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1. INTRODUCTION

Consider a real 2n dimensional manifold V5, of class C” with a given covering
by neighbourhoods each endowed with a co-ordinate system

2% = g%} 1z4
2% = xlemixd

where a=1, 2,...., n, A=n+1,...., 2n. Then we have a one to one cor-
respondence (2%, 2*) = 2%, a =1, ....,2n and (2°, Z°) may be considered to be
co-ordinates of a point in the real 2n dimensional manifold Vg,. [1] In what
follows the small Latin indices will take the values 1, 2,...., n, and the capital
Latin indices will take the values n+1, ...., 2n, (here A = n-}a, B =n-+b,
...... ) and the Greek indices will take the values 1, 2, .. .., 2n.

Now if we can cover the manifold entirely by a system of co-ordinate neigh-
bourhoods each endowed with complex co-ordinates (2%, 2?) and if U, and U, being
two complex co-ordinate neighbourhoods of the manifold, a point P belongs to

U, N U, then the complex co-ordinates 2" of the point P in one of these complex
co-ordinate neighbourhoods are complex analytic functions with non-vanishing
Jacobian of the complex co-ordinates z* of the same point in the other complex
co-ordinate neighbourhood,

ie. 2'8 == (), 2’0 = o(%) . .. .. (LY

where §#(z) denotes the complex conjugate of the function y¢(z). Also if we
put 22 =24 then for (s% 2% we can write 2* and for the transformation
(1.1) we can write 2" = f%z). The Jacobian of (1.1) is easily seen to be
o

P which is real and greater than zero. Thus the manifold is always orientable.
z

A complex analytic manifold of complex dimensions n will be denoted by C,.
In C,, vectors, tensors, affine connections, etc. are defined with respect to co-ordinate
transformation (1.1) in the same way as in the case of real manifolds.

Wo define a tensor to be self-adjoint if barring and unbarring all indices simul-
taneously (i.e. changing the small Latin indices into capital Latin indices and the
capital Latin indices into small Latin indices) of any component of the tensor

changes the tensor into its complex conjugate. o
Now assume that in our complex analytic manifold there is given a positive

definite quadratic differential form
ds? = gmﬁdz"‘dz’S
where the symmetric tensor g,g is self-adjoint.
gub =g 4B = 0

5o that the metric form can be written asg
ds? =29, deadzB
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where

9.8 =984 = 946 = T4 -

This metric is called a Hermitian metric. Taking account of

PP=g =0, gF =" =g"=g", . . (12

we obtain the Christoffel symbols
fo)=lg (222,295
bef =37 \ 02° 82”)
{ } 1 o (agm _ gg_bg)
bef T8 G ~ %

{BaO} =0

and the values of other components are given by symmetry and self-adjointness, If
in addition we assume

%10 _ Hae
0z° 72"
or further
(1.3)
Jan = az“az

then the condition (1.3) is culled ¢ Kaehler’s condition ’ and the metric satisfying (1.2)
and (1.3) is called a ‘ Kaeliler metric’ and the manifold is called a ‘Kaehler
manifold’. 'Thus in a Kaehler manifold we have

_ aDagDc
bc = o2’
a
e} =0
a
{Bo} =9,

the other components follow from symmetry and self-adjointness.

2. AUTOMORPHIC EQUIVALENCE

B of the same order (2/41) and the same

kind, are said to be automorphlcdlly equlvulent if each has components which are
hO]O]IlOI‘Pth functions of co-ordinates (i.e. locally expressible as a convergent power
series) and one is the transform of the other under the automorphism (i.e. a non-
singular linear transformation of co-ordinates which maps a space on to itself)

7’0 = ez?, 2’4 = &z4

...

Two tensors Ts. . " and Ls,

where e = £ ¢ and & is the conjugate of ¢, oré = —e and ez = 1. Incidentally
(eus, éu4) is the automorphic equivalent of (u3, ut).

Consider two contravariant vector fields (u®, u4) and (v, v4) each of which is
self-adjoint. Let

g,gu"v? = re¥
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then because of self-adjoint property it follows that
g utv’ = re-¥
2r cos § = g uvBtg , uleh

where ¢ may be taken to represent the angle between the two vectors symbolically.
A vector (u%, u4) can now be defined to be orthogonal to (v°, v4) if

g, 5w v+ g, uiv’ = 0.

This definition can be extended as follows :

Let there be a self-adjoint vector w* = (u®, w4) and let (2, 0) and (0, u4) be
two vectors which can be formed from the components of (u®, u4). Let

a g4 A4
ga =), § = pu -, [fa = Au?:,yo)'l'l‘u%’,q)]

where \ and p are parameters. Hence these vectors (u?%, 0) and (0, u4) define a
real geodesic ¥V as in the case of Riemannian manifolds. For y = p =1 we get
the original vector (u%, u4). Therefore this vector (u®, 1) lies on the geodesic V;
formed by (u®, 0) and (0, u4). Also for A = e, u = & we find that {eu®, éud) lies on
this geodesic surface. The orthogonal property is identically satisfied for a vector
and its automorphic equivalent, Let (%, »4) be another vector not lying on the
geodesic V3. Let (v, v4) and (ev?, év1) define another geodesic V. We define
(u?, u4) to be orthogonal to (%, v4) if every vector lying in V5 is orthogonal to
every vector lying in V3. That is, if

g,zuv5 =0

g 5w’ = 0.

3. A CompPrLEX HYPERSURFACE OF A KAEHLER C,

While defining a complex hypersurface of a Kaehler manifold, we shall quote
a result for Algebraic manifolds on ‘ product manifolds’ [5]: ¢ If a complex analy-
tic manifold C, of class » and complex dimension m, and another complex
analytic manifold C, of class » and complex dimension n exist, then the product
manifold C, ., = C,XC, is of class » or » whichever is lesser of the two and
complex dimension (m+n).” Hence if we define a hypersurface of a compact
orientable Kaehler C, ., of complex dimension (n+1) and real dimension 2n42
and of class ¢” to be a subspace of complex dimension n and real dimension 2n,
then the class of this hypersurface is at least ¢".

Note : In what follows the small Greek indices 8, ¥, . ... will take the values 1,
2,...,n41, and the capital Greek indices will take the values n42, ...., 2r+4-2,

Let the enveloping space be a Kaehler €, which is given by the metric ds? =
2g Ade A dZY. The metric tensor for the hypersurface will be denoted by g'ss.
Let (Z7, ZT) be the co-ordinates of a point in €4, and let (z°, 24} be the co-ordinates
of a point in the hypersurface C,. For points in C, the Z’s are expressible as func-
tions of the z’s. Let us consider those hypersurfaces which express Z’s as complex
analytic functions of the 2’s, i.e. which satisfy the following conditions :—

ZY =2, ... 2N, 4T =Tty Ll e . @31

Here ¥ (21, . . . .z") which is a funetion of 2* only, and a,l-:Y(z"ﬂ,. +..,#2") which is a
function of 24 only, are complex conjugate. As in Riemannian manifolds of real
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dimensions we find that (27, ,, ZT, 4) is the vector tangential to the curve of para-
meter (22, 24) in C,.

Let (N7, NT) be the unit vector in C, 4, normal to the hypersurface C,. From
our definition of orthogonality of two vectors which are not automorphic equiva-
lents we have

g 2% NE=0 .. .. .. .. (32
grsZh aN*=0 .. .. .. .. (33
29, NN'N2 =1 .. .. .. .. (34)

From (3.2) we get » equations, from (3.3) we get n equations and from (3.4)
we get one equation. Hence we get (224 1) equations to determine (2n+42) com-

ponents. Hence (N, NT) cannot be determined uniquely. Also if we put
M? = eN?, MT = éNT where ¢ = +i and ¢ is the conjugate of ¢, we find that
(M7, MT) also satisfies (3.2), (3.3) and (3.4). Hence (M?, MT), ie. the automorphic
equivalent of (N¥, NT) is also a unit vector normal to the hypersurface C,, and so
is any vector (¢, &D) lying on the real geodesic ¥V, spanned by (N7, NT) and its
automorphic equivalent (M”, MT) such that

£ = \NY+uM? = (\+ep)NY
¢F = ANT+p M7 = (\+ep)NT

where ), p are parameters. If we put \+ep = K then if | K| = 1, then (£7, £I) is
a unit vector in C,;; normal to the hypersurface C,.

Here the metric tensors of C, ., and those of C, are connected by

, ¥
95 =9y0% ,aZA,B‘

. . . 02 .
Also the enveloping manifold Cy41 being a Kaehler space, g, , = ﬁ where ¢ is
real. Now
.9z ezd e 9z ez
Yon =yn Gpa* 528 = 977970 0z¢ " 07F
NN
- azu(gﬁ }_azé- . X))
. zh .
Since SwaaB = 0, we can write (3.5) as
0 (04 022\ 0%
Jap = 5z (azA T 0zB ] T 02°028°

Therefore the hypersurface is also a Kaehler space and the same function ¢ deter-
mines the metric tensors of C,, as well as of C,,.

. Hence a complex hypersurface of a Kaehler manifold satisfying conditions (3.1) is
necessarily another Kaehler manifold.

By means of tensor differentiation of g , = 9y AZy, 22,  with respect to z° we get

Y Y
g?’AZ ;acZA,B"I'gyAZ ,aZA;Bc =0.
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But
78, =28 ¢ { B Vg% 2l =0
5Be » Be al s¢™ »B T
gvAZy; acZA, 5=0 gFSZr; ACZS; »=0
. z. . 0
This shows that 0’ o is a vector in C,;, normal to the hypersurface C,
3 AC

and a tensor of the second order in C,. Hence we may write
Y. — Y
Z sac 'QacN
r —_ r
Z = 'QACN

since Zy;ac =0, ZF;AC =0 and (N”, NT) is not a zero vector, it follows that
Q,.=0,2, =0. Inanalogy with Riemannian manifolds we shall call this tensor

2, 0
( ’ ) the second fundamental tensor of C,.
0 Quc
Note : In what follows the small Greek indices «, 8,7, . ... will take the values
1,2,...., 2n,

Conjugate directions.

In analogy with Riemannian spaces we shall formally define two directions
(u®, u4) and (v, v1) to be conjugate if

a8 Wb =0
i.e. Qabu“v”+QABuAUB =0 PN .. . (36)

In (3.6) if we replace (u°, u4) and (v*, v4) by their automorphic equivalents
(eu®, éut) and (ev®, &v') we find that (3.6) is identically satisfied.

Hence if two vectors are conjugate, their automorphic equivalents also define con-
Jjugate directions. In particular if (v°, v1) coincides with (u?,u#) that is if the vector
(us, u4) is self-conjugate, then its automorphic equivalent is also self-conjugate. Hence
if self-conjugacy s formally defined to be the condition for asymplotic lines in a
Kaehler manifold, then it follows that if a vector field defines an asymptotic line then so
does 1ts automorphic equivalent.

Lines of curvature.

In our discussion of lines of curvature we shall consider a Kaehler hyper-
surface C, whose second fundamental tensor is

Quy O )
Qup = ( 0 Qs
Consider an orthogonal ennuple in C,, in which pfl Jh=1,....,n denote a set of

n mutually orthogonal self-adjoint unit vectors no two of which are automorphic
equivalents, and (g}, qfl) are the automorphic equivalents of (pj , pfl). According
to our definition of orthogonality we can choose (p,':l ,pfl) arbitrarily, but the other
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n vectors corapleting the ennuple must be the automorphic equivalents of (p, i D>
h=1,.,..,n.
Hence if a set of n vectors constitute n of the lines of curvature through a point in

C, then the other n lines of curvature through that point must be the automorphic
equivalents of these n vectors.

We shall define lines of curvatuie in the same manner as in a recal Riemannian
manifold, Let (p";i ’P:x)’ (q‘;! ,q‘:]), h=1,....; n, form an orthogonal ennuple

a

in a Kaehlerian C,; (g, ,q;,) being the automorphic equivalent of (p; ,’ ,p:l).
These will form the lines of curvature through P if

(‘Qaﬁ_kilg;ﬂ) pf] =0 .. .. .. .. (87
(Qup—K 9,p) 45, =0 .. .. .. .. (38
where &} s k‘,’,I , are scalars.

Multiplying (3.7) by pfl and summing with respect to 8 we have
Qabp:,pzﬁgwpflpf‘ = kfl .. .. .o (3.9

Again multiplying (3.7) by pﬁ and summing with respect to 8 we have
Q0% P} +2,:P4 7, =0 N G 8 [1)
This shows that the lines of curvature are conjugate.
Muitiplying (3.7) by qﬁl and putting ql”'l = epfl ,qfl = épf{ we get
@ A B
Qabphlpf,-—QABphlp”=O .. .. <. (3.1

From (3.10) and (3.11) we find that in this case the condition of conjugacy
reduces to

a b p
Qs 21, =0, 2,50, 7] =0, k£l

Now multiplying (3.8) by qf ,and substituting qf ==+ epf | (positive sign being

taken when 8 = 1, ... ., n, and negative sign being taken when 8 = n-+1, ...., 2n)
we have

2 b s AN\ (= B
‘Qab(ephl) (6ph1 )+'QAB(eph| ) (ephz) = ki;
a b A B
=820 Py — 24P Py = k[:; = "ki[ .
Therefore the number of independent principal curvatures defined in analogy with
Riemannian manifolds is n.
We denote
P
Ichlr_-——kil:khl h=1,...,n.
Again multiplying (3.7) by qf | and summing with respect to 8 we get
a b A (omB
2,15, (eph))+'QABph1 (e‘ph{) =0

a b 4 B
2Py, Py = 245D, Py, e L (812)
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Since ('p;\, 'p:l) is a self-adjoint vector, it follows from (3.12) that the tensor

(.Qab 0 ) is self-adjoint and k| is a real scalar.
0 Qus

In €, we find the mean curvature M is given by

M=§:k:l+ sz{;” = 0.
1 1

Hence every hypersurface C, of a Kaehlerian C,, defined with respect {o (3.1)
s of minimal variety.
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