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1. InTRODUCTION

In order of simplicity, the case of homogeneous and axisymmetric turbulence
comes next to that of homogeneous and isotropic turbulence. Since turbulent
fluctuations in the velocity components in a uniform stream are generally defined
with reference to the local mean values, it is natural to start the investigation
of turbulence in such a field with the idea of axisymmetry about the direction of
mean flow. In such a case the mean value of any function of the fluctuating
velocities and their derivatives should remain invariant for rotations about the
preferential mean flow direction (say, A) and for reflections in planes containing A

and perpendicular to A. Here the direction ) is not localized so that all directions
parallel to ) are equivalent and should have the same property. This type of
homogeneous and axisymmetric turbulence has been studied by Batchelor (1946), and
by Chandrasekhar (1950). Bass (1954) in his recent publication has considered
sectionally homogeneous and cylindrical turbulence in stationary state. Apart
from introducing the time factor in his correlations, this author has analysed axi-
symmetric turbulence with an added dependence of the velocity correlation values
on a distance factor of the configuration, the distance being measured in the
direction of the axis. The turbulence produced in a tunnel is expected to be really
of this type. In this, if a configuration of the velocity vectors be translated in a

direction perpendicular to A {this preferential direction A being obviously parallel to
the axis of the tunnel), the correlation values of vectors are supposed to remain
unchanged, whereas any translation parallel to the A-direction would alter these
correlations.

In the present paper we discuss an axisymmetric, stationary turbulent fluid
field extending to infinity in all directions. The symmetry of the field of turbulence
is supposed to be about a localized direction (say, A), which is also the direction of
mean flow, All velocity fluctuations are considered with reference to this mean
flow. TUnlike the case considered by Bass (1954), here this turbulence is assumed
longitudinally homogeneous, and sectionally (i.e. transversely) non-homogeneous.

The ;direction in our case is a localized axis which extends both ways to infinity
and is fixed in space. A line source of turbulence in an infinite fluid at rest, or in
uniform motion may be expected to produce a field of this type.

2. Mgeax VaLuEs oF VELocITY PrODUCTS
In discussing axisymmetric, longitudinally homogeneous and stationary tur-

—
bulence about a localized axis A in an infinite turbulent fluid we choose any two
points P and @ close to each other in the fluid field.

Let NX be the localized axis about which there is symmetry. This axis is the
line source of turbulence. P, ¢ are two arbitrarily chosen points in the turbulent
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fluid field, and PN the perpendicular from P on NX; NP ig really the axial dis-
tance of P from the axis of turbulence. The join PQ is represented by the vector

f, and NP by p., and the unit vector along NX will be called A Let us now take
a and b two unit vectors at P and Q respectwely, and let u, be the fluctuating com-

ponent of velocity at P in the direction of a a and u, the fluctuating component of
velocity at @ in the direction of b. Next we write the axisgymmetric form

Fa,b;6) =uu,

= uaub,
(R

=uwab =F ab, N ¢ )

L2 I 1 (I
F (a,b; £) in (1) has been expressed in a bilinear form of the vectors a, b, the coeffi-

cients F,; being the axisymmetric tensor of the desired type, formed by the mean
values of the products of velocity components u, at P, and u; at .

A translation of the rigid frame of the three vectors a, b, and £, in the direc-
>
tion ), or rotation about it should not change F, but a translation in the direction
—
of IJ- certainly should. So in consideration of this type of symmetry the direction

of A, and | PN | = | i} (= p say) are important. It will now be convenient, follow-
ing the well-known procedure, to remove the restrlctlon on the type of rotatlons

and translation of the configuration formed with f, a and b, by attaching to it PN )

and the line N X in the direction ), and allow the new configuration with £, a,b, s,

2 all types of translation, and proper and improper rotations. Then the axisym-
metric form F (a, b; £) would be equivalent to isotropic form F (a, b; €, p, ). Follow-
ing the method of Robertson (1940) we write down the isotropic form F (a, b; £, p, A)
as follows:

Fla, b; &, 1, A) = A(£.a)(€.D)+B(a.b)+ C(r.a)(Ab)+ D(A.a)(£.D)
+E({.a)(Ab)+ F(A.a)(p.b)+G(p.a)(A.D)
+H(é.a)(p. b)+1(# a)(€. b)+J(# a)(# b)
=Fuab; .. . . .. I 4}
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where we have
Fyj = AL+ B8+ O\di+ DA+ BEN,
+ P pi+ Guadi+ Hé i+ T+ T . .- @)
A,B,C, D, E,F, G, H,1I,J being ten defining scalars. If Zbe the unit vector in

the direction of the perpendicular NP (from )-axis towards the first point P), the
ten defining scalars are to be functions of

(€& =% (EX) =, (£4) = ¢, and p (=yutho)

y being the vector OP, where O is a fizxed point on X)

3. RELATIONS AMONG SCALARS DUE TO DIVERGENCE EQUATION

The velocity correlation tensor F;; given in (3) is solenoidal with respect to
both the indices 7, and j, and by virtue of the equations of continuity at P and @,
we have the equations
oF; oF;;
a—xi—O,andax]_;_O .. .. .. .o (4)

where z; and x;. are the co-ordinates of P and @ respectively. We consider F;; to

contain the »; and «; co-ordinates as x,—x;=¢; and z,; and this z; to occur through

the scalar p (=xzu4f,). In the type of symmetry assumed by us F;; is supposed to
remain invariant with respect to translation along )-axis (which can be equi-
valently said as z-axis of the cylindrical system of co-ordinates) and also with
respect to rotations about this axis (which would mean independence with respect

to the azimuthal 6-co-ordinate of the cylindrical system with A as z-axis). The
first equation of (4) can be written in a simple manner. If we regard for the
moment the ), i, and the direction perpendicular to them (z) as z, 7, § directions of
cylindrical co-ordinates, the equation of continuity for P may be written as

10 d d
73 (”h)'fy@9 (ug)+ 32 (1) =0,

Multiplying the above equation by u] (velocity component at @) we rewrite it as
10 , d N 0 )
Now we put u, = u,;, 4, = )\, Uy = z;u; and ultimately form the mean through-

out, noting that F,; (= the double velocity product mean) is unaltered for transla-
tion along A and for rotation about A, we obtain

!)[ll' a R _g R 4.1
Ea—};(pF"’)—-O,hencell‘;ap(PF.’)—O ‘e .w ( . )
The second equation of (4) we can now write as
oF;
LS 4.2
% 2)

Substituting for F;; from (3) in (4.1) we get
0 .
+H£,‘Fj+1.”',‘§j+".”','.‘"j}]= 0
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or

6 [0 55 an)+0 35 0D+ 10] 4, [o 042 G0 ] 44, [ oo+

d 0
+op 5 (Hp)+gHp+7% 5 (/p)+ zJpz] =0

gince EJ and :,luj are independent, we must have

i

F \

@[qu +p2}=0 l

d

55[qu+1)2@] =0 [ .. . .. (8.1

)
e 2 3 =
aZD[BzD+¢110 H+4p8J] =0

Similarly substituting for F;; from (3) in (4.2), we have
44¢,4-3DA+ BN+ Hp + 31,

£ o 0 0
+{7’a—r +/\ja—s +¢@} [A§i§j+BSij+C/\t./\j+D/\i§j+E§A +FAp+GuA +
+HEp Hpt+JTpp] =0

or
EaB éB 9B

4A4¢,4-3DX,+-EX 4+ Hp +-31p, +§,T Fe +f, a +f 7o +’\‘E + “ﬁ*aa +
s 80 9D s 08 pq 0
- +/‘, P s +z\,-s-a~ +,\qu +5 5 +¢2 % Ly 3, L
aF saG pq oH ol ol ol
+A"p aq ar +F1 +§; y ar +f +P’; a +I-", aS +P’;Q‘a‘q +
pg 0J oJ

+"'“ ,ar +p ‘aq;—'o'
We arrange the expression on the left as follows:

1aB s 0 paH aH]
ror rar + r or tp dq
(0B saCc  aC oD . D @D gp OF aF]
+"'_as+rar+ +3D4r >+ +qaq +E+7- 5+ 3

[10B 506 oI ol qpdJ a_J]
_paq+r3r+a +H+3I+a+a+ag+rar+ 0.

Since &;, A;, and y; are linearly independent, we get the equations

04 04 94 10B soE  oE gp aH aH )
4A4r-—— — ==
+’a +8 + aq+r 8r+r 3r+as+r or aq 0

£ 4A+ra +s as+qa +

@'

+¢

!

s9C 20 aD qpdF  oF
+rar+as+3D+ a+sa+ FTRR R > Py =0 1o .. 62

18B 53¢ oG af  ar wd o
pogtror T g THH3IHr 'a"+“’a+ 3q+r wtPa=0
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4. LmwoTED EXPANSIONS OF THE DEFINING SCALARS

Let us next assume expansions of the defining scalars 4, B,C, D, E, F, G, H,
I, J in power series of s, ¢, 72 up to such an order that when these expressions are
substituted in (3) we shall have only terms up to the second order in 7, s, or g.
If we propose to keep terms only up to the second order in the distance of sepa-
ration of the points P and @, in F;;, we may write the expansions of the defining
scalars as follows :

A=A,

B = By+ B8+ Byg+ B1172+ Bygs?+ Bsgq?+ 2Bassq
C = Cy+ 018+ Cog+ 01172+ Co052 4+ U39924-2C553¢

D = Dy+D;s+Dsg

E = Byt Eas+ g

F = Fo+ F18+Foq+ F1172+ F 9952+ F 32+ 2F 5359
G = Go+ G184+ G2q+ G172+ G035+ G33q?+ 2G 559
H = Hy+H,;s+Hyq

I =Io+1s+1sg

J = Jo+J15+Jog+J 1172+ J 2282+ J 5392+ 2J 5559

where the 48 coefficients Ay, By, By, .vvvn... are functions of p alone. Thus the
ten defining scalars are made to depend (for approximation up to second order)
on 48 functions of p. On substitution of the expansions (6) in (5.1) and (5.2) we
get the following two sets of conditions:

1)

(6)

22y, p?Iy, pAo+p2Ls;
PGy, p2Gr, pEo+p2G, p2Gy, p2Gag, PG33+pE s, 202G o3+ pEy;
PBy+p3Jo, pB1+p% 1, pBy+piH o+ p3J o, pB11+ 03T 11, DBas+ 03 5o,
PByy+p?Ho+p3J 33, 2pByg +p2H1+2p% 23, .. (7.1)
are constants independent of p, and
2
44¢+2Bn+E,+pH, =0
By+C143Dg+Eg+pFy =0
2Bop+2C114-2Co5+4D,+ B+ 2pFy3 =0
2By3+2C23+4Ds+ Eo+2pF 1+ 2pFg3 = 0

1
Z‘)Bz+G1+H0+3IO+sz =0 .. (1.2

2
P Bss+2Ge3+Ho+41o+2pJ 13 42p 33 = 0

2
7 Byg+2G1142Gee+ Hy 441, +2pJ g3 = 0

The incompressibility conditions derived in the last section are equivalent to
condition (7.1) and (7.2).
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5. SyMMETRY CONDITIONS OF THE BILINEAR ForM F

Apart from the incompressibility conditions (7.1) and (7.2) we shall derive
further relations between the coefficients Aq, By, By, etc., from the symmetry con-
ditions of the bilinear form F(a, b; §). Keeping the frame (), NP, a, £, b) fixed we
can rename the vectors a, b, and ¢, renaming a as b, and b as a, ¢ being renamed
with reference to its relations to @ and b.

The form F(a, b; £) should thereby remain unaltered. This alteration is
equivalent to calling @ the first point and P the second, so that £ is changed to —¢,
the symbol a is replaced by b, and b by a. We represent the new scalars by 4°, B’,
etc., and have

A(£.0)(£D)+ B@.b)+C0.a)(1b)+ D(1.a) (£.b)+ E(.a)(A.b)
+F(0a) (1.0) + Gp.a) \0)+ H(E ) (1.0) +1 (1.0) (£5)+ T (1.0) (.5)
= A'(—£b)(~£.a)+ B (b.a)+C' (Ab)(Aa) + D' (\b)(—£.0) + E' (—£b) (\a)
+F OB (1.0)+ G (wb)(ha) + B (—£.b) (.0) + L () (— .0)

+J (b (.0) (8)

Here we consider the symmetry condition on the basis of the rigid frame constitu-
- - > —

—_
ted by A, i, @, b, and . The vector u as chosen here is not symmetrically placed
with respect to the points P and @. One may, however, take the vector perpendi-

— —

cular to X from the middle point of P@ as the vector &, which would now be sym-
metrically placed with respect to P and ¢. This would not make any difference
in our final analysis and the ultimate results represented by equations (12a—f) can
be reached in this manner also.

Now equating out the coefficients of a;b; from both sides of (8) we get

= AEL A+ B+ CANN—DEN—ENEAF ud+GAp~—H' p b ~T'Ep 4T pup,
A 9)

Now comparing both sides we write down the symmetry conditions as

A=A,:-B=BI:0=O” =_E’,E=—DI,
F=@,G=F,H=-I' I=—H,J=J .. .. (10

The unprimed 4, B, O, ete., are functions of r2, s, ¢, and p, whereas the primed
4, B, O, etc., are respectively the same functions of ¢2,—s, ¢’ and p’, when
q'[=(—£&y")] p'[= (¥’ 4")] by definition ; 4’ is the unit vector in the direction re-
verse to the perpendicular drawn from @ on )-axis, and Yy (= Yy+§&,) represent

the co-ordinates of @. From the geometry of the configuration, it can be readily
deduced that

1
!~ o (92 g2 .
P —p+q+2p(r §2—g*?)
and .. (1

7

1
o~ e — (2 —82--q2
q q p( )

correct up to the second order in r, s, and ¢ (s and ¢ both involve r),
From the first one of the sets of relations in (10) we get no information about 4,
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(the only term up to the second order in r, in the limited expansion of 4). The
second one of the set we write as

B(TZ, S, q7.p) = (TZ: —8&, 9' 5 p’)
1
=B (ﬂ, =8 —q— S (==Y phgt o ( —82—92))

replacing ¢’ and p’ by the approximate expressions given in (11). Introducmg the
expansions (6) and using Taylor’s expansion up to the required order we derive on
equating out coefficients of s, ¢, 72, etc.

12B,
Bl = O, Bz = é "a?
Similarly from the other equations of (10) we obtain in the same manner the
following relations

. (12a)

100,

C1=0,03 =552 . (12B)
Dy = —E,, D1=E1,D2=E2——%% a2

Fo =Gy, F1=—0Gy, Fg = —Got -~ aGO s F11=Gu+ 21 a;o % 2
Fag = Gog— ;aail . (124)
Hy= —Io Hy=1I,, Hy = I,— aaé;’ . (12¢)
J1=O,J2=%%'%° O O T 3

6. REDUCTION OF THE 48 COEFFICIENTS TO THIRTEEN ABSOLUTE CONSTANTS
AND Nixne FuwNcTIONS OF p

In (7.1) we have, in general, to introduce seventeen integration constants, but
from some of the relations (7.2), three constants, namely those introduced for
p2Qq, pBss+p2H o+ p3J g3, 2pBog+p2H | +2p3J 43 can be written in terms of some of
the other remaining constants. Moreover, introducing relations of (12a) and (12f)
we get one of the relations of (7.1) as pB;+p3J; = 0. As a consequence of (7.1),
(7.2) and (12a—f) we can express the scalar functions of p in the expansion (6) in
terms of only 13 integration constants, ki, kg, kg,...., k13, and nine scalar co-
efficients, namely A4g, Bag, Bss, Bsz, Co, C11, Cgg, Cgg, Cas (which are functions of
p). One may note the following relations :

3k 1 @B,
By = (kitkn)+; —19; By=0; By=35 apo
1 3 k k
By, =z(322+011+022)—§110—;{1;1§ _+8p+411);’
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Ci= 0; C, =% %%’;

By = —Dyg=— ?;25 - % i By=D = "%(322+011+022)—
— g Bl )~ 22,

E, = — g [st+023+§§+'2§)—";5+%+%] 3 Dy=Ey— r‘;_lj;:;
Fo=Go=its Fi=—G=—T0-5 5o Ly 2,
Fy =f-,§ - % -—%i Fag =g+%+%; Fss=1“}§(ks—PE2)+%§+—1%’?;
Fas = 551)3 (ko—pE)) +1%; (8k1+k11);
Gy =2—pk§§+%%; G =§§; Gy =f—)—;; Gag =Z%(ke"'PE2);

1
Ga3 = 38 (kg—pE1) 5

k ks 2k,

1
1. — — . —_ .
HO =_IO=-—I-;Q, Hl_Il—pZ’ H2—p2(k3—pA0)+p3’

1
I, =;2 (ks—pAqg);

1 1dJ 1
J0=Z;§(k10"PBo)5 Jy=0; J2=§§Z~)°; J11=17;(k12—1’311);

1 1 2k k
- —  Jea=— | =2 g P - .
Jo2 78 (k13—pBgo); Jas P [ 7 ks 5 —kiztpd, PBss],
___ketks+pByy b5k,
L )

From the above analysis we can infer as follows:

(¢) The pairs of coefficients (D, E), (F, G) and (H, I) are not in general
identical. Hence the velocity correlation tensor F; as given in (3) is not symmetri-
cal in the two indices i and j even up to the second order of smallness in the distance r.
It was found by Bass (1954) that for turbulence with a preferential direction
the tensor F'.J. (in his paper this is denoted by R,g) with transverse homogeneity
is symmetrical in the indices up to the second order in r. The lack of symmetry
in the present case is due to the vector A being localized and the consequent
dependence of the tensor F,; on x| = p.

(0 From (3), restricting ourselves to the limiting case when r—0, we get the
turbulent energy per unit of volume associated with the longitudinal direction

(1%}) given by 1, where
k
2en=[Fu},_o=Bo+Co= (k1+k11)+%*’;‘)+00r . - (14D)
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where 1-direction defines the A-direction, and [B],_, = By, [C],_, = Co are the

—
same as in (6). Similarly energy associated with the direction of p is given by
€35 Where

k
2622 = [F22]1=0 = B0+p2JO = ?}0 s e . . (14.2)
and energy associated with the azimuthal direction given by egg where
3k
Zegs = [Fasl, o = Bo = (b +hu)) +5 f Coee e (143

Hence twice the turbulent energy per unit volume is

3By+Co+p2J, = 2(k1+k11)+4% +C,

which in general is a function of p only. One may expect that the turbulent
energy at large distance from the axis should vanish. Further as none of the
above three energy parts [Fy] _,, [Faol, _ s [Fssl, _ o can be negative, all of
three parts should vanish as p-—»cc. This requires that %,+4%;; =0 and the
expansion of €y in powers of p should not contain any constant term. If these
conditions are not satisfied the sideway extension of the medium to infinity is
not permissible, and a limitation of the liquid by a cylindrical boundary would
become necessary.

7. Iso-MEAN SUBFACES AND CURVES

We shall now study the distribution of the double velocity product mean
values in the fluid field induced by a turbulence characterized by (3), with the
restrictions on the defining scalars worked out before. With this view we shall find
out the nature of the iso-mean surfaces for the longitudinal, perpendicular and
azimuthal velocity products and study their plane sections. From the physical
idea that the two point velocity correlation values should sharply tend to zero value
as the distance of separation of the two points increases it is clear that the same
should be true for the mean velocity products and so the iso-mean surfaces and
their section curves should be closed. The longitudinal, perpendicular and azim-
uthal velocity product means can be calculated from (3) as follows:

(@) Mean of the product of longitudinal velocity components at P and @

wy = A\ u,.uj’.=Asz+B+0+(D+E)s .. .. .. (15a)

—
(b) Mean of the product of transverse velocity components (in ¢ direction) at
P and @

w, = g3, u,.ujf = Ag?+B+pq(H+I)+p2J .. .. (15b)
(c) Mean of the product of azimuthal velocity components at P and @

w,,,:x,.xju,.u;=B .. .. .. .. .. (18e)
The directions (), ¢, X) we shall henceforth call directions (1, 2, 8) and call X;, X,,

X3 as the components of ?in 1, 2, 3 directions respectively, regarding momentarily
P ag the origin of co-ordinates. We substitute from (8) for the defining scalars in
(15) and obtain

wy = m0+m1X2+m2Xf+m3X:+m4X§+m5X1X2,
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where

my = By+Co, my = By+Csy, my = By1+C1y+ Ao+ Bao+ Czp+2E,, mg = By +
Ci1+Bgs+C3s, my = By +Cyy, and mg = 2Bza+202%+D2+E9, (my’s being in
general functions of p), .. . . .. .. (15a")

“’1-90+91X2+§I2X +93X +94X +Q5X1X2,
where

% = Bo+p%Jo, ¢1 = By+p?3, @z = By +p2J 11+ Beg+p23s, q3 = Ag+By;
+p2J 13+ Bag+p?J 33+ pHo+plo, g4 = Bl1+P2J11, g5 = 2By3+2p%J 5+ 201,
{g;’s being in general functions of p), .. . .. .. (150"

and
Wy, = no+n1X2+n2Xf+n3XZ+n4X§+n5X1X2,
where
ng = By, ny = By, ng = By1+ By, ng = By, +Bgs, ny = By,
and ng = 2B,3, (n,’s being in general functions of p). .. .. .. .. (15¢")

In (15a’—’) the terms containing zero coefficients, such as B;+4Cy+Dy+E,,
By+p2J,, B, (whose zero values have been demonstrated) have been omitted.

We have taken the origin of X, X, X3 at P which now is kept fixed, while @ is
supposed to wander in space. Then all the coefficients on the right of (154}, (15b'),
(15¢’)y are constants. If we write wy = constant, w, = constant, w,; = constant
in (15a’), (15b%), (15¢') respectively, we get the equations of the surfaces on which @
must lie in order that the corresponding velocity product mean may have the
chosen constant value.

Special cases :

{(a) 1et us take the surface obtained by putting w, = constant in (154"); it is
a conicoid. We now consider some sections of this surface, which are iso-mean
curves for the longitudinal velocity product. When X; = 0, we have the iso-mean
curves lying on the section through P perpendicular to A (on ¢ X-plane)

m1X2+m3X§+m4X§ = w, —m, = constant .. .. {16.1)

where mg, m,, ms, my depend only on the value of the perpendicular p drawn from
P or A. For this to be an ellipse, as one should expect, ms and m, should be of
the same sign ; the axes of the ellipse are along X, and X directions but the centre
is not the origin P but it is a point on X,-axis. As the mean product values should
weaken away from the A-axis one may expect m; to be of the sign opposite to that
of mg, m,.

When X, =0 in (15a'), we have iso-mean curves on the plane through P
perpendicular to p,

m2X1+m X2 = w —m, = constant .. .. o (16.2)

where mg, my are functions of p. This, as is to be expected from symmetry, is an
ellipse with P as centre and X,, X3 as directions of its axes. From considerations
stated above one should expect my and my to be of the same sign.
Thirdly, when X3 = 0, we get the iso-mean curves on the (iA)-plane.
'le2+'m2Xf+'m3X§+'m5X1X2 =w

g —™M, = constant .. (16.3)
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where mj is also a function of p. For this to be an ellipse, further relation to be

satisfied is 4m,m, > m? We note that the axes of the ellipse are inclined to the

X;, Xg-axes. Two directions in the azimuthal plane making equal angles with p
on two sides are not really equivalent.

(b) Let us take the surface w, = constant given by (15%'); it is a conicoid.
As usual we consider different sections of the iso-mean surface for the transverse
velocity components as follows :

N
When X, =0, i.e. £ is on (X, X3)-plane, the iso-mean curves are of the nature
q1X2+q3X§+q4X§ = w,—(qp = constant .. .. .. (17.1)

where ¢;’s are functions of p (17.1), to be an ellipse, g3, g4 must be of the same sign ;
further ¢, should be of a sign opposite to that of ¢s, g, as the turbulence should
weaken away from the A-axis. The curves are of the type (16.1). When X, =0,
the iso-mean curves are homothetic to ’

42X3+Q4X§ = w, =gy = constant (17.2)

For (17.2) to be an ellipse, gz, g4 should necessarily be of the same sign. These
ellipses are of the type (16.2).
Again when X3 = 0, the iso-mean curves are of the type

q1X2+g2Xf+q3X:+q5X1X2 = w; —¢, = constant .. .. (17.3)

and for this to be an ellipse we should have 4¢,9, > qz in addition to the restrictions
on the sign of ¢,, ¢,. The curves are like those given by (16.3).

(¢) Next we take the iso-mean surfaces for the azimuthal velocity components
both at the reference point P and at the wandering point by putting w,, = constant
in (15¢'). We consider different, plane sections of such surfaces.

When X; = 0, the iso-mean surfaces are ellipses given by

n1X2+n3X§+n4X§ = w,,—ny = constant .. .. (18.1)

where 73, ng should have the same sign and n; should have the sign opposite to
that of ny, 74 as usual. The curves are similar to those of (16.1), (17.1).
When X, = 0, the iso-mean curves are ellipses

”2X%+W4X§ = w,,—ny = constant, .. .. .. (18.2)

where ny, 74 should have the same sign. The ellipses (18.2) are similarly stated as
those of (16.2), (17.2). Further when X3 =0 the iso-mean curves for azimuthal
velocity components at the reference point and at the wandering point we have

n1X2+n2Xi+n3X§+n5X1X2 = w,,—MNgy = constant .. (18.3)

For this to be an ellipse, further relation to be satisfied is 2non; > n?’ and we expect

this to be satisfied. The curves (18.3) are similarly situated to those given by
(16.3), (17.3).

8. SUGGESTION FOR NUMERICAL EVALUATION OF SOME UNKNOWN
COEFFICIENTS FROM EXPERIMENTALLY TRACEABLE CURVES

If it be possible to trace the iso-mean curves from experiments in such a
turbulence field (as envisaged by us) with the help of anemometer, this would open
a way for calculation of many of the coefficients and constants which have
remained undetermined up to now.
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For instance, let us consider the iso-mean curves of the type (16.1)
wy—mg = m Xy +msX5+mX>

of which the method of plotting is as follows:

Suppose one of the anemometers is placed properly directed at the point P,
while the second wire of the anemometer directed in the same way be made to
move about in the (X,, Xj3)-plane through P in such a manner that the mean
longitudinal velocity product value recorded w, remains constant and the corres-
ponding positions of the second anemometer are noted. In this way suppose the
iso-mean curve corresponding to that specific constant value of w is traced on the
(X4, Xg)-plane through P. Keeping the anemometer at P fixed and placed in the
same way, we can by a similar procedure draw other iso-mean curves in (X, X3)-
plane corresponding to other constant values of w.

From such curves it is possible to obtain by least square method, the best
numerical values for mgy, my, mg, my corresponding to P as reference point whose
distance from the )-axis is § (say). Similarly the iso-mean curves (with respect
to the same reference point P) on the planes X, = 0, X3 = 0 given by equations

_ 2 2
~my = my X +m X,

@, 1

i
and

w, —m, = m1X2+m2Xf+m3X§+m5X1X2

can be traced for different constant values for wy. The same method thus offers
a means for finding the values of the m, coefficients with respect to P, involved
in the above equations.

Next by properly changing the direction of the wire of the anemometer both
at the reference point P and at the wandering point ), we can trace the trans-
verse and azimuthal iso-mean curves experimentally, following the same procedure,
and consequently determine ¢, ¢1, 92, ¢3, 94, ¢5 from (17.1-17.3) numerically for
the reference point P, as also the #;’s for the same reference point from (18.1-18.3).

The m,’s, ¢;’s and n,;’s being numerically known for the same reference point P
for which p = P, the values of the following combinations of coefficients can be
numerically evaluated as follows :

(Be+C2)p — 5 = (m1), — 5 = a4 (s2y)
(B1+CutAotBas+0se+2E1), - = (me)y — 5 = b1 (say)
(B11+C1a1+B3s+Cas)p — 5 = (m3) p — 5 = €1 (s2Y)
(Bu+C11p = 5 = (mg)p — 5 = dy (say)
(2B33+2023+ Do+ Ea)y — 5 = (m5)y, _ 5 = €1 (s3Y)
(Be+2%2)p — 5 = (@1)p — p = 02 (s8Y)
(Bu+p2 11+ Boa+ 0% 22)p — 5 = (92)p — 5 = b2 (88Y)
(Ao+Br1+ 0211+ Bas+ 2 ss+pHo+pl5), — 5 = (43)p — 5 = 2 (82Y)
(Bu+2¥W)p — 5 = (@p — p = 42 (s2Y)
(2Bgs+2p?J23+2p1h)p — 5 = (6)p — p = €2 (827)

(Bop —p= (nl)p =p = 03 (say)

(Bi1+ Bsg)p — 5 = (n2)p — p = bs (saY)
(Bii+Bas)p — 5 = (n3)p — 5 = €3 (88Y)

(Bi)p = p = (Ma)p — p = dg (88Y)

and
(2B23)p — 5 = (n5),, — = €3 (s8Y)



E. M. GHOSH: ON LOCALIZED AXISYMMETRIC TURBULENCE 353

From the above equations the numerical values of By, Co, Jg, Bsg, Cgs, Bas, Bag,
Js2, J11, B, Cray 2p2J53+2p15, Ag+Coo+2E,, 2053+ Do+ By, Ag+p?J 53+ pH,+
ply can be calculated for p = p. - Further my, gy, n, being known we know the
three energy parts €;;, €35, and €33 at P. These determine the values of By+C,
By+p2Jy, By at P, and hence the numerical values of By, Cy, Jy are separately
known.

Next repeating the experiments and calculations as described above for differ-
ent reference points (i.e. for different values of p#0) we can know By, Cy, . . ., etc.,
for different values of p. So from a fairly large number of data obtained in this
manner, we can derive the functional relations for By, Cy, Jo, By, Co, . . ., ete., in

terms of the variable p, by fitting a curve of the form I+ % + Zszﬁ + . . . for each

one of By, Cy, Jy, . . ., ete., by the method of least squares. We can now compare
these experimentally determined expansions of the above quantities with their
theoretically obtained expansions in negative powers of p as given in (13) and find
out the eight constants &, ko, ks, kg, k10, k11, K12, k13 In terms of the above calcula-
ted quantities and of the yet unknown five constants k4, kg, kg, k7, kg. We note
further that the nine unknown coefficients Ao, B22, B33, Bzg, Co, 011, 022, 033, 023
which are functions of p are also known completely from those experimentally
obtainable values. In this manner by a combination of theoretical formulae
with observational results the problem of localized axisymmetric turbulence in
stationary state iz determined except for five integration (absolute) constants.
Further the results

_ 138, 190y a7y 13

T2 2T 270p 2 op

may be used as check conditions for the experimentally determined functions
By, By; Cq, Cg; Jg and Jy. The experimentally evaluated functions By, Cy in
terms of p will help us to conclude whether the sidewise extension of turbulence to
infinity as envisaged in the above analysis is a permissible hypothesis. Tt is so if
only the expansions for By and C, in negative powers of p do not contain any non-
zero constant terms.

In conclusion, the author expresses his indebtedness to Prof. N. R. Sen for his
useful guidance and helpful suggestions in course of preparation of this paper.

ABSTRACT

In this paper a stationary field of turbulence with a localized exis of symmetry, and
infinite in all dimensions has been analysed. In this field the second order means of the
products of velocities at two points may be assumed to remain unchanged for translation
parallel to the axis but these means will vary for translation perpendicular to the axis. It is
shown that the tensor F; describing the invariance of such mean values is not symmetrical in
the indices ¢ and j even for approximations up to the second order in the distance r between.
the points. There exists a possibility for vanishing of the turbulence energy at large distances
in directions perpendicular to the axis.

The expansion of the tensor Fj up to the second order in r can be written in terms of
thirteen absolute constants, and nine ather scalar coefficients which depend on the distance
of one of the points from the localized fixed axis. Some tentative suggestions have been
made for experimental detormination of seventeen of these twenty-two quantities which leave
undetermined only five of the constants. Three check equations have been provided in these
caloulations.
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