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1. The notations used below are those of Weatherburn (1947). We have
-
chosen the parametric curves in such a manner that d may be expressed in terms

- -
of n and r; only. This appears to be a new method of studying the properties of a
rectilinear congruence. We will apply it for studying mainly the properties of
curves on the director surface determined by the equation formed by equating to
zero the second quadratic form of Sannia.

- —
The plane of n and d (supposed different) at a point P, of the director surface

- -
intersects the surface along a plane curve C; through P;. The plane of # and d at P,,
the consecutive point of P, on Oy, intersects the surface along a plane curve Cy, and
go on. The envelope of the curves Cy, Cs,... is a curve C having the prop-
erty that the ray, the normal to the surface and the tangent to the curve (' at each
point are coplanar.

2. Let a family of curves like C generated in the above manner be taken as
the parametric curves v = const., which will be referred to as the guiding curves
of the congruence, and their orthogonal trajectories as the other system of para-
metric curves % = const.

-> -
Let a and b be the unit tangents to the parametric curves v== const. and % = const.

>
respectively and » the unit normal to the surface at any point. Then

- - -
d=mncos 64a sin 6

where 8 (the angle of incidence) is the angle between the ray and the normal to the
surface at the point.

— — - - —
d; = n, cos 8+4a, sin §—n sin § 6;+a cos 6,
- - - - —
dg = ng cog 04-a, sin §—n 8in 6 0,4-a cos 69,
where ;b)l = —\E (k;;+7-_l;), 'r_b; = —1/G (-r;-{-kb-b))
— — - - —f — —>
a; = ‘\/E (kn n+')’_l;) s G = \/G (7' n+y b)
= —E,2B\/G, v =Gi[26VE
r=M/\/EG@, k,=L/E, k=N/G.

* The paper is & parb of the author's thesis for Ph,D. degree submitted to the Patna
University in September, 1956.
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The equation of the curves corresponding to the developables of the congru-
ence is given by

A—B=0 . . )
where A = cos? [ EMdu2+ (EN —GL)du dv— GMdv?][A/EG
—4/@ sin2 0(k,\/E du+71/@Q dv) dv
and B = sin 8 cos 00/ F du(y\/E du+v'v/ @ dv)—+/ T dv(6, du-+0 dv).

Thus with the guiding curves and their orthogonal trajectories as the para-
metric curves, the developables of the congruence are given by (1).

- =
3. If0=0, then d =n and the congruence is formed by normals to the
director surface. Tn this case, the equation (1) represents the lines of curvature.

B
If 6 = #/2, then d = a and the congruence is formed by the tangents to the guid-
ing curves. In this case, one of the directions represented by (1) coincides with the
guiding curve and the other direction is inclined to the guiding curve at an angle
tan-1 (=%, /7).
One of the two directions determined by (1) will coincide with the guiding curve
also when tan 8 = 7/y. In this case,

7= Grotan/ yrem

and the other direction is given by
80— (k,\/E dut+v/G@dv)+.JE du(ks cos §—Y’ sin 8) cos § = 0.

4. Writing —6 for § corresponding to the reflected congruence, (1) changes
into A4+B = 0.

In order that the curves in which the developables of the incident and reflected
congruences cut the director surface may be the same, we must have 4 = 0 or B = 0.

Case (i)—Let us suppose that 4 = 0.

Then the coefficients of du? and dv? will be zero if M = 0, i.e. if the parametric
curves be the lines of curvature, and the coefficient of dudv will be zero if either
L =0 and N = 0 in which case the reflecting surface is a plane

or [(EN — GL)[A/EQ] cos26— (L/E)\/EG sin%0 = 0
or cos 6 = £ 1/k,Jks where k, < ks and k ks > 0.

Hence we get

TeeorEM 1. The developables of the incident and the reflected congruences
will cut the reflecting surface along the same pair of curves if (i) the reflecting surface
be a plane, or if (ii) the guiding curves be one system of lines of curvature and the
ratio of the principal curvatures at each point of incidence of the ray be equal to the
square of the cosine of the angle of incidence.

Case (1i)—Let us suppose that B = 0.

Then the coefficients of du2, dv2 and du dv will be equal to zero separately if

ysinfcosf =0, =0 and A/E?Y sin6 cosf—b; = 0.

If 8in 0. cos § = 0, we get = #/2 or 0. Therefore, either the rays are tangents
to the guiding curves or the rays are normals to the director surface. Both these
results are trivial as the reflected rays will coincide with the incident rays. Hence
we have

y=0, ie. Ey=0, ie. E=alu),

0, =0, ie. 0=p®u)
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tan @

and VEY sinf cos0—0, =0 or NL:. = f(v).

Hence we get

TrEoREM 2. The curves on the reflecting surface giving the developables of the
reflected congruence are identical with those for the incident congruence if the ratio
of the tangent of the angle of incidence and the distance function of the orthogonal
trajectory be constant along the guiding curves.

In order that tan & may be a function of u alone as 6 = B(u), we have

V@ ) = $lu).
ds? = o(u)du®+[$(u)/f (v)]2 dv>
= U2+ y(U)dVe
where a(u)dut = dU2, [$(u)]? = $(U), dv¥/[f(v)]2 =dV2
I-ience, the director surface is applicable to a surface of revolution. Therefore,
we ge

TeEOREM 3. The curves giving the developables for the reflected congruence
are identical with those for the incident congruence if the reflecting surface be
applicable to a surface of revolution, and the rays cutting the parallels of latitudes
at a constant angle.

The equation (1) will represent orthogonal curves if

GE cos 8 (v cos §—v sin ) +E(62\/@-—Gr) =0
ie. 8,/A/ G—sin 6 (r sin 6+¥ cos ) =0 .. . (2
The equation (2) is evidently satisfied if
tan 0 = —%Y/r = f(u)
From equation {(2), we also get

TerEorEM 4. If the rectilinear congruence has any two of the following prop-
erties, it will also have the third :

(i) the curves representing the developables of the congruence are orthogonal,
(ii) the angle of incidence is constant along the orthogonal trajectories of the guid-
ing curves, (iii) the parametric curves are plane lines of curvature.

As (2) remains unchanged on writing —8 for 6 only when M = 0, we get

TrEOREM 5. If the guiding curves form one system of lines of curvature and
the curves giving the developables of the incident congruence be orthogonal, then
the curves giving the developables of the reflected congruence are also orthogonal.

If M =0, (2) gives

f545in 0 cos 8 Bo/2F = 0, ie. A/E tan 0 = f(u).

Hence we get

TrerorEM 6. The curves giving the developables of the congruence are ortho-
gonal, if the guiding curves form a system of lines of curvature and the product of
the tangent of the angle of incidence and the distance function of the guiding curves
be constant along the other system of lines of curvature.

If the guiding curves be geodesics, then By = 0, i.e. ¥ = 0. Now (2) gives

— 1 0
—rgin? 6 =0, ie —— -  — = —r.
92/\/G 78in% =0, ie JG avcotf) T
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Hence we get

TarorEM 7. 1If the arc-rate of change of the cotangent of the angle of incidence
of the ray along the orthogonal trajectory of the guiding curves, which are geodesics,
is equal to the torsion of the geodesic, then the developables of the congruence cut
the reflecting surface along orthogonal curves.

The curves represented by (1) will be conjugate if

(k0o/A/G—76,/A/E)+sin 8 cos 0 (z¥ —ky¥) =0 .. .. (3)
The condition (3) is identically satisfied if
()L =M =N = 0or (i) § = 0 or (iii) § = =/2.

In the first case, the director surface becomes a planc and hence all pairs of
curves on it are conjugate. In the second case, the curves (1) become the lines of
curvature and hence are conjugate. In the third case, we get

TrEOREM 8. The developables of the congruence formed by the tangents to a
family of curves on a surface cut it in conjugate lines.

The condition (3) remains unchanged if we write -6 for 6.

Hence we get

THROREM 9. If the developables of the incident congruence cut the reflecting
surface in conjugate curves, the developables of the reflected congruence will also
cut it in conjugate curves.

Now we shall find the condition or conditions required for the developables of
the incident and the reflected congruences to meet the director surface in the same
pair of conjugate curves.

If the director surface is not a plane, tiie developables of the incident and the
reflected congruences will cut the director surface in the same pair of curves if

() M =0, cos2 0 =k,iks,
orif (ii) ¥ =0, 8, = 0 and A/ E ¥’ sin 8 cos §—8; = 0.

. 0 = . . .
In the first case, (3) gives E}log AV Esin =0, i.e. the congruence is normal,
as will be seen later. In the second case, (3) is satisfied.
Hence we get

TaEOREM 10. If the developables of the incident and the reflected congruences
cut the director surface along the same pair of curves, then either they cut the
director surface along conjugate curves or they cut the director surface along con-
jugate curves if the rays of any normal congruence cut the director surface obliquely.

5. We have

a=71.?d>1= \/E’;zdl = \/E’(—x/E’ka cos 0+cos 6 8,)
¢ =ry.dy = /@b .dy =T (=1/Chy cos 6+1/F sin 6)
b =71 Zl; = \/E'ZZZ =V E(~/@r cos 84cos 6 6,)

b=r2.¢_i>1=\/@;.az\/C?’(—-\/Ercosf)+\/f7’sin0).
b’ —b=1/Ecos 0 0p—/EGYsin§ .. .. .. (4)
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Hence we get

TaroreM 11. If the rectilinear congruence has any two of the following prop-
erties, it will also have the third:

(i) It is normal, (ii) guiding curves are geodesics, (iii) angle of incidence is
constant along the orthogonal trajectories of the guiding curves.

The equation (4) can be written ag

(b'—B)/ /T sin 6 = cot, 6 8+ Ey/28 = %log VE sind.

0
Hence we get

TreorEM 12. For a normal congruence, the product of the sine of the angle of
incidence and the distance function of the guiding curve is constant along its ortho-
gonal trajectory, and conversely.

We have
-»> -
dr.dd = —cos 6 (L du2+2M du dv+ N dv2)
+4/E dudv(cos 8 6,+v+/ T sin 6)+G¥' dv2.
Hence we immediately get the well-known result (Mishra, 1951):
If the congruence is formed by normals to a surface, then the surfaces of the
rectilinear congruence whose lines of striction lie on it cut it in asymptotic lines.

—
Let D denote unit vector along the reflected ray. Then
- > —
D+4-d = 2n cos 6.
R
dr .dD+dr.dd = —2 cos 8 (L du2+42M dudv+ N dv®)

- -
dr .dD = —cos 0 (Ldu?+2M dudv+ N dv?)
—V'E dudv (cos 8 0,474/ @ sin 6) +G’ du?.
Hence we get
TaeoreM 13. If the curves giving the surfaces of the incident congruence

whose lines of striction lie on the director surface be asymptotic lines, those for the
reflected congruence will also be so.

- - - -
Now the curves dr. dd = 0 and dr. dD = 0 will become the asymptotic lines if
¥ =0 (ie. G4 =0, i.e. the curves u = const. are geodesics and hence the curves
v = const. are geodesic parallels)

and cot§ §o—Eq/2E = 0, ie. sinf=+/Ef(u).

Hence we get

TaroreEM 14. The curves giving the surfaces of the incident and reflected
congruences whose lines of striction lie on the director surface will be asymptotic
lines, if the sine of the angle of incidence varies as the distance function of the guiding
curve along its orthogonal trajectory.

6. We shall now study the rectilinear congruences for which the angle of
incidence is constant.

The vector position of any point on a ray of any rectilinear congruence can be
expressed as ~

-

B =71+
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- -
Let B be a point on another surface § cutting the ray at a distance A from the
director surface §.

Ry =4+ Md+2d, and By = g+ Agd+-2dy.
Let p, g, r be the components of the vector 1_€>1x1_€)2 along LZ 31, J; Then
p = Hn . d+Mag+ce)//eg+224/eg
g = Hn.dy—Iad . 1= Myh+ (b’ — M)V efg
r =‘H;:.gz—hl\g.;;—/\Azh—(/\za+/\1b)\/gﬁ.
Also 1_3)1X§2 = p:i)+q:i)1/e+n72/g.

H2 = p2+q2je+r2g.
If the surface S cuts the ray at a constant angle,

- — e — —
fi.d=cos 0 =Ry xRy.d/H = p/H, i.e. H=psecb.
Hence we have
P2 sec? § = p2+q¥le+rijy
ie. p2tan2f = g%/e4r2/g.

This is a partial differential equation of the first order and second degree in A.
Hence we get

THEOREM 15. There is a single infinite family of surfaces which cut a given
congruence at a given constant angle (different from zero).

If the director surface be a member of the family, i.e. if § = const., then 6; = 0
and 02 = 0.

;i: = A'\/EZ—\/E cos kac_z)+\/E’ sin k,,;
dy=BA/Gb—~/C cos0ra+4/Gsinbrn
where A =¥ sinf—r cosf and B = ¥’ sin §—k; cos 6.
e = E(4°+k)), f = \/ EG(AB+k,7), g = G(B2+72),
h = A/EG (Ar—k,B)
and do? = (A4/E du+B/G dv)*+(k,\/E du+-/Gdv)>.
Also a= —Ek, cosd, b=AAEG, b =—+/EGrcosf, c=BG.

If the principal surfaces will correspond to the parametric curves on the unit
sphere,
ka4 AB =0 and 4 = 7 cosd,

ie. 7 (Bcos04+E%) =0 .. .. .. .. (5)
and A=71cosf or yYsin@=2rcosf .. .. .. (6

Hence we get the well-known result that the principal surfaces of a normal
congruence correspond to the parametric curves on the unit sphere.
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If =0 and = = 0, then (5) and (6) are simultaneously satisfied. Hence
we get

TerorREM 16. The principal surfaces of a rectilinear congruence cutting the
director surface at a constant angle will correspond to the parametric curves on the
unit sphere if the guiding curves be both geodesics and lines of curvature.

Now ag+ce—f (b4+b') = Hh (B cos 0—k,).
Therefore, the director surface will be the middle surface of the congruence if
B cos 6—k, =0,
i.e. k, tan2 6—¥' tan 6+J =0 .. - o (D

Hence we immediately get the well-known result that the director surface of a
normal congruence coincides with the middle surface when and only when it is
minimal.

As 0 is constant, the roots of the equation (7) should be constants and hence
the sum of the roots = ¥'/k, = const. and the product of the roots = J/k, =
const. gives ky/k, = const. Hence the ratio of these ratios ¥'/k, will also be a
constant. Clearly, these conditions are necessary but not sufficient. Hence we
get :
THEOREM 17. If the director surface of a rectilinear congruence cutting it at a
constant angle coincides with the middle surface, the ratio of the curvature of the
guiding curve to the geodesic curvature of its orthogonal trajectory and the ratio
of their curvatures at each point will be constants.

THEOREM 18. If the director surface of a rectilinear congruence cutting it at a
constant angle coincides with the middle surface, the ratio of the curvature and the
geodesic curvature of the orthogonal trajectory of the guiding curve at each point
is constant.

The limits are the roots of the equation

h2 v2 4 Hh (B cos 0—k,) r—H2[k, B cos 8+} (A—7 cos §)2] =0 .. (8)

The focal distances are the roots of the equation

h p2+(B cos 6—k,) Hp4+H cos 8 =0 .. . )]
The parameter of distribution 8 is given by
B (e duz+2f dudv+gdv?) = AE cos 8 du2++/EG (B cos +k,) du dv+Gr dv?.
Therefore, the developables of the congruence are given by

AE cos 0 du?++/EG (B cos 8+k,) du dv+Gr dv? = 0.
The principal parameters are the roots of the equation
h2B2—Hh (A —1 cos 0) B+H2[ A7 cos 60—} (B cos 0+k,)2) =0

Therefore, the product of the principal parameters

= (H2/h2) [A7T cos 6—1 (B cos 6+k,)2] .

Also, the square of the focal distance
= gquare of the difference of the roots of (9)

= (H2/h?) (B cos 8—Fk,)2~—~4 (H/h) cos §
= —4 (H2/h2) [ A7 cos 6— (B cos 6+k,)2].
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Hence we get the result that four times the product of the principal parameters
is equal to the negative of the square of the focal distance, which is known to be
true for all rectilinear congruences.
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