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1. Let f() be a periodic function with period 27 and integrable (L) in (—m, ).
Let the Fourier series of f(f) be

(1.1) a0+ Z (@, cos nf4-b, sin n@).

n=1

Then the conjugate series of the Fourier series is given by

(1.2) z B.(6) = Z (b, cos nf—a, sin nb),

n=1 n=1

and the conjugate function, defined as a Cauchy-integral, is given by

T
(1.3 g = (1/2q) III%J Jilw) cot (w/2) du,
where ‘
diw) = f£.04u) —f(0—).
The Abel-limit associated with the series (1.2) is given by

]

(1.4) lim (b, cos nf—a, sin nf)
2>1-0
n=1

2, In what follows we use the following notations—

I ‘f u)a 1 du %>0;
P(t)

2.1)
1 EPO (t) =
o (1) = (a+1) £ Wait), @ 0.
( A = 1—2x cos {42,
Q () = (xsint)/ b,
22) ) @ () = t/(p2+12), where p = log ,
l 7 (6 =Wn—Qu).
0s QP () = (@avP {QW},
) { ¢ () = @ {gt)}.
(2.4) e = arc sin (1—2),
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3. The following theorem on the summability (4) of a conjugate series for
which the conjugate function exists as a Cauchy-integral is due to Plessner [1923]:
Theorem A : Let
V(z, 0) = Z (b, cos nf—a, sin nb) 2", (0<L2<<1).

n=1

Then if for any 6, the condition

t
(3.1 f $(t) dt = o(t), (t—0)
0
is satisfied, then

lim [V(x, 6)—(1/27) J () cot (2/2) dt] =0.
r—>1 €

It follows immediately from this theorem that if condition (3.1) holds, then
the divergence to +oo(—) of the conjugate function (1.3) is a necessary and
sufficient condition for the divergence of the Abel-limit of the conjugate series to
+ oo (—00).

Prasad [1932] obtained a more general theorem which included Plessner’s
theorem as a particular case. In Prasad’s theorem the conjugate function was
replaced by his ‘Generalized Conjugate Function’ and the condition (3.1) was replaced
by the less stringent condition, viz.

f {P@)/t}dt = o(t), as t — 0.
0

Generalizing Plessner’s theorem in another direction, viz. by replacing the
condition (3.1) by the less stringent condition

(3.2) ¥, () = o(1), as t =0,

« being any positive integer >>1, the author had proved the following [Sinha, 1953] :

Theorem B : If Ju(t) = O(1), as t — 0, « being a positive integer > 1, then the
divergence of the generalized conjugate function

(1/2‘“’)f Po-1(t) cot (£/2) dt

to +oo(—o0) is a necessary and sufficient condition for the divergence to +4co
(—c0) of the Abel-limit of the conjugate series of a Fourier series.

4. The object of the present paper is to extend the result of Theorem B and
establish the following theorem for the more abstruse case in which « (>0) is not
necessarily an integer, but may become non-integral.

Theorem 1: If Ju(t) = o(1), as t — 0, where a >>1,

(4.1) lV(x, 0)—(1/27) f”z/m_](t) cot (t/2) dt1 =o(l), a8 z - 1 —0.

Theorem 2 : If () = O(1), as t > 0, where a>0,

(4.2) [V(x, 0)—(1/2m) f""l‘a—l(t) cot (¢/2) dt | = O(1), as x — 1—0.
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Obviously Theorem 2 is equivalent to the statement that if ¢ (t)e= O(1), a8

t — 0, where a > 0, then the divergence of the generalized conjugate function

(1/2m) f ¥, () cot (¢/2) dt

to + o (—o0) is a necessary and sufficient condition for the divergence to +oo
—o0) of the Abel-limit of the conjugate series of a Fourier series.

5. For proving the above theorems, we shall repeatedly use a number of

results, which may be stated below as lemmas, the proofs of most of them being
quite straightforward :—

Lemma 1 :
Q") =0ty (tlarge),
Q") = o[/py)’], (1 0),
¢ty =0(/f*"), (tlarge),
Yq" () = O(p2/t3), (t—> 0).
Lemma 2 :

If J(u) = {1/T(h—a+ 1)}f (t—u)*~*Q"~"(t) dt, where > 2 and k = [«], then

J(u) = Ou!'~-%), (u large).
Lemma 3 :
If J(u) is defined as in Lemma 2, then

@/du) 17w} = (YL h—at 1)} f (=)= ) dt

= O(u2h—%+2[p2+2) = (y gmall).
Proof of Lemma 3 :

Integrating by parts once, we have
0

() = {1/1"(h—a+l)}f (t—uw) Q" V() dt

u

= {1 T(h—a+2)) [{Qw-n(t) ()

- f (t—u)* =% ) dt]

= {1/I'h—a+2)} I;IE)H:O {1~y o}

_f )"~ 1™ 1) 4 ]

= —{1/Ih—a+2)} f (t—u)* "% 1QM ) gt
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Hence

@jduy{J(w)} = {1I'h—a+1)} f (t—u) Q™ 1) dt.

Lemma 4 :
If J(u) is defined as in Lemma 2, we have

(d/du)?{J(w)} = {1/T(h—a+1)} f (t—w)" """ V(t) dt.
Lemma 6 : )
If J*(u) = {(=1)"/Tal (h—a+1)} f (t—u)" g™ () de
. where & > 2 and b = [«], then ’
J*(u) = 0™, (u large),

= 0(p2u~""%), (u small).
Lemma 6 :

If J* (u) is defined as in Lemma 5, we have
(@/dw){J* ()} = {(=1)"/Tal(h—a+1)} f m(t—u)"'“q"‘“’(t) dt.
Lemma 7 : ’
If J'(w) = {1/I'(2—a) } f w(t—u)““@“(t) dt,

where 1 < o < 2, then
J'(u) = O(u=%), (u large).
Lemma 8 :
If J'(u) is defined as in Lemma 7, we have

(@)du) {J' ()} = {1I'(2—a)} f (t—u)' QP (1) dt.
6.1. Proor or THROREM 1.

Let I=1 f HOQ() dt.
0

Then we have

I=} f 0 . {24} de

= [ .......... + f_” +f" +fi"+ ..... J S@t) . {t/(p24e2}. dt

@

(
>
~© Y (2k-1)7

=1 { f Plt) . {t/(p2+12) }t + P(t) . {t/(p2+12)} dt]



CONJUGATE SERIES OF A FOURIER SERIES 381

H

%U ¢(t)~{t/(p2+t2)}dt+2f G(r2km) ——E2kT g,

P2+ (14 2kw)?
< 2 .
=z J‘_ﬂ l: Z P2+(T+2k77)2+p2+1~2] . lﬁ(‘r) d‘l’ .

Now from —7r <7< &,

5]

! v+ 2kn + T
Z P24 (r+2km)2 ' p2412

"ill 1 1 +1 11
T & i p—i(r+2km)  pi(r+2km) | 20 |p—ir T p+ir

1 1 2y 1 1| 1 ot 1
=3 [7+ip+ ; (T+¢p)+2kn]+é [T—ip"' Z m}

1 1 1-+1,p © 1
4 [r-};p 2 Z (-r—;;p) _ﬂzkz}
1 T—ip) <
+ 22 (5
4 ‘i'r Z (-r——@p) —7r2k2:|

2

= }[cot $(r4ip)+ocot }(r—ip)] [Titchmarsh, 1939.]
= { [sin 7/(cos ¢p—cos 7)]
= z 8in 7/(1—2x cos 7+ a2)
= (7).
Thus finally
(6.11) IT=}| ¢Q (=4 f H(OQ' (1) dt
¢ L
6.2. We have

(@,0) = g‘ R,
D
= (L"’ﬂf f@+0Q () dt
= (I/w)f H(1)Q(¢) di
0

= (1/m) f P(E)Q(t) di
0
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Hence

V(x,0)—(1/x) f {gu_1(t)/t} dt

-4uw[f " w—f wal/ﬂd4

(6.21) = (1/7)(I—=1I"), say.
Thus in order to establish Theorem 1, we have only to prove that if ¥ ()
= o(1), then
I-I' =o(1)
6.3. We first consider the case in which « > 2.

Integrating by parts (h—1) times, where % is the greatest integer not greater
than «, we have

[e]

I=| ymeuadt

0

PR

-1 bl
= [z (—l)p'lﬂz’p(t)Q“"”(t)] +(—1)"'1J i1 ()QU-1(t) di
0 0

p=

k-1
= [z o(t"). O(t~ P)] +(—1)*-1I,, (by Lemma 1),
>

= ofl) (= 1)1y,

Now

I, = f W1 () Q-1 () dt
0

= {I/I’(h-—-oc+1)}f Q" () dtf (t—u)~*dW¥,_ ()
0 0

o0

= {1/F(h~<x+l)} fo a¥, (u)f (t_u)h—oc Q(h—l) () dt

=f Jw)d¥, | (u).
0

Integrating by parts once, we get

I

[

.—_[ ) J(u] f w1 (W) (d[du) {J(u)} du

= [o(™7Y). O(u'~%]
= o(l)—

—1I,, (by Lemma 2),

U —> 0
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Now

IZ--J _p (). (d[du) {J (u) } du

= (1/Fa)f u* 7ty ) (). @ldu) (T (u) } du

1/Fa)(f f)““ ). (djdu) {J(u)} du

= (T a) (Ig+1,).

We have now integrating once by parts

Iy = f w* T, (). (didu) {T(w) } du
0
= [u® ¢, @). (d/du) {J( u)}] —(a—1) f g (u) (d/dw) [ J(w)} du
0

—f W), (djdu)? ()} du

=" (). O % p™**) —(a—1)I5—Iq, (by Lemma 3).
= o(1)—(a—1) Is—1Ig, [since €2/p2 = O(1), as e—0.]
Thus we have
(6.31) I =o)+{(—=1)/ala] I,~(a—1) Iy—I,.
We first show that I = o(1) and also Ig = o(1).
We have

15—f w* gy (). (d/du) {J(w)} du

= (YT (h— a+1}f 2 duf (t—w)""* Q™ (1) dt

(by Lemma 3),

= {1/f(h_a+1)}f Q" @ty dtf w1y (u) (=)~ du
€ 0

+{1/I‘h—-a+1)}f &=y )duf (t—u)="* Q" @) dt

=(I5,1+15’2 /F h—"m+l).
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Now
@© €
Iy, = J‘ Q» () dtJ‘ u“'llpa(u) (t—u)h'a du
€ 0

® €

]
=0 [J‘ t'h—ldtJ‘ o(1). «*7 ! (t—u)*"* duJ, (by Lemma, 1),
€ 0

e}

=o(1).0U t—"'le“‘ldtf (t—u)h'“du}
€ 0

e}

=o(l). 0 U e“‘lt"“lt”'““dt}
€

=o(l). O[*~ /717
= o(1).

Iyp = f ™ dtf u* TNy (u) (t—w)' ™" du
0

0

€ 1
= 0(1).f Q™ () dtf e (1—z) % dx
0 0

=o(l). OU @+ gt dt]

0
1

= o(1). 0(62h+2/p2h+2), [sinceJ‘ ™! (1—:::)’!'oc dx < oo},
0

= o(l).
Next

Ig= f u” o, (u) (d/du)? {J(u)} du
0

o

= {1I'(h~—a+1)} f w* () du f (=)~ Q™D (1) dt,
0

(by Lemma 4),

€

= {I/T(h— a+1)}[J‘ Q(hﬂ)(t) dtf uaz/;a(u)(t—-u)h'“ du
€ 0

+ f u () duf (t—w)" Q" V() dt
) u

= (I, +1, )/ T(h—a+1).
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Now
I =f Q" dtf wih () t—w)* % du
€ 0
=0 [f t_h’2dtf o(l).uu(t—u)h_udu], {by Lemma 1),
€ 0
=o(1).0 f 2™ dtf t—u)"" du]
L € O wl
" an
=0(1).0 [ e“t'h'zth'““dt]
LY €
[ p%®
=0(1).0 f (*/*+1) dt]
=o(l).0{**]¢
€ t
I.= f Q" dtf W) (t—n)" % du
0 0
€ 1
= o(l).f QP dtf (1—2)"" " dx
0 0
=0(1).0 [f (22+3/p%+1) dt], (by Lemma 1),
0
= o(1). 0 ("*}p™*)
= 0(1) .
Hence now
(6.32) I=o(l)+{(=1)"nIa}l,,

go that combining (6.21) and (6.32), we have
V(z,B)—(i/w)L {t, _(u)[u} du

= o(1)+ {(=1)/mla} .1, ~(1/m)’

@

= o(1)+K f u“-liﬁa_l(u)duf (t—u)" Q") dt—(1/m)I’,

[where K = {(— l)h/wFaP(k—oc+ D},

o0 o0

. _ n
=o(1)+K. U u* Y, (u) du f <t_u>h-“{‘—l>t,,—fﬂiﬂ —q”’)(t)} dt ]—(l/w)l’
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-]

=o(l). +K . (=1)'T(h+1). f w7, (u) du f (t—w)* 1 g

“

—({m)I'—1I;
®© /2
=o(1)+2(—1)”K.r(h+1)f u“"1¢“~1(u)du.f0 u”%(sin 6)**1
X (cos 6)* g9 — 1, — (1/m)I"
= o(l)-{-(l/rr)f (Yo () fu} du—I —(3[m)I’

=o(l)—1,.

It now remains to show that I; = o(1).
Now

[ )

I; =K. {f ua'lgba_l (u) du f (t-—u)h'“q(h) (t) dt}

- J W, (w) T*(u) du.

Integrating by parts once, we get

I =[u*"  T*u).  wf, (u)]:’

- f wf, () [(a-—l) u* " IR )+ (dfdu) {T*(u)} du:'

= O[u“ /. (u).u'a] +0 [ua P (u) . (pzu'“‘z)]

U—>Q #=c

—(a—1) Ig—I
=o0(1)—(a—1) Ig—1I,.

We now proceed to show that Ig = o(1) and Iy = o(1).

Now

o

Ig= f w* T gy (u) J*u) du

= K. f W, () du f t—u)" % ¢™ () dt

w

1

€ 0

=0[p2 f ) [ u* du f 2™ * (1—x>"‘°‘dz],

(by Lemma 1),
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=0[p2(ff+f:)u‘sl¢a<u>1du]

= 0 (Ig,3+14,3).

8
Ton =% [ 0™ g, 0

8
=0 (gﬂf u‘3du)

= 0(p?/e?)

= o(1), since p = o(1).

@®

Igo =p2f w8 () | du
3

w0

= p2f u=3. O(1). du
&

w0

ol ]

= o(l).
Next

Iy= f wty (u)(djdu) {*(w)} du

w0

= Kf u®ip (u) du “ (t—u)* % g+ (1) dt

W

<&

0

=0(p2<f8+f:)u‘3|l/’a(u)|d“} |

= 0(1g1+1g,9)-

Now

3
Ig,, = p? f w3 (u) | du

€

Y

= o(p?/e?)
=3 O( 1).

387

- 1
=0 pzf u“{z/;a(u)[u‘“'3duf a:°‘+2(l—x)f"‘°‘d90:! ;

(by Lernma 1),
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@
19,2=P2f uw=¥ |y (u)|du
5
o]

=p2f w3, O(1). du
5

w

= 0(p2 L u—3du>

= o(1).
This completes the proof of Theorem 1 when o > 2.

6.4. We now proceed to give the proof for the case in which 1 < « < 2.

From (6.21) we know that in order to establish the theorem we have to prove
that if 4, (t) = o(1), 1 < & < 2, then

11" = o(1),
Integrating once by parts, we get

I= fo $(t) Q(t) dt

=[Qt¥. )], — f Q" () dt
0

=o(1)—{1/F(2—a)}f Q“’(t)dtf (t—u)""* d Wy (w)
0

0

[ 2]

= o(1)— f J(u)d¥ o (u)

0
= 0( 1) +11
Now integrating by parts once we get

I, = —f J* () ¥ ()
0

= — [J’(u)lpa(u)]: + f Yolu)(d/du) {J'(w)} du
0
= [O(u-%). o(u%)] v T L2
= o(1)+1.
Now

Ig = f ¥ (w)(@/du) {J'(v)} du
0

= {1/T'(a41)} (f +f )u"‘aﬁa(u). (@/du) {J'(u)} du
0 €

= (Ig+19)/T(a+1).
5B
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*We now show that I; = o(1).
Now

Iy= f ut(u) (dfdu) {J"(w)} du
0

o)

= {1/I2—a)} f ut, (u) du f (t—u) QP (t) dt
0 u

u

= {1/1‘(2-@}“ u“n/;a(u)duf (t—u) Q™) dt
0

+f Q¥ at f u“«,ba(u)(t—u)l‘“du]
€ 0

= (I3, 1413, 9)/T(2—0).

I =f wt, () du f t—u)'"%QP (t) dt
0 u

1

= f Q(z)(t)dtf uth () (t—u)' "% du
0

0

1

_—.0(1).f 12Q% () dtf a*(1—2z)' " * du
0

0

= o(1) .0[ f (£5/p®) dt]
0

= o(1) . O(%/pS%)
= o(1).

Iy o= f Q) dtf wt (u) (t—u)' ™% du
€ 0.

=0(1).0 f t"3e°‘dtf (t—u)l‘“du]
€ 0

@®

=0(l).0 f e“t-3t2-°‘dt]
€

L

=0(1).0 f (e°‘/t°‘+1)dt]
| v €
=o(1). O (e#)];
=O(1).

389
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(6.41) Thus I=ol)+{1/nl(a+1)].1,
Now we have

V(x) B)—(l/ﬂ') f {‘)ba,_](u)/u} du
= o(l)+[1/al (a4 1)) . Is— (1) I’
=o(1)+K. f uty (w) duf t—)'"%Q® @) dt— (1jm) I,

where

LK = {1/al(a+1)T(2—a)}],

o(l)+K.f u%,, (u) duf (t-—u)l‘a{(2/t3)-q(2)(t)}dt—(l/n)I’

o

=o(l)+2Kf u“g{;a(u)duf (t—u)' " %t-8dt— Iy —(1/m)I’

u

* /2
= o(l) +4K f w1, () du f (sin )% (cos §)"* " ds

—Iy—(i/m)I’

o(l)+(1/n)J % W (u) du—Is-—(l/n)f U 1¢a_](u) du

€ €

It

fee]

o(1)+(i/m) f =L, (u) du—Tg— (1/ﬂ)[¢a(u)}

€

—(1/m) J w= i (u) du
= 0(1)'—[5

It now remains to show that [z = o(1).

Iy=K f u%h, () duf (t—w)' g% () dt

1

=0[zﬂ |t vmesan | xa+2(1—x>1'°‘dx]

0

0

=0[p2( JB + fa )u*l%(u)idu]

= O, 141, 5).
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Now

8
Ig, 4 =P2f w34 (u) | du
€

8
= o(p2 f u-3 du)

= o(1).

a0

Is, 2 =p2f w34, (u) | du
3

o

o] wra

= o(l).

This completes the proof of Theorem 1.

7. Proof of Theorem 2—Theorem 2 can be proved by arguments parallel to
those used in the proof of Theorem ! with the only difference that we have to use
the condition

instead of

so long as x 3> 1. But when 0 < o < 1, we prove the theorem as follows :

1 =f H(f) Q) dt
0

® ¢
={1/I'(l—oc)}f Q(t)dtf (t—u) " d¥, (u)
0 v 0
—_—{1/1“(1—a)}f d‘f’a(u)f (t—u)"%Q() dt
0 u

o«

= f J1(u)d¥, (v),
0

where
an

f (t—u) *Q(t) dt = O(u-%), as u — 0.

U

1
J1() = Fi—a

Integrating by parts once, we get

@©

1= [‘Pa(u)Jl(u)]:— f 0 W () (d)du) { Jy(w)} du,
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where

Now

Now
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o]

@30} = s [ -0 a

= [0(u®). 0w )] uoro =11
= O(1)~1,

I, = J ¥, (u)(dfdu) {J3(u)} du
0

— (T(at1)) ( f E f E ) W, (W) (/) {Ty(w)} du
= (Is+13)/(x+1).
- f uy_((d/d) {Txfu)} du
V)

©

(t—w) Q" (t) dt]

3

= {1/r(1-a)} [ f e up () du f

1) o
= ri U Q t)dtfou b (). (=)™ du

+ f ] Q") dt f ) u¥p (@) (t—u)™" du]

= (Ig,3+1g,2)/I'(1—a)

€ t
Ipy = f QU(t) dt f W () (t—u) " du
0 0

€ 1

=0(1). f QM) ds f a*(1—z)~*dz
=01 U (#3/p%) dt]

= 0(1).

Iz,2=f QM) at f w(u) (t—u) " du
€ 0

oK

=0(1).0 U t'%“dtf (t—u)““du]
€ 4]
=0(1).0 U e“t"‘qtl"“dt}

0.0 [(*1tH]7
o1 )

Il

I
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(7.1) Thus I = O(1)— {1/1r1"(¢x+1)}I3
s0 that

V(z,6)—(1/m) f (o ()]} s
= 0(1)—[1/al (a4 1)} Ig—(1/m) I’

[c]

= 0(1l)— [l/nF(a+l)] f u™ P, (u) du f (t—u)~ QM) dt—(1/m)I'

u

)

= 0<1>—Kf uih (w) duf t—w)~ " {(=1/®)—gV )} dt—1/m)I,
where K = {1/n'(1—~a)'(1+a)}

£ ¢]

= 0(1)+K f w (1) duf (t—u)~ % 872 At I, — (1))

u

/2

= 0(1)42K f w™l, (u) du f (sin 8) *~%*(cos 0) "2 4041, — (1/m) I’

0

= 0(1)-}-(1/17).[ u‘lx,ba(u) du+l4—(l/n)f w~ L1 (u) du
= O0)+1,.
It now remains to show that I, = O(1).
Now

)

I,=K f u™y, (u) duf (t—u) %V @) dt

14

© 1
=0 {pzf u®| Yo ()| .u"a'Sduf xa”(l—x)'adx]
€ ]

8 @D
=0 |p? + =314, (w) du]
R
=0[I4:1+I4’2]'
)
T =P2f u”? | (w) | du
= O(1).

Iy o= fP2 '[5 u‘3[¢a(u)ldu

= O(1).
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This completes the proof of Theorem 2.

It is obvious that when « ( 3> 1) is a positive integer, i.e. when b = «, there
will arise an automatic simplification in the proof given above; a straightforward
treatment of this case has already been given in the author’s earlier paper [1953].
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