, 8) du

provided
() R(k) > 0, R(k+m) > 0, B(s) > 5 >0,
() hg(u, t) is reqular for t > 0, u >0, and
(iii) the integral (3.4) is absolutely convergent.
Proof. We have (Meijer, 1941d, p. 444)

24/ (st)' P e I (1+2m) ko1 X
M,y mlet)= T 0 u e

W, m(u2)J2k_1(u 4/ st) J,, (u \/st) du,

z# 0, R(k) >0 and R(k+m) > 0.
Replacing u? by u and substituting in (1.2), we get

B+xi 1-k st
I'l—k , ¢(s) 24/ 7 (st) I(1+2m)
At = lim _”““_P((1+2nt_);':)ij ,\ o (st)* =112 { )

A—>rw©
2\ Ll
x}’ (%) e ETW, (g,
(1}
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@ 14 p_g B+xi
_ 1"(1—-k+m)n-‘ ~53iU u) .1 st}
T Dlk+m) ¢ -t Wi m B A]f‘;%e o )«'e § X
) =X

X gy (V/8) Ty, (V/55) B s |

3 ~@h-p) [P 1w\ F

_w I(I~k+4m)t 27 u) u) 2k-1

= Ttk J e (-t— Wk’m 7% ho(u, 1) du,
0

provided the change of order of integration is justified.
This can be easily shown if we follow the method of Theorem 11.
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