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1. InTrRODUCTION

A spherical wave of explosion expanding outwards, and with a shock surface
as wave front has been studied by G. I. Taylor (1950), G. C. McVittie (1953) and
J. L. Taylor (1955). These spherically symmetric solutions have been found to be
appropriate for strong shocks only. Z. Kopal and others (1951) have worked
similar solutions for explosions in stellar bodies. While most of the previous
attempts have succeeded in reducing the non-linear partial differential equations
to a set of ordinary differential equations solvable by numerical methods, J. L.
Taylor succeeded in getting an analytic solution of the partial differential equations
applicable for strong shocks. In the present paper it is shown that it is possible,
proceeding on the line of J. L. Taylor, to obtain a set of spherically symmetric solu-
tions of the problem which are applicable both to strong and weak shocks in terms
of analytic functions. But the external medium in which such waves may expand
should have a definite pressure law, namely that the pressure should fall as inverse
cube of the distance from the centre of explosion. The solution is not directly
applicable to terrestrial conditions but gas configurations of appropriate condition
may be envisaged.

In the present solution the energy of the expanding wave has been supposed to
remain constant.

2. EqQuaTiONS OF THE PROBLEM AND BoUNDARY CONDITIONS

As equations governing the flow behind a spherical shock we write the equation
of motion and equation of continuity

ou, ou, lop
a et =0 e @
op, Op ow  2u)
a+“5;+”(5;+7)‘° o @
and further assuming adiabacy
2 z) 2(2_)_
at(p)’ +u6r = =0, . . -« 3)

where u, p and p are velocity, pressure and density of the gas at a radial distance r
from the centre at time ¢; ¥ is the ratio of the specific heats. No gravitational
force is considered.
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This motion will be supposed to be bounded on the outside by a shock surface
at r = R(¢), which will move outward with velocity
dR

V=~d——t,

_ If ahead of the shock the undisturbed pressure and density be 1y, £ and those
just behind the shock p;, p;, then we have the following Rankine-Hugoniot con-
ditions at the shock surface:

(r—=1+(r+ly )
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and
pVur = p1—po = (y—1)po, o T )
where
_n
Y Po
From (4), (5) and (6) we get
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Equation (5) shows the well-known property that the mass particles behind the
shock wave move with a velocity less than that of the shock front. Hence the mass
confined within the shock front at any time ¢ must be equal to that contained within

the surface of radius R in the undisturbed state, where R is the radius of the shock

wave at time {.
If we denote this mass by m we have

R
4 Ro+3
’m=4‘rrj\ portdr = __7_Tp_c___’

Uy

)

o+3
0

where we have taken
po = pt*, pc being a constant. .. .. .. (10)

We should take a+3 > 0, so that the limits of o are —3 < & < 0.
Next let us seek solution of equations (1), (2) and (3) in the form

u.—.—’»t'U(-q), O 0 § §|
p = rXt2-2P(y), .. .. .. o (12)
p= th’\.Q(n), .. . . .. (13)

where
17.—=r"t” . .. . . (14)
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The constants K, ), @, and b are for the present kept open and are to be deter-
mined from the conditions of the problem.

The total energy ¥ of the disturbance consists of two parts, namely, the kinetic
energy

R
KE = 4#J $pusre dy,
0

and the heat energy
PR

HE. = 417J J—Ll r2dr.

1] r2dr.

K+5

’I’]
W=‘f—§] [ Uy & I

0
Hence the total energy

R
1
Y = 4x JO [Q pu2+ yip—

In terms of the variable n we get

K+3

+-— Py @ 77 "‘*“’]dn, .. (15)

where 7, is the value of 5 at the shock front.
We choose the shock surface to be given by 74 = constant. This choice fixes
the velocity of the shock surface as

V=-—

b R .
=3 .. (18)

and exhausts all cases of spherical shock surface moving according to a law R oc t*.
We now introduce the condition that the total energy of disturbance within
the shock surface at any time ¢ is constant. This by (15) requires

,\—-2-—2(K+5)=O. . .. o o1
Let us assume the undisturbed pressure to be given by

po = prB, .. .. .. . .. (18)
where p. and B are constants.
Let the Mach number at the shock front be defined by
Ve bt p, RO+2-8 :
2 vp B . .. o (19)
Substituting (11), (12) and (13) in the Rankine-Hugoniot conditions (7), (8)
and (9) and solving for U, P and @ immediately behind the shock, we get

2b 1

pRB-K-2-2+2

P(ng) = o)

[27/M2—(y-1)],. .. .. (21



FOR AN EXPLOSION WITH SPHERICAL SYMMETRY 423

and
(v 1)p. M2
{10) = R (1) 12 2] =

The right-hand sides of equations (20), (21) and (22) are functions of %, alone if
M, RB%-%72*2% and R®~* depend on 7, only.
From (19) we find that M depends on 7, if

°‘+_2;ﬁ=‘g, N =)
and then from (21) and (22) we get
ohrae K
From (17), (23) and (24) we have
B=—3, .. o . .. .. (2B)
also
d_TlER e

Without any loss of generality we may choose one of the four constants
arbitrarily, let us put K = «. Then from (24) we get A = 0. Such a choice of K
and ) ig consistent, with equations (17) and (26).

We have in fact

K=a;, ) =0;a=—(@+d); b=2... .. .. (27
Thus from equations (20), (21) and (22) and (11), (12), (13) and (14) we obtain
i 2
_ 4770 fl+5ta+5 ) [ —L]
w="tory m (28)
__B 2B
P, S8
- ey ME—(y— .. ..
P o [erar—-1), (29)
x>
_ (Y+1)P;;M277 a+5 ta+5
R T T EH L 60)
in which
e 4. 1 (31)

= («+5)%p, M0

is a constant. We may now calculate the velocity of the shock

T @t+5) Ve
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3. SoruTioN oF EqQuaTioNs (1), (2) AND oF (3)

The condition inside the wave will be obtained from the solution of the

equations (1), (2) and (3).
From equation (13) we get by differentiation

o A b k ,
m=7 Tt " 8 (m)

and

o0 Kp a ,
5=t Q).

Eliminating Q'(n) and ¢ from (32) and (33) by using (16) we get

op r op 14
Treating equations (12) and (16) exactly in the same way we get
op r Op 14

From equations (1), (2) and (3) it can be shown that
08 1 0

-a? 728—7:(1'271]):0,
where
F = 12—Pu2+')—’—§—-1
and
Yp
= lpy2a £
I =1pu +'y_.1'
Now
__6
E=t * o)
From equation (39) we get
a_@'_ _ 6 I_ﬂ’ 2 r OF
ot a+5't atb't or’

We choose F(¢) to be equal to zero, and obtain
E  atb5 ut

— e

I~ 2 ¢

(32)

(33)

(34)

(35)

(36)

(37)

(38)

(39)

(40)
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Combining this last equation with equations (11) and (26) we get

v _E r
V=T & .. .. .. .. (4]
Let
% , r_ .
7= andR—r,
then from equation (41), we have
1 P
= u2
u = 2 +(Y_I)P.
1 o’
ey 1
5 e,
solving for L we get
p
Y=l e oY
P 2 Yu' —r
=O.u'2.%, N 70)

-1
where we have put C = ?—2—~ .¥2, which, however, is not constant.

Combining (2) and (3) we have

1 op_ v-1 6P_ 1 op,r—1 op 1 ou 2
3w s T atw @ ww B

Replacing aat and % on the right-hand side by means of equations (34) and
(35) we get
aly—1)+1 _ 1 a_u
1 op v—1 op 2 R V' or

p'é—;—_ﬁ—'gr T r_u (44)
RV
We integrate (44) with respect to r and get
—y— =02 =) feY, . N (%))
p
where " is a function of time, and
X —
log f(r') = a(y—1) J T
1
Solving for p and p from (42) and (45) we get
2 2 1 1
= Oy (v —u') 27 (w'r) 87 (v’ =27 [f(')] 2~ .. .. (46)

Py 1
and

4 -1 _ 2 2-% i
== Og(r —u') "7 (o' —r )2y ' T2y ue=Y [f()] 27 .. . (47)
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where €y and Oy are determined from the value of u; as given by equation (28).
We have in fact

2 2 1
Oy = (1= ()7 (vu; —1)" 27

and .. .. (48)
4 7_ 2=y
Gy = (1—ul)FF (yu —1) " EF4] ™ 27,
4 ul
where U=
From equations (2) and (34) we get
1 or 1 ouw 2 o
P Tr—waw Tv—wy Tr—w

Using the value for p from equation (46) in this equation we get

2 1 . au'] 2 1 aw 1
Iy r=u" T | 2=y u"_ép+?

PR [y

2—y yu'—r or’
1 ou 2 2 1
=r'-—u"W_?+r' '+2 Y —u 49)
The solution of equation (49) can be written as
’ ’ ’ 3y—1 ' ’ ’
2log u' = y, log v+, log (r ~ %55 .U ) +x, log (Yu'—r')
’ 3'}’—1 ’ ’
+ 2logu, —x, log{1— poar A —xglog {vu, —1), .. (80
where
_ —2(a+5) (v—1)
X1 = 3y—1
_ 7 (—4a—13)+¥(—6ba—202+4T) —20—12
e = @r=1) @+ +1)
_ (a+5) (=1

37 2yday4l

Equations (46), (47) and (50) give the solution of our problem. They con-
stitute a rigorous solution of the non-linear equations (1), (2) and (3) in which the
shock front moves characterized by the constant Mach number M. The value of
this Mach number is unrestricted and may be large or small. But the unsatis-
factory feature of our solution is that it is only applicable to the case in which the
pressure in the undisturbed region varies as the inverse cube of the distance from
the centre of explosion; « being undetermined the density law is open but there is a
range for the value of «, namely —3 < a < 0.

4., NUMERICAL INTEGRATION OF EQUATIONS

Integration has been effected in a particular case to get a numerical solution.
The undisturbed gas has been taken for purpose of integration to be a mass which
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can be in equilibrium under gravitational force, though we have not considered
gravitation for propagation of the wave. Substituting in the equation for equili-
brium

1 d(r2 dp
= a (;- d7) = —dnGp,

the law of variation of p (inverse third power of r), one finds that p should vary as

5 .
inverse g power (az = — Q)’ s0 that the undisturbed gas mass behaves as a polytrope
5. Integration hag been performed for a strong shock taking M2 = 100, and ¥ = g .
The variations of the velocity, pressure and density have been given in Table 1.
TABLE 1
i ,
” 1 0-9 0-8 0:7 06 | 05 0-4

u’ 0-7425 | 0-6788 | 0-6149 | 0-5507 | 0-486 0-4208 | 0-3548

2 1 0-6735 | 0-3955 | 0-1861 : 0-0588 | 0-0078

|

L 1 0-9121 i 0-7586 | 0-5352 | 0-2743 | 0-0670
P i
| |

5. CaAsE oF CYLINDRICAL SYMMETRY

The problem of explosion along a line in a gas cloud may be treated in the same
manner. As in the case of an explosion with spherical symmetry the gas cloud has
for this solution a definite pressure law, and it is found that in the case of a cylindri-
cal shock wave in a gas medium the pressure in the undisturbed medium should
fall off as the inverse square of the distance from the line of explosion. As in the
case of spherical shock wave the density in the undisturbed medium is of the form
(10) but with restriction on the value of a, namely —2 < a < 0.

In the case of cylindrical shock wave, the equation corresponding to (2) is

d, dp, (ou ﬂ_
—a—i+u5;'+P (a-{-; =0 .. .o . (20/)

the corresponding total energy within the shock wave per unit length is

3 7o K+4 b
1 P R 1 o wl A= 2= = (K+4)
2 Y SUIE S =7 2200 b a +
’TL [2pu +y_1]rdr 5 J [2U9n ¢ .
®

1 K2y o likey
+)—}—_—-1—.P7] b t é d'q,

the equation corresponding to (17) is

»a~gm+@=a.. e .. .. (17a)
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The equations corresponding to (25) and (26) are

=2 .. . .. .. .. (26a)
and
a  ~(a+4)
= . .. .. .. (26a)
Corresponding to equation (27) we have
K=0;A=0;8=—-2;a=—(a+4); b=2. .. .. (27a)
The equations corresponding to (36) and (39) are
oE 1 9
and
o4
E=1t *to@) .. .. .. .. (39a)

whereas the equation corresponding to (44) is
ay—=1+1 1 ou

19p v—1 8 1 R V:or
5.5;—75;-——;— 1 ” e ..(4:4:(1)
RV
Finally we get
p .z _2 _.1 1 S
;,;=01(r/_u/) 2-y w 2-y ’ 2-v (,),ul_r/)Z—Y[f(rl)] 2—-7. . (464)
_Y_ 2=z 1 y-1 -1
§=02(r'—u'> TR B o =TT f(r)] 2T .. (470)
1
where
, dr’
logf(r)_ot(')’—l)J r—
1
2 2 -1
Cr= (1=u)* " w77 (yu—1) =7
and R .. (48a)
Y o _2-2 _r-1
G = (1—w)* 7w, *7 (1) *
where u1=u—V1
and
2log u’ = X; log r'+Xs lo (r’— =1 u')+xl !y’
gu’ =X, log r'+X; log i s log (yu'—1')
21 tog (1= 2221w ) —xq tog (yu
+2log ug—Xglog |1~ o . Uy ) —Xg log (yul—l), .. (60a)
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where
—(a+4) (y—1)
2y ~—1
X _ Y(—a2—4a—8)+8Y—a—6
2T @r—=1) (ar+2v+1)
X _ (et (r=1)
37 oytay+1

Equations (46a), (47a) and (50a) give the solution of the problem of a line explosion
with cylindrical symmetry.
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ABSTRACT

A case of explosion with spherical symmetry has been worked out by solving directly the
partial differential equations, the solution being applicable both to weak and strong expanding
shock surface, the Mach number of which remains constant. Constancy of the total energy of
explosion has been assumed. The solution, however, is only applicable to a gaseous medium
where the undisturbed pressure falls as the inverse cube of the distance from the centre.

Analogous treatment of a cylindrical wave is also shown to be possible.
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