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The Thomas-Fermi statistical model of the atom (hereafter referred to as TF),
devised to obtain a self-consistent potential and electron distribution around an
atomic nucleus, was employed for the first time by Slater and Krutter (1935) for the
study of metals. Later it was realised that the results of the Thomas-Fermi theory
could be applicable to other elements also at such high pressures at which the
detailed influence of the outer atomic structure would be obliterated on account of
‘pressure ionisation’. Recently March (1955) has obtained the equation of state
of elements at very high pressures from the Thomas-Fermi theory. He has made it
clear that the pressure on the TF atom is simply that which would be exerted by a
free electron gas of density equal to the TF density at the atomic boundary ; so that
it would, for our purpose, suffice only to determine the boundary value of the TF
function ¢(z), instead of obtaining a complete solution for ¢(x) inside the atom.
To this effect March has made use of an ingenious method, and his results suggest
certain modifications to be made in the formulae of Gilvarry (195456) who had,
rather intuitively, fitted the available numerical data with the boundary functions
having the correct limiting forms.

The TF equation used by March was, however, non-relativistic, whereas it is
well known that the relativistic effects become significant at extremely high
pressures which are of interest in astrophysics. An attempt to use relativistic
Thomas-Fermi equation to determine the electron density at the atomic boundary
has recently been made by Murty (1956) who based his equation on the ‘density of
states’ derived from Schrédinger’s equation. However, to obtain a correct relati-
vistic TF equation it would, according to Gilvarry (1954c), be more appropriate to
use the ‘density of states’ derived by Rudkjébing (1952) from Dirac equation for a
spherically symmetrical potential.

In this paper we have obtained the equation of state of elements from the
relativistic Thomas-Fermi theory based on Rudkjébing’s expression for the ‘density
of states’. Both extreme relativistic and non-relativistic approximations have
been considered. For the present we have confined our attention only to the case
of ‘extreme degeneracy’, reserving the consideration of elevated temperatures for a
subsequent paper. It may be added that so far we know of two forms of equations
of state. One is that obtained by March (1955) from the non-relativistic Thomas-
Fermi theory which, though takes account of the ‘electron-nucleus’ and ‘electron-
electron’ interactions, ignores the relativistic corrections which are significant at
very high densities. Another equation of state which is due to Chandragekhar,* is
that of a completely degenerate free electron gas which takes account of the relati-
vistic effects but ignores the ‘electron-nucleus’ and ‘electron-electron’ interactions
whose contributions are significant at comparatively low densities. The present

* Chandrasckhar, S. (1939). Chap. XI, pp. 415-16. Egs. (16), (17) and (18).
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paper is an attempt to incorporate both ‘relativistic’ and ‘electrostatic’ corrections
into the equation of state.

2. TuE RELATIVISTIC THOMAS-FERMI EQUATION

According to Rudkjébing (1952), the ‘density of states’ n(r, E) dE of electrons
with energies between F and F+dE at a distance r from the origin of reference,
where the potential (being spherically symmetrical) is V(r), is given by—

27%
n(r, B) dE = o, [(E+eV)2—m2c4—- (re Cfi—l:) ] (E+eV) dE, (D
where o, = 7@83—:5 .

/ \2
The term (re CZ—I:) in n(r, E) dE is due to the ‘spin orbit interaction’ and

appears as a result of using Dirac equation.
At temperature T the electron density at » would be given by

, E) dE
p(r)=J1—"(—T—2~—.. @
Elzexpk—q—,+1

2
where E; is the lower limit to E, such that %(E’ +eV)2—mect— (re %l:) } vanishes
for B = E;.

Putting
E—mc2+eV
Y
A= exp ]%'—, ,
av
re— s = A,

and denoting the values of u for E = E,, and E = E; by u, and w respectively,
we get

" &
du
p(r) = oy (KT)3 LI oxp (—ugtw) £1 %% (8

where
2me? pUAN b
—_ 2T e —
X“%[“ +r v szz] '

Since y would vanish for # = u;, the integral in (3) can be evaluated by using
Sommerfeld’s lemma,* viz.

® dx
du du = y(ug)+2[cox" (Ug) gy {ug) . ...], .. @)
ulex_p (—u0+u)+l 0 2 4 0 ’

* Chandrasekhar, S. (1939), pp. 389.
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Tt

12 s 04 = 255 ) and so on; provided u#y > 1.

where ¢; =

Proceeding in this way, and substituting for %4 and A, we get

8 av\*|¥
p(r) = 3——‘}&:03 {(E,+eV)2—m2c4-— (re H?) } X

av\?
(kT2 2E +eV)2—m2et— (reTi—r—)

x|1+ (5)

.;(E,+eV)2--mzc4 (re‘ﬂ;) }

This expression for p(r) (the electron density at r) yields at once the ‘temperature
perturbed’ relativistic Thomas-Fermi equation when substituted into the Poisson’s
equation, viz.

VeV (r) = 4mep(r). .. .. - .. (6)
Taking the potential inside the atom to be spherically symmetrical and intro-
ducing the dimensionless variables ¢(z) and « by
Ze?
— 8(r) = (Bp—mct+eV) = e(V—Vo),

and .. oo (7
2

ar=r, where a=-—,
me2

we get the desired equation as—

L () (2

]
et

Z

X P 8
i i
B x x de x
where
A= 3272720
= 3
and .. . .. 9
2mc?
B=—Za Ze ¢

2
This equation, with the neglect of the ‘spin orbit’ term, viz, (% - ;é) , reduces to

Murty’s equation.

We shall consider here only the case of ‘extreme degeneracy’, i.e. when %y, — 0.
In this case the temperature dependent term in (8) can be neglected and we can
write the equation as—

24\ ¢9{1+ﬁ: (g%_)z}”_ e (10)
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The solution of this equation should be found for the boundary conditions

2 (2 _ dio)
() (%)%_x—oo’%., ey
and (i) ¢(0) =1,

where x, corresponds to the boundary of the atom.
Following March (1955), we assume, for ¢(z), a Taylor’s series solution about
the boundary point, i.e.

L]

$@) = $lm)+ D hmo—a)n .. .. .. (1)
where )
_ (=17 (d~¢
o= (d_x_")%. L a

With the help of (13) we shall obtain terms up to 5 in the expansion and then
find ¢(x,) from the condition that for x — 0, ¢(x) goes over to unity. Although the
Taylor’s series expansion will not be strictly convergent for values of z in the neigh-
bourhood of zero, yet it is usetul from s practical point of view as a semi-convergent
series.

The coefficients up to 5 are

tl _'¢—(xx()o_),
_ 1 ¢3(x0) Bz, )3
tz—zz\ xg { ¢(x0)% ’
A, Bu 2 |
=TT {l+¢(xo)f' P g
L By 18y _9) RO
== )2 A T
hEg V' ea) (173)-5 z Vet
N80 §,, Bro )% {0\, 3 1a8Tw0) {1, B )i
BETH et (1-3) 4 2 V)
Bo
where a=~——-——¢(zﬁ0a): .
0
By

We have to find ¢(z,) from the condition

‘11_13)[%+zt —x] O 4 1

Considering first only the terms up to #3 in (15) we get—

¢8(z0){1+£z2)}?§' R 1)
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The value of ¢(z,) as given by (16) will be denoted by ¢*(xy). To obtain a more
appropriate value of ¢(z;) we may next consider in (15) terms up to #; and in the
last two terms put ¢*(x,) in place of ¢(x,). Thus we get for ¢(zy)—

Brg 123 9 ( 1 1% it
v it =3[ {2 () s ] 0o

Though it appears difficult to use (17) as such to find the equation of state of
elements, it seems convenient to do so in two different approximations which will be
referred to as ‘extreme-relativistic’ and ‘non-relativistic’. In the former case we

1
shall have Pz
2.3t

approximation as—

weofifint =25 G AT -0 ] o

and in the NR approximation as—

By |1} 3 9 (N8, ¢ 2.3t ik
peo il =3 -5 () e o ] o9

where we have retained the lowest order terms in both cases.

]
<1, and in the latter ;‘—'%%>> 1. (17) can be written in the ER

3. THE PRESSURE AT THE BOUNDARY OF A RELATIVISTIC THOMAS-FERMI
ATtoM

The pressure at the boundary of the atom will be given by

a

p= ij In (1+A exp— ];ET) niry, E) dE, .. o {209
Ei
where 1y is the radius of the atom. Substituting for n(ry, £) and remembering that

(ﬂ) = 0, we get, on integrating by parts,
dr o

P= ghice @D

8 r {(E+eV(rg))2—m2ct}* dE

B
E; exp kT +1
Introducing a variable u as before we get—
pad du

87 B du

= . 44 [ SR

p_3h363kTJ oZp (a—wg 1 * - o (22)
% I

where

dp 2me? )%
ﬁ_(uy_wu - %)

Using Sommerfeld’s lemma we get on substituting for g,

__ mAch | 4n2kRTe n(l+52)} ]
D= 3h3 f("’)[ T m204 f(‘l]) M
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where
fn) = (293—37)(n2+ 1)} —3 sinh 'y,
and _ {(E,,,+6V(7'0))2——m2c4}’} - .. (25)
= me? )
Making use of (7) we have, for 5, the expression
2 B, }é
= o 1 . .. .. .. (26
n= $(o) { *5z0) (26)

As we are considering the case of extreme degeneracy, we shall neglect the tem-
perature dependent terms in (24). We have thus for the pressure on the atomic
boundary

amied

p =

where 7 is given by (26).
In the ER and NR approximations respectively, n can be expressed as

2.3t 3 ’xég NE TN
= | ==z 4 — 2= R S o (2T
k /\iﬁxo[ 10(3) e 5<3) e
%
for )\ﬁ-’”0<1
and '
2.3} 3 2.8 30 9 A e
= —— — e = e (28)
"—Aiﬁx [1 20( )B 0( A§52x§)+ 20 400 (3) Ao @8)
ﬁxo
for >1.
' 3A%>2 57
9.3t
Introducing the parameter 5, = ;' 3 , we can rewrite (27) and (28) as
Lo
3 (A} 1 6 (A} ”
= R e [ = . (2
7=, [1 10(3) Ut 5(3) % ] (27a)
for 5o > 1 (ER approximation), '
and s e
' 3t x 35 5 3 (,\_) ] 08
n=n0[1 L (1+ ”0)+°0’\_166770 .o .. (284)

33
for g’:—g— <7, K1 (NR approximation).

According to Chandrasekhar,* f(n) can be expanded in the two approximations
as

fin) = 27— 2q2—3iu2n— 140 (;71;) for 31|
and J

5
f) = 775—‘177+377°—§§77 ... for <1,

(29)

* Chandrasekhar, 8, (1939). Chap. X, p. 361.
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In terms of 54, the above expansions can be written as

ot 1 6 /a\t 99 /At
f(n)_2170[l—-1~]—§-—5(§) +5—0(§) ] @)
for 7o >> 1’
and
8 5[, 3¥at 5 3%/\*252

for ——-<7)o<1

Defining p,, the density of the material, by ;—é@— where 4 is the atomic

5 (azo)®

weight of the element and my is the mass of the hydrogen atom, we can write the
equations of state of elements in the two approximations as

he ( Zp,, |4 (3)\} 1 6 (4Z%\% 99 (4Z%\%
s (O [ e 2
+higher terms in « and ;]1—] .o (32)
0
f0r770>1,

an
_ M (3\E(Zp,\§[ _ (3Z%\}a i oy 1 (322 1e?
p“%(@) (AmH (2-; mn 147 5(21; 72

72
+ + 3 $ a2+ higher terms in 2 ,mpand al .. (33)
247 Mo

32472\ % «
for (T) g <m<L

o2
where o0 = = fine structure constant,

and

A
. * 81rm3c3 Z mH A
0 = .ﬁ. where B = _—3_71,3——— = 982 x 105~Z— ng./C.C.

Eq. (32) holds in the extreme relativistic approximation when the densities are
very high (3108 gms./c.c.) so that 7> 1. The second term on the r.h.s. of (32)
appears on account of the deviation from the extreme relativistic limit while the
third and fourth terms appear as the ‘electrostatic’ and ‘spin orbit’ corrections.
We see that in the extreme relativistic approximation the ‘electrostatic’ and ‘spin
orbit’ terms are very small, being of the order of « and a2 respectively. By writing
the equation of state for the ER approximation in the parametric form as (24a)
and (27a), we see that it differs from Chandrasekhar’s equation of state of a com-
pletely degenerate electron gas only through terms of the order of the fine structure
constant,

Eq. (33) holds, on the other hand, in the non-relativistic approximation when
the densities are <€ 108 gms./c.c. However, for densities so small (<04 AZ gmg./c.c.)

8s
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32472\t o : - . . .
that 9y < - ) 0 (33) loses its validity. Comparing (83) with the equation
of state originally obtained by Kothari (1938) in a parametric form from his theory
of ‘pressure ionisation’,* and later by March (1955) from the non-relativistic T
theory, we note that our equation contains some additional terms. Of these, the
third term, which appears as a relativistic correction, is very significant particularly
at high densities (/v 105 gms./c.c.).

The following table gives, for various densities, the percentage correction on
account of the relativistic terms to the pressure obtained from March’s equation.
(The calculations have been done for Z as 10).

P in gms./c.c. 70 Percentage correction
102 03706 17%,
108 07986 -349,
104 1720 1-259,
108 -3707 4869,
5% 105 6337 11-479,
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ABSTRACT

In this paper, the author has obtained the equation of state of elements at very
high pressures from the relativistic Thomas-Fermi equation based on the ‘density of states’
derived by Rudkjébing (1952). Both extremse relativistic and non-relativistic approximations
have been considered. Attention is, however, confined only to the case of ‘extreme degeneracy’.
The effect of ‘exchange’ is also neglected as it does not invalidate our results for high pressures
and high atomic numbers.
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*If we take in Kothari’s eq. the constants vy and vy to be o and —; respectively,
instead of taking them equal to unity, we find that it becomes identical with March’s equation.
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