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1.1. Definitions. Let Za, be a given infinite series, and let A, be a positive,
monotonic increasing function of n, steadily tending to infinity with n. We write

Ayo) =4} = > a,
Au <a)
Lw)= > (0=\Ja,.
An <w

The series Za, is said to be absolutely summable (R, A, r), or summable | R, A, |,
r >0, if Aj(w)/w" is of bounded variation in (4,00), where 4 is a finite positive
number (Obrechkoff, 1928, 1929).

An equivalent definition is obtained, as follows, by a suitable definition of A at
non-integral points and a correspondlng change of variable.

Let A = A(w) be a continuous, differentiable and monotonic increasing function
of w in (K, o), where K is a positive constant and let A(w) tend to infinity with w.
We write

Cw) = > {Mw)=Am)} a,, r >0.
nw

Then Za, is said to be summable | R, A, r|, » > 0, if the integral

f la[Co @)/ {a@)}]],
4
where 4 is a finite positive number, is convergent. Now, for r >0, m < w <m+1,

; {2(@) =)} Am)a,.
{A( )} “,,Zw

Hence, summability | B, A, 7|, > 0, is equivalent to the convergence of the integral
},H > (A =Am} T Am)a, | de

a0
J nw

Evidently summability | R, A, 0]is equivalent to absolute convergence. For con-
venience we shall adopt throughout the present paper the alternative definition given
above.

d
i)/ Ne)}] =
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1.2. Let f(¢) be a periodic function with period 27 and integrable (L) over
(—m, m). Without any loss of generality we assume the Fourier series of f(t) to
be given by

(1.21) (@, cos nt+b, sin nt) = A4,(),
2 2

so that

(1.22) f f@) dt =0.

Then the conjugate series of the Fourier series of f(t) is given by

(1.23) Z (b, cos nt—a, sin nt) = Z B,(t).
1

1

Throughout we shall use the following notations
$(0) = H{ fle+t) +flz—1)} ;
pit) = H fla+) ~flz—0};

r—1
Pit) = (8] 1),
2
where the 8's are arbitrary;

gt) = L { fla+t)=PO)} + (=)' { fla—t)—P(—-1)} ];
t) = A { fle+t)—PO)} — (=1 { fla—t) ~P(=) } ];

3

(Da(t) = T%'[ (t—u)a'qu(u)du, c>0;
0
Do(t) = ¢(t) ;

¢, (8) = o+ 1)t °P (), 0 > 0;
W (1), $,(0), G (1), 9,(t), H, ), k(t) have similar meanings;
Vo ) = 95 (Oft75 0 (O) = By Dft"
e(w) = exp { (log w) Y}
Ew, ) = z {e(w)—e(n) } " Be(n) cosnt ; B (w, t) = %E(w, £
nw ]
Ew,t) = Z {e(w)—e(n) }* " Fe(n) sinnt; B (w, 1) = %E(w, 8);
n w

r

u

1 T
= ut g : I L Y
glw,t) = J. WE (w, w)du ; hw, B) Jl fog (k/u)E (w, u)ydu
0

af
(F ) Py @
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1.3. The author recently established (Pati, 1954) four theorems of a very
general character concerning the absolute Riesz summability, of a rapidly increasing
type, of the Fourier series, its conjugate series and their derived series. The object
of the present paper is to improve upon these results by replacing the order of
summability a+1 by the more precise order a+8, 0 << 8 << 1. It will be seen that
the special cases, for a = 1, of the theorems of this paper give sharper results than
the theorems 4, 6, 7 and 8, respectively, of Mohanty (1951). Also, when p is an
integer > 1, Lemma 11 of the present paper provides a deeper insight into the sum-
mability of the infinite series Z(—1)" #n° than the result (Lemma 7 of (3)) obtained by
Hyslop (1940) concerning its absolute Cesaro summability. Hyslop’s result follows
from our result by an application of a ‘second theorem of consistency’ due to
Chandrasekharan (1942) (Lemma 12 of this paper). It may be mentioned that the
particular case, for a = 1, of Theorem 1 of the present paper is the direct analogue

for absolute summability of a theorem of Wang (1943) on the ordinary Riesz summa-
bility of Fourier series,

2.1. We establish the following theorems.

Theorem 1. If aisan integer > 1, and ¢ ,(t) log (k[t) is of bounded variation in
(0, m), then the Fourier series of f(t), at t=x, is summable |R, e(w), a+3| for
every 6 >0,

Theorem 2. If « is an integer > 1, and if (i) ¢ (t) log (k/t) s of bounded
variation in (0, w) and (ii) |4, (2)|/t is integrable (L) over (0, m), then the conjugate
series of the Fourier series off(t at t = =, is summable | R, e(w), a+8| for every & > 0.

Theorem 3. Ifrisan integer > 1, and v, (1) log (k/t) is of bounded variation
in (0, ), then the rth derived series of the Fourier series of f(1), at t = x, is summable
| R, e{w), a+8]| for every integral o« > r, and 5>O

Theorem 4. If r is an mteger >1, and if (i) 6 ,(t) log (k[t) is of bounded
variation in (0, =) and (ii) |6, (£) |/t vs integradle (L) over (0 ), then the rth derived

series of the conjugate series of the Fourier series of f(1), at t = z, i3 summable | R, e(w),
o+8| for every integral o > r and &> 0.

In the enunciations of these theorems it is sufficient to take k£ > #. Since it is
immaterial what particular value k has, for the sake of convenience we assume
k > ¢**%7 in the proofs of Theorems 1 and 3.

2.2.  We shall require the following lemmas for the proof of our theorems.

Lemma 1. (Obrechkoff, 1928, 1929). If a series Za, is summable |R, A, 7|,
r = 0, then it is summable IR, A, r'i Jor every v’ >,

Lemma 2.* The Fourier series of the special functions

-1 -2 —(+1)
(log l-c ) , (log %‘) yeees (log ]{l) ,

are all absolutely convergent at i = 0.

Lemma 3.1 Let C(:), Sftk) and gf'k) denote the nth Cesdro-sums of order k (k 2> 0)
corresponding to the series

i —1)™, z cos nt), and i (sinnt),
1 1

* Pati (1954), Lemma 2
t Pati (1954), Lemma 3

3B
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respectively. Then

() 85 =0 ("), 0<t<1/n
i) 8P =0@t ™)o@ ), Ih<t<m
i) 8 =0 @), 0<t<1n;

(iv) Sf‘k) =0 (nPt"(k+1))+O (nkt—(P+1))’ ]/n <t <
(v) when p is an even integer > 2,
Cff) =0 (nmax (P,k-l))_
Lemma 4. (Hardy and Riesz, 1915). Let
@) =A@ = > a,

/\n <_ x
and

@)= > @=A)a, >0,
I\ngz
1 (a\r
I\(x) k’(d:v) Al\(z).

Lemma 5. The nth derivative of {F(z)}™ is a sum of constant multiples of
terms of the form

Then, if k is a positive infeger,

{(F@) )"~ {F@) (PP bz R @)},
where r < n and the o’s are positive integers or zeros such that

” ”

Sa=r Sw=n

p=1 y=1

This is a partlcular case of a result, due to Faa di Bruno (Vallée Poussin, 1923),
on the successive derivative of a function of a function.

Lemma 6. If p is an even integer such that 2 <p < a—1, then

o 1

(log w)*

J -af;;% | E®) (@, ) | dw < .
1

Proof.
We have

B, my = (~1p S (et =@} em(=1)n

n<w

Evidently it suffices to consider the convergence of the integrals

(log w °‘e N log w)°‘-
J a+8 J‘ a+8(w Z idw
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where
D=2 lelw)—em} T~ 1y
! n < w
and
22= Z {e(w)——e(')z)}m+8(—-l)"n”.
n{w

We adopt the notations
Ox) = Z (=1)mnP;
nr
Ota) = Z @—n)(=1)"nf (k= 1,2,...).
nLx
We then have *

0% V(z) = -1y .
2.21) { (@) = 0(«*");
C*z) = 0(z*1).
Now
“ .. d o+d- ¥
z1=_J C(:c)d—z{e( e(x) }
1
= — (J +.f )o(x)(% {e(w)_e(z)}“”‘ldx
1 ¢
= —(II+12)> say.
We easily have
e(w)l, =0 {e‘“‘s'l(w)}.
Next

I, = j C(x) ;_x {e(w)—e(x) }a+8—1dx

w -1
- (O‘__lmj (dd—x) % 1(3’) 7 {e(w —e(x )}ai}‘ldx_

Integrating by parts (a—1) times, we have
I =0 {™%y)}

+0( ch*“‘l(z)(,%)a{ )—e(@)}* " e l)

e

* Of. Pati (1954), (2.24)
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Now, by Lemma 5, the last integral is a sum of constant multiples of integrals of the
type .

I = J. C““l(x){e(m)—e(z)}a+8_1_'{e(l)(x)}ﬁl- . {e(“)(z)}ﬁ“dx,

where
(2-22) BitBet+  HBu=1r<a; fi+28s+  +afa=a.

Case (i): r < o. In this case, since both r and « are positive integers, r <
a—1, 8o that

~1~7r4+8

7= f C* @) {e(w) —e(@) } (@} {9 @)} e

{e(w)}ﬁ1+..,+ﬂrx

|

1
=0 [{e(w)}“-l-'+8 {(log )z}t o

wﬂlJ— oot Ba

£’
J C* (z)dx
3

e<i<E<w

Case (ii): r= a. In this case, by a subtraction, we get from the relations (2.22)

Bz+2Bs+ ... +(@—1)B, =0,
which implies that

Be=Ps=...=B,=0; By=a.
Thus
j=J @) o) —e@)}’ @)} e
= ( J 1+J )0““<x){e<w) —e(@) )7 eV (2)} e,
| 141 142
where (log w)) & = (log w)" "a—1,

= J 1+ HFq, say.
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gl
J C*(@)dz
3

Now

Fy

0 [{e(w>—e(w1>}8”{e“’(w>}°‘max

] (¢ < wy)

(+4
@

=0 {log @ “+8_1(w)} .

w

=0{Iogw ea+3-1(w)wa-1}

Also, using the transformation

1 1
u = (log ) a—(logz)'Ta = w’'—(logz)'*

1

j2= KJ {e( ) —e( w)e—u}s 1 & w)'e—au (w'—u)
0

elo=1) (e’ — )0/ (@+1)
(log W)/ %/ew 1
0 (log )1/ %[ ew

= K(5g, 1+ F2, 2}, say.

(1~ 1o/ {oe+1)

-1~ D)

Now
(log w)1/%/ew
Ty 1=0 [e"‘(w)(log w)t V%3 () J us_ldu:i (by (2.21))
0
@+s-1 1-17a § (log w)lla}a]
=0 [e w)(log w) {————w
O{echL8 1(w Y(log w) “ “/w }
Also

- +1
j =0 ea+8 1 )8,1 e ““(w’_u)a/(a ) Oa_l(e(w;‘“)a/(a+1))
ah et / ea(w’-u)al(aﬂ)
(log w) w

|

d (e(w’—u)“/(“+1))

f/
f C* Ya)dz ]
¢

(01 <E<E <y, (logay) ™ = o' — (log ) '*/w)

=0 {e“a‘l(w)(log w)1+°§‘ - Elz/wa} )

Hence, finally,

w w*

1ory 81
=0 [eaﬂ'l(w){(log «) } logw max

1+ 2 -

e(w)ly =0 {I_Oi_a_) eot+8(w)} +0 {Ms__ e“+8(w) } .

Rion
Rim
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Thus

logw I/a
oc+8<w ’z
1

* (log w)!*
Jl we™ " ¥(a) 22

This completes the proof of Lemma 6.

Similarly

dw < © .

Lemma 7. If ptszero or a positive integer, then

A+§— +1
z {e(w)—em)} T emn® = 0 {ﬁ%}ﬁeﬂa(‘“)} .
n < g

Proof.
Form<o<m+tl, a>2,

>, Aele)—em}™ emnt = fe(w) —e(m)} P Temn
1

n <L w

wp+1
=0 g}

= 0{wp+le“+8(w)/(10g w)lla} ,

by Lemma 7 of (7). Ifa= 1, Z {e(w)—e(n) }*® e(nyn?
1

z {e(w)—e(n e( n)nf = 0{wp+1e1+8(w)/log w}.
1

Lemma 8. If « is a positive integer > 1, then

§ 1
x

E'(“'l)(w, t) — O{IOg w ea+8(w)t“(¢+1)} 40 { (IOg w)13+ ea+3(w)t—(°‘+3) } .
w

Proof. The proof proceeds along the same lines as that of Lemma 6. In the
analysis C(z) and 0%-1(z) will be replaced by S(z) and S*~(z), where

S(x) = z (cos nt),_;,
n<x
S Ya) = z (@—n)*"(cos nt),_, ,
n <L x
and
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We use the estimates:
{S“'l(z) = 0(*"t™%);
SH4z) = O(a* "~ @+Y)

The integral corresponding to -#; will be broken up into integrals over (0, K (log

w)"*/wt), (K(log wl)l;/“/ wt, 1), where K is a suitable constant in view of the inequality

w>T= I; (log ’ZC) , and the treatment of these will be similar to that of £, ; and
&, o respectively.
Lemma 9. If p is zero or a positive integer < a—1, then

§ 1
TP (wt) = 0{105; w ea+6(w)t—(p+2)} +0{ (log w)l;& - &ea+8(w)t—(p+l+6) } )
w w
The proof of this lemma is parallel to that of Lemma 9 of (7). Application of

the same technique as that employed in the proofs of Lemmas 6 and 8 of this paper
will yield the result.

Lemma 10. If p is an odd integer such that 1 < p < a—1, then
1 :

” (log w)* . _
J weTs(w) | 7w, ) [dw < 0.
1

The result follows immediately on application of Lemma 9.

Lemma 11. If p ws an integer such that 1 < p < a—1, then the infinite series
Z(—1)™nP is summable | B, e(w), a+48| for every 8 > 0.

This is essentially a combination of the results of Lemmas 6 and 10.

Lemma 12. (Chandrasekharan, 1942). If the series Za, s summable, |R,

Arl, 7 >0, and p is a logarithmico-exponential function of A suck that p = OAL),
where A s a constant, then the series Za, is summable | R, u, r|.

Lemma 13. (Mohanty, 1951). The necessary and sufficient conditions that
(i) F(t) log (kjt) be of bounded variation in (0, 3) and (ii) |F(t) |/t be integrable (L) in

n
(0, 1), m being positive, are that f log (k/t) |dF(t) | < o0 and F(40) = 0.
o .

Lemma 14. (Mohanty, 1051). If F(40)= 0 and f log (kft) | dF(t) | < oo |
0

then the series 2v,, where

v

vy = j F@t)sinnt df = — F(m) 507 4 J OBt IF (),
0 0

n n
18 summable | R, exp (w3), 1|, where 0 < 8 < 1.
3.1. Proof of Theorem 1.

Since

Ag(2) = gj &(t) cos nt dt,
0

k3
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we have only to establish that

© 1
(log w)x
J ; we™(w) J soE

Integrating by parts « times, we have

J (1) E(w, t)dt = [ Z(—l)”'lcpme“’*
0

1

Again

(w, t)dt

N, 1)

a7

dw < 0.

m l -
J @, (t) E™w, t)dt = T [¢,(t) log (E/t)g(ew, t)]d
0

Hence, finally,

1
I(a+1)

J‘ﬁt)Ewt {Z 1Pt E‘P”(,-t)]+
0 0

1

(_1)OL+1

(=D*

Ila+1) $alm

j d{¢,(t) log (k/t) }g(w, V).

) log (k/m)g{w

363

+(=D* J @, (1 E™ (w, t)dt.
S0 0

)

+ ijo a{ (1) log (k/t) } g(w. t).

We observe that @;(n) = 0 and Z"(w, #) = 0, whenever r is odd. Hence it suffices

to prove only the following.

® 1
(log w)a | . :
(I) Jl m ]L(P)(w. ﬂ)!dw < 0,

where p is an even integer such that 2 p < a—1;

® 1
() J a%;m|g(w‘w)|dw< w;
1 (w)

and

ao

1
(17 J (l‘;’i;") [g(w, 8| dw = O(1) for 0 < t < .
1

The result (I) has been established in Lemmas, 6.

Again, since g(w, t) = g(w, 1r)— (o, t),

J‘ (Iogw (@, 1) | deo

a+5(

<J —‘f;l;‘éi—;‘(’i—)igm,t)ld«uJ
. .

(log w)a
G.-f—s

[gw ﬂ]dw
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- 1
+J g o)z 1y ) 1 de.

meoH-a(m)

Hence, Theorem 1 will be established if only

p®

(log w)'/*

3.11 I, = Ve

( ) ! wea+8(w)
Y1

(7 (log )"

(3.12) Ip= | 2289

J 1a.»eo"ka(ou)

[ loga.))llel

3.13 I, = | doge) ™

(3.13) 3 | e

Proof of (3.11).

Since

[glw, 7)| =

T

nw

nw

> o) -

[9(w, 7) |dw < oo ;

[9(w, 1) |dw = O(1) for 0 <t < =}

JR(w, §) |dw = O(1) for0 < t < =.

m

Z {e(m)—e(n)}a—nse(n)naj lbogi(b_lj/m cos nu du
0

T

oL oL
e(n)} 1+ae(n)n"‘ J — " sinnu du
, log (kfu)

(e even),

(o 0dd),

proving the convergence of I is the same thing as proving the summability | R,
e(w), a8, 8 > 0, of Zn¥),, where A, is the Fourier cosine constant of the even
defined by periodicity outside (—u, w), or of the series

function u%flog|k/u|,

Znou,, where p, is the Fourier sine constant of the odd function u*/log | kfu

|, defined

by periodicity outside (—w, ), according as « is even or odd. The proof now
follows the same lines as the proof of (3.11) in (7), with application of Lemma 11 of
the present paper instead of Lemma 11 of (7).

Proof of (3.12).

u®
glw, ) = J log (k/u) E
0

__t |2
" log (kft) | ou

& x+§5-1 a1
=0 [log (kft) néw {e(w)—e(n)} e(n)n J

=0

n

(@) (

u)du

w,

E* Yo, wydu,0 < 7 < t,

{—ﬁ— "e*"¥(w)/(log w)”“} ,

log (k/t)



SERIES, ITS CONJUGATE SERIES AND THEIR DERIVED SERIES 365

by Lemma 7. Therefore
.
= (log w)/* o* a+y
I, =0 g J'1 we“+8(w) log (k/t) (og w)l/“e (w)dw

© e -
=0{10—g———(k/t~)flw dw}

=0(1) for 0 <t << m.

Proof of (3.13).

hw,t) =0 [l E® V) (w, =) }] +0 [bnt(k/t) (B Y, §) 1]

T a1
u Hx-1) \
+0lJ\ W)IE (w,u)]du]
i

=0{IE‘°‘"”<w,n>l}+0{ ! IOi“’e"‘”(w)}

tlog (k/t)
5 1
(log w)l+&~A& x+§ 1
o4 L% %< S
+ 3 ® () 13 log (k/t)

logw g4, du,
+0§ w ° (w)J’ u?log (k/u)
t

s 1

142~ 2 ,

+0 (_IOMQGJ‘"S(Q,) T._dz— , by Lemma 8,
w® , % "3 Jog (k/u)

tlog (kff) @

0 1 (IOg w) ea+3(w) .
t8log (k/t) w®

Now, observing that E(“'l)(w, 7) = 0, when « is even, and applying Lemmas 6 and
8, when a is odd, we obtain

1 B
Ig=0(1)+0 % tlog(k/t)f ng de

® 145/
0 1 (log al)l deo
Plogkft) | o 8

=01)for0<t <.

= 0{|E* V(w, m)|} +0 % 1 logw ais, g
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This completes the proof of Theorem 1.

3.2. Proof of Theorem 2. In view of Lemma 13, Theorem 2 can be put in
the following equivalent form.

m
Theorem 2a. If «isan integer > 1, and if (i) f log (k/t) [dip,(t) | <o and (ii)
0
Yo (+0) =0, then the conjugate series of the Fourier series of f(t), at t==, is
summable | R, e(w), a—+38| for every 8 > 0.
We proceed to prove Theorem 2a. Since

B () = -21; f " 4) sinnt di,
0

we have only to show that, under the hypotheses of the theorem, the integral

J * (log w)"*

o) JO YO B (w, t)dt | de

is convergent. Integrating
k2
f Y(t) B(w, t)dt
0

by parts « times, as in the proof of Theorem 2a of (7), we find that it will suffice
for our purpose to prove the following,

" log o)™ -,
(3.21) Jl o (] | BP0, )| do < oo,

where p is an odd integer such that 1 <p < a—1;

w e 7

(3.22) J= | B89 T A | de < o
wea+8(w) 3

1 0

where
A) =F* Vw, ) —at®* "B D0, 1)+ ...
+(=1*Tx(@—1)...2t B, t);
“ (log w)*" x-145

(3.23) L o ngw{e«o)—e(n)} e(n)

dw < 0.

X{ —xﬁa(w) coinw+J co;ntd¢a(t)}
0

Proof of (3.21). The result has already been established in Lemma 10.
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Proof of (3.22).
T pe o) 7
J< (J +J )—(12%3%—) U Idnﬁa(t)él/\(t)l} dw (r = (k/t){log (k/t)}”“)
1 " w w 0
= J1+J2, 8ay.

The proof of the convergence of J; follows exactly the same lines as that of its counter-
part in (7), and requires the application of Lemma 7 of the present paper.
To prove the convergence of J, we observe that

A@)=0 {loﬂ’ ea+8(w)t‘1}
w

+0 3 (IOg w) . e(l+8(w)t—8 E .
Hence
" ® 1+1/e
mof [ | 22
0 T
” ® (log w) L1 ?
+0 f ldsbu(t)lt’sf s e
0 . )
” 7 1+1jot
=0 % J log (k/t) | d(t) [{t1og (k/0)} j ‘—"g—“’w)?—dwg
0 T
AT -1 -] 1 1+5/a
+0 g J log (k/t)]d:,ba(t) ] {ts log (k/t)} J % dw %
Q . T
= 0(1).
Proof of (3.23).

This proceeds on exactly the same lines as the proof of (3.23) in (7), and requires
the use of Lemmas 14, 12 and 1 of the present paper.

This completes the proof of Theorem 2.

3.3. Proof of Theorem 3. Let r be even. As in the proof of Theorem 3
of (7), we need only prove the following.

-] 1o T
(3.31) J (log ) f HPO+P(—} BV (w, t)dt| do < ©
[1]

1 wea+8(w)

and

(3.32) J (log w)'** J g() B (w, t)dt
0

do < @,
L weaHs(w)
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Proving (3.31) is the same thing as proving the summability |R, e(w),
a+3|, 8 > 0, of Zn"p,, where p, is the Fourier cosine constant of the even function
#{P(t)+P(—t)}. This can be easily proved by making use of Lemma 11.

To prove (3.32), following the same line of argument as in the proof of (3.32) in
(7), we need only show that

PYe) o 1fa

(3.33) J (;gf—f%w—) |9, m)|do < o,

1

rT 1ot

(3.34) 9%“;)—— [g(, t) ]| dew = O(1) for 0 < ¢ <
J, e ()

and

(3.35 [ (log )™ _

.35) e [h(w, 1) |do = O(1) for 0 < t < =.

J, we (w)

All these have been proved in § 3.1. The case in which r is odd can be treated
similarly. This completes the proof of Theorem 3.

3.4. Proof of Theorem 4. Let 7 be even. As in the proof of Theorem 4 of
(7), we need only prove the following.

® 1| 7
(3.41) J % J HPH+P(—t) } E? (w, t)dt | dw < o0 ;
1 we \w) 0
@© ya| 7 _
(3.42) J @og(—f;—)— J WOE (w, )dt | dw < .
| we (w) o

Proving (3.41) is the same thing as proving the summability | B, e(w), a+38],
§>0, of Zn7q,, where ¢, is the Fourier sine constant of the odd function
${P(ty—P(—t)}. This can be easily proved like (3.31).

To prove (3.42), following the same line of argument as in the proof of (3.42)
in (7), we need only show that

)lla

" 1og )™ =00 1 e
(3.43) L v )| dow < o,

where p is an odd integer such that 1 <p < a—1;

pao (log w)]/a J\‘n'
3.44 =2 de t)|d s
- |l | R
and

pa (log w)lla @145
(3.45) I m néﬂ{e(w)—@(n)} e(n)

cos nt

dﬂa’ - } dw < 0.
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In the arguments used in the proof of Theorem 2 we have only to replace iy (t)

by 6, ,{t) to establish these results. The case in which r is odd can be treated
similarly., This completes the proof of Theorem 4.
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