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1. INTRODUCTION

The equivalent charge method in the general theory of composite charges
was first studied by Clemmow (1920, 1951) and Corner (1950}, Their method has
been recently generalized in a paper by the present author (Xapur, 1956a). This
paper will be referred to in the present paper as Part 1.

The definition of the equivalent charge we adopted was that the ballistic
equations should be the same for the equivalent charge and the composite charge
both during the period of burning of the charge as well as in the period after ¢ burn’c’
and we tried to derive the shape, size and composition of the equivalent charge
from this definition. However, since the shape, size and composition are defined
by means of a number of parameters, viz. F, (', D, B, «, 8, b, 8, 7, it is obvious that
all these may not be determined from the four fandamental equations of Internal
Ballistics. Actually we find that while all these quantities can be determined,
some of these do not come out to be constant during the burning period, though we
are able to show that after ‘burnt’ all these parameters Lave constant values.
This is what we expect on general considerations, since during burning, the com-
position of the product gases goes on changing due to the different proportions in
which the component charges burn till at any time ¢, while after burnt this com-
position remains fixed.

The equations of Internal Ballistics can be integrated even in the most general
case when some of the paramesers vary with time. We discuss this integration in
the present paper and are able to show that all the cases discussed so far by
Aggarwal (1955, 1836), Venkatesan (1956), Venkatesan and Patni (1953), Kapur
(1956b, 1956¢), Tawakley (1956) follow as particular cases of our general system.
It is, however, obvious that the integration would be considelably simplified when
the parameters are constant throughout the burning period, for in this case, all the
classical methods of Internal Ballistics can, with the help of the theory dev eloped
in Part I, be easily extended to apply to composite charges. It is, therefore, of the
utmost importance that we investigate the cases when all the parameters for the
equivalent charge have constant values. We call this the existence of the equi-
valent charge ‘in the strict sense’. We find that the conditions for this are satisfied
in, among others, the following important cases: (i) when the component charges
have the same composition but have possibly different shapes and sizes, (ii) when
they possibly have different compositions, but have same ‘effective’ sizes and
shapes, (iii) when covolume correction terms and variations in 7/s can be
neglected.

In the more general case, when an equivalent charge does not exist in the strict
sense, we find the best possible average values of the varying quantities. Since the
effect of some of the quantities like the covolume correction terms is in the nature
of a correction and the effect of taking the variation in these terms into account
would be in the nature of a correction to a correction, such average values should,
in practice, be quite satisfactory.
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In section 7, we have extended the theory developed in Part I for the pressure-
index law with same pressure-index to the case when the component charges burn
according to the experimentally and theoretically more plausible linear law + =
a+bp and investigated the conditions for simultaneous and non-simultaneous burning
out when a and & for component charges are same or different.

2. THE BASIC EQUATIONS

The four basic equations of the composite charges are:
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and m; denotes the number of gram molecules per gram of the guses produced by
the burning of the ith component charge.
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The basic equations for the equivalent charge are:
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where
’ Bl’ 7 18
Bz=*1—)‘:,ﬁ =E . . - .. (10)
Without loss of generality, we assume
B> > >8, .. . . .o (1)
80 that
’ 4 D Dn
B:Bnorg=4 .. .. .. oo (12)
Now (1) and (3) will be identical, if
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In virtue of (17), we easily verify that the dynamical equatious (4) and (8) also
become identical.

Now for the equivalent charge, we determine ¢ from (17), & from (16), Q from

(12), ¥ from (15), b from (14), F from (13) and finally form-function ¢(f) from (3),
(7), (9) and (13).

In Part 1, we determined ¢(f), but we did not determine band v. We stated
that these may be determined from Thermodynamical Considerations. We also
implicitly assumed these to be constant. We find, however, that we can determine
these from purely ballistic considerations also and that as (14) and (15) show, these
are not, in general, constant. We find, however, in the next section some important
cages where these are constant and where, accordingly, the integration of the
equations of Internal Ballistics is considerably simplified.

3. SOME CASES WHERE THE EQUIVALENT CHARGE WITH CONSTANT VALUES
FOR ITS PARAMETERS EXISTS

Case I: When all the component charges have same composition (Clemmow’s case)
Tn this case, making use of the above equations, we get, for all values of ¢,
F=F,—,‘Y=‘}’;,,8=ﬁ,-,3=8,—,b=b,~,m=m,— . . (18)

so that equations (13) to (17) are satisfied if
Ci+Cotennn.. +0,=C .. . G 1)
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and
0121+0222+ ...... +C,,z,, = Oz .. . .. (19)

Equation (17) shows that the composite charge and the equivalent charge
burn out simultaneously, since at all-burnt

=2 =....=2,=g=1.

The case when all the component charges have the same composition is, in
practice, the most important. This was the case discussed by Clemmow (1920,
1951) and in this case an equivalent charge in the strict sense exists. The com-
ponent, charges, while having the same composition, can have different shapes and
sizes. The effective ballistic sizes will determine the order in which the different
component charges burn out and if these are also the same, i.e. if the component
charges differ in their shapes only, all the component charges burn out gimultaneously
and we get the interesting result that the form-function of the equivalent charge is

2= (1—=f) A+6f+¢f®, .. .. .. .. (20)
where
>0 > O
0= =} ==t N 1 §)
i=1 iZI

Thus if we have two charges of the same composition and ballistic size, one in

the form of tubes and the other in the form of cords, a suitable choice of % would
2

enable us to get a composite charge which will behave as a single charge with any
desired form-factor 8(0 < 6§ < 1).

CasE IL: Charges with same effective ballistic sizes and same shapes but
possibly with different compositions

In this case (9) gives

f1=f2=......=fﬂ=f,
and since the component charges have same shape
Y=L TR L. =Ry =2 .. . o (22)
In this case (13), (14) and (15) give
F.C, FC :

> i = =1 (23)

n ) 1 1
A_]O‘(‘“S"):O("S) L 2

" '_O‘ 1 n o
‘y‘,.__]_ =7;—1 myCy .. . .o (25)

Algo from (16) and (24)
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Thus in this case, the equivalent charge exists in the strict sense. For it we
determine C from (17), ¥ from (25), F from (23), 8 from (16), b from (26). Tts shape
is the same as that of each component charge and from (22) all the component
charges and the equivalent charge burn out simultaneously.

Casg IIL: When covolume correction terms and differences in ratios of specific
heats for the component charges can be neglected

In this case, we assume
DY1=Ys=.c.... =V, .. .. . .. .. .. .. (27a)

S
5= by =

(ii1) pressure-index same for each component charge.

(i) by by =bﬂ—8~1-=0 N C1 (3

These are the usual assumptions for the solution of the equations of Internal
Ballistics for composite charges [Venkatesan and Patni (1953), Kapur (19564, c,
1957), Patni (1955), Aggarwal and Mehta (1955), Tawakley (1956)]. Subject to
these assumptions equations (13) to (17) are satisfied if we take ¥ for the equivalent
charge to be equal to the common value in (27¢) and covolume for the equivalent
charge equal to its specific volume.

Thus subject to the assumptions stated, an equivalent charge exists in the
strict sense in this case also.

CasE IV: When covolume correction terms are proportional to the force-
constants and the differences in ratios of sgeoiﬁc heats for the component
charges can be neglected (Corner’s case)

Here we assume

I O -
({i) —g=—ty= = (28b)
bi— =  bg— = by— —
181 282 811

In this case € is determined from (17), 8 from (16), F from
01F1+02F2+...-W”F"=0 . . .o (29)

and ¥ is the common value in (28a).
F

1
b—3

is common value from (28b) and knowing F and 8, this determines b. The forql-
function is determined as in Part I.  Thus, in this case ulso, an equivalent charge in

the strict sense exists.
4. AVERAGE VALUES OF b AND y
In the general case, it is not always possible to choose the form-functions so as

s . 1
to satisfy (13), (14) and (15) simultaneously. Since the variations in ¥ and b— 5 are
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much less important than variations in F, we chose our form-function in Part I so
as to satisfy (13). Our object in the present section is to choose such average values
of b and ¥ so as to satisfy (14) and (15) as nearly as possible.

From (9) and (13), during the rth stage of burning,

2= A, 4B, (1=)—C, (124D, (13, .. .. (30)
where
A, =1— z X
B,= > Ak (1+8i+4)
= (31)
0, = 2: N k2 (Bit24)
D= > k3
and
3 = F,04/(vi—1)
FOO=D\ tizv2m] .. . @
-
* ﬂl
Similarly from (9) and (14)
z=4,'+B,' (1-f)=C/ (1-f)2+D, (1-f)3, .. .. (33)

where 4., B,’, C,', D,’ are obtained from 4,, B,, C,, D, respectively by re-
placing ); by u; where
1
(b3

(b-— %) C

Equations (30) and (33) are not always the same except when (28b) is satisfied.

{, = =1.2,...,m) .. .. .. (34)

1
We choose b— 5 50 that the area under the curve (30) from f = 1 to f = 0 is the same

ag the area under the curve (31) between the same limits. This gives

” k,
z J [4,4B,(} =f)~C,(1~=f)2+D,(1 —f)8] df
r=1 _1_

r—1
=> J (4, 4B,/ (1—)—0,/0=f)2+D,/(1~f3]df. (35)
r=1 1
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Integrating, using the two lemmas proved in Part I, simplifying and remember-
ing that

1 1
IEE=0’ = 1,
we get
1 < FO, 1~ CF, 1 1~= CF; 0, 5 ~= CF,
(””5) [“Hy,_ﬁzﬂmz‘a L BT 27Tk
1 1
=y 1('—7 +5 T, —52 ;
=1 1 =1 1 =1
o
w Colb,— =)y
L5 _(_5_)¢} S (38)
12 k;
1=1
From (3), (9) and (15), we choose ¥ so that
. E
J [4,+B,"(1=f)=C,"(1~f)2+D, (1~ )3] df
r=1J 12
r=—1
R
=37-1-_1 j (4, 4B, (1=f)=C, "1 =f)2+ D, (1~f)3}df .. (37)
r=1 1_.1..

ky1

where A,”, B,”, C,”, D,” and 4,'", B,)”, C,”", D,’””’ are obtained from 4,, B,, C,,
D, by replacing ); by v; and p; respectively, where

mCy

o )7-_,-—1 ,

p=mC;[i=1,2,..;n] .. .. (38)

Vi
Integrating, using the lemmas and simplifying, we get

1 n 1 n ; 1 ” ple‘ 5 # p'l'[ll
7“_1[‘2”‘% A W +ﬁ; k,-]

i=1 i1=1 t=1

i=1

It is easily verified that in the four cases discussed in section 3, (36) aud (39)
confirm the results obtained there. '

In the above analysis, we used Corner’s method of fitting. If we want to use
Clemmow’s principle (which is applicable in the case of two component charges

1
only) we choose (b—-s) 50 that

z=A,'+B;(1—f)—0Cy'(1=f)24+Dy'(1-[)®
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passes through
1 B, (

f‘—‘l—*];]—,z"Al'f'kl %5 '];l;,

giving

I\[F.0, | Foly 1 202 7 FuCy s
(=5 [t g Ot = S e vt 2+ 25

F ( 1 1 1

1 1
“(bz“sfz) Oejp (e2+2¢2>+(b2 ) 0 "’Z] .. o)

It is easily verified that it gives results consistent with those obtained in
section 3.

We may point out here that just like the form-function (30), the 2—f relation
(32) is also continuous throughout and in general (32) is discontinuous at the end of
each stage of burning and would be continuous at the end of the rth stage if and only
if §,—i, = 1; in particular this would be satisfied if the rth charge is in cord form.
However, (32) cannot be regarded as the form-function. When f =0, (32)

gives
z2= Z i

which, in general, does not give z =1. However, (32) will become identical
with the form-function when either all the component charges have same composi-
tion or same ballistic sizes and shapes or when (28a) and (288) are satisfied.

5. SOLUTION OF THE EQUATIONS IN THE GENERAL CASE

From (1), we get during the rth stage of burning
FC
y=1 A+ B0 =f)=C.(1=2+D,(1-1)7]
—p] [A(x+l)—0 (b— %)[A,’-}-B,’(l-—f —C (=2 4D, (1—) 3]J

x[ A" +B,"(1—f)=0,"(1—f)24D,”(1—f)8 ]}
A% B, I=f)=C, " 1—f)2+D,”"(1—f)

+iWqe2, .. .. .. .. .. .. (41)
where
— Ol 02 On

Assuming the rate of burning proportional to pressure, we get, on using the
dynamical equation (8) and integrating,

AD
=Wﬁ(l—f) .. .. .. . coo (42)
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and

_ ADe daf
p=—gm0-Ng @)

Substituting from (42), (43) in (41), we get an ordinary linear differential
equation, the integration of which would give the relation between f (or v) and .
The solution is easﬂv obtained and is not being written here for reasons of space.
However, if we want to use a shot-start pressure assumption, i.e. if we assume that
the shot does not start to move unless a certain pressure p, is built, (42) isreplaced by

AD
v=gglth=hl

where fo is obtained from (41) by putting there f=/fy, 2 =0, p=p, v= 0, if
the shot starts moving in the rth stage and this stage is the first for which the value
of f, obtained from this equation lies between 0 and 1.

For the particular case of the quadratic form-function, the differential equation
reduces to the form

¢ _ WK, (a,” =) (b, +v)v
dv KK, (a,—v)(b,+v){a,’ ' —v)(b," +v)

_ —W I( 7 'U)(b l+v) /I(a ”""v)(b,.”'i"v)
— K@, =), +0)K, (@, —0)b, " +v) ’

(45)
where

§=1+il”.. Ce e (46)

(45) is an ordinary linear differential equation of the first order and can be
easily integrated to give ¢ as a function ».

The integration of (45) or the corresponding equation for the cubic form-
function can be simplified in the following cases:

(i) When covolume correction terms are neglected, K,” = 0 and (45) reduces
to the form discussed by Aggarwal (1955).

(ii) When covolume correction terms are considered, but we assume ¥; =

Yo =...="7, (45) reduces to the form
d_‘g‘: - le§ = - leKr,(ar’—v) (br,+v) (47)
dv Kr(ar_v)(br'i'v) Kr(a’r_v)(br'i'v) T o

an equation discussed by Aggarwal (1956).

The corresponding equation for the cubic form-function has been discussed by
Venkatesan (1956).

(iii) When covolume terms are neglec‘(ed and we also assume ¥; =Y, =
= %,, (45) reduces to the form

df ledv
2 e 48
F T Ela—0,+0) )
the equation discussed by Venkatesan and Patni (1953).
For the cubic form-function the corresponding equation is
dw M(1--f)df (49)
e+l [A4B,(1 =) =[C3 (=DM —f 24D (1 —f)2]
where
Az2D2

M = g m=Fc
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It has been discussed by Tawakley (1956) for the particular case of an Iso-
thermal Model (Y = 1) when bcth the charges are spheres.
(iv) During the first stage b, = ¢, 0" =0, ;" =0, ;""" = 0 and (45) gives

a¢ _ WiéK,"(a,"—~v) = WKy 'Ky (@) —v)(@,"—v) (50)
dv K Ky"(a;—v)(a,"—v) K\K " (@y—v)(ay"' —v) -

(v) When all the effective ballistic sizes are equal, there is only one stage of
burning and (50) holds for the entire period of burning.

(vi) For tubular charges, C, =0, C,’=0, =0, C,”” =0, and the equa-
tion is again considerably satisfied.

MAXIMUM PRESSURE AND ALL-BURNT POSITION

p = KK @) (b A 0) (@, —0) (b, F0)
[le—K, (a,—v)(b,+v) ][ K, (a,”~v)(b," +v)]

(51)

Since ¢ is a known function of », p is determined as a function of » and thus
maXimum pressure can be easily determined. Even without finding the maximum
pressure, we can discuss the conditions for the maximum pressure to occur in or at
the end of any stage. Thus if we neglect the covolume correction terms, we get

ldp 1 1 1 " 1 1 1
pdv - a—v bFv a  —v b,”’+v+ar”-—v b, 4o

B wioK,"(@," =) (b,"+)
KX, (a,—v) (6,4v) (a," =) (6, +9)

=P) .. .. (52

Thus the maximum pressure will occur in the rth stage if

i >0 and (i <0

DRl _ap 1 B T =
BW1ke~y BWy kr

and it will oceur at the end of the rth stage if

i ; >0 and (i <0
(i) [P,(v)]ﬂ_f2 Z (i) [Pr(v)]v_fl__,_)l L ey
T BW kr T BWq kr
where ¥, =¥y = . . . =7,, (52) reduces to
1dp 1 1 Wiv

(85)

P dv - a/,.—’l)+b,.+1) - Kr(ar—v)(br+v)

This equation has been discussed by Kapur (1956b) and the uniqueness of
maximum pressure has been established on its basis. At all-burnt position (42)
gives
Y. = AD
BTWLBT

Integration of (45) determines ¢ at this instant and then (51) determines
pressure at all-burnt. .

In the earlier literature conditions corresponding to (54) have not, in general,
been discussed.
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6. MOTION AFTER ALL-BURNT

After all-burnt equations (2) and (3) for the composite charge are no longer
operative and equation (1) becomes

" " n
Fiol — i C,’ 1

=1

| T e L (e2)
Zm,@i }

Similarly equation (5) for the equivalent charge beconies

FC P

b 1[K0——+4T ('(b——)]+1}[1‘05W+%O]v* .. (53)

These two become identical if

FC,  FC
L R .. o .. (54)
12175—1 Y-
~C, C
S=x (55)
=1 °
(“. (’),-—Sl— = (" (b— %) (56)
1=1 i
” -—-——1—27'7(‘ (57)
1=1 1 =
(71+02+....+C,=0.. ,e .. . (58)
From (55) and (56)
zc,.b,:r*b ) I e )

Equations (4) and (8) also become identical in virtue of (58).
Thus after all-burnt an equivalent charge in the strict sense always exists.
For it we determine C from (58). b from (59), F from (59), F from (54) and & from (55).

7. (COMPOSITE CHARGES FOR LINEAR LAW

The theory developed in Part I is applicable when the law of burning for the
ith component charge is
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where a is the same for all the component charges. This last assumption holds
when (i) all the component charges have same composition, (ii) when the rate of
burning is assumed proportional to pressure for each component charge, (iii) we
use the following pairs of component charges:

MD and NFQ with o = 0-91
W and HSC with o = 0:97
WM and ASN with o = 1'05

Another law of burning which has been found nearer the truth than the
pressure-index law both on experimental and theoretical grounds is the linear law
{(Mansell (1907), Dederick (1947, page 1001), Corner (1950, pages 44, 72, 206),
Kapur (1956¢)]

dfs _ '
D= = —Bip+po), - .. .. .. (59)
for the ith component charge, where we assume p, to be the same for all the com-
ponent charges. For this law also we get

Didfy _Dpdfy _Dudfy
il o Tl i A O
so that on integration
1—fy _1—fs 1-f, 1-=f
T = T s =TT R TRy e . .. 60
B~ CRRR: (60

which is precisely the same equation ag (9) for the pressure-index law of burning.
Since the form-function for the equivalent charge was deduced from this equation,
the form-function would be the same whether we use the pressure-index law (with
same index) or the linear law (with same p;). This theory will be of particular

interest when all the component charges have the same composition.

Conditions for simultaneous and non-simultaneous burning out of composite charges :

If, however, the rates of burning equations are:

df; .
D, 7= —Bi(p+py), . .. . .. (681)
we get
D, dfy _ Dudfs - _Dadf,
FI—E— p B dt +p20 s = 'B:E?-"p"o
Dd,
Bd{+p -, .. .. .. .. (62)
go that integrating and remembering that initially
t=0’f1=1:f2=15~-'-1fu=1,f=], Weget
1— 1—f, 1—
B ,f1+ 10 ﬂ f2+p2ot+ v = ﬂn.’f +pn0t = ﬂ_'f+p0t . (63)
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This gives when fi=0,

o 11 _
B " B By (Poo—P10t1) .. . .o (64)

(i) £ By > Bo" and p,, > p,, or if By > Be’ and p,y > P, fo is positive when fy
is zero and so charge number 1 burng out before charge number 2.

(ii) If 8" = B," and p,, = p,,, the charges burn out simultaneously. In
general,

if Bi'>B'>.... > and prp<pepo <. .. . < Paoy
or if B =B > ... =B and pro <P <. ... <Puo

charge number 1 burns out first, charge number 2 burns out next and the last to
burn out is charge number nth.

(iii) If ' =B’ =. .. .=8and p,=p,,=...=p,, all the charges
burn out simultaneously.

Actually we can always arrange the charges so that

Pro S Py <o KDy

and then if we want the charges to burn out in this order, we should so arrange the
ballistic sizes of the component charges that the component charge with the smaller
D¢ has also the smaller effective ballistic size.
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SUMMARY
In the present paper

(i) The existence of the equivalent charge in the strict sensc has been defined and con-
ditions have been obtained for such existence. In particular it has been shown
that for motion before burnt, an eguivalent charge in the sirict sense always exists,
if (a) all the component charges have same composition, (b) they have the same
shapes and effective balligtic sizes, (¢) if covolume correction terms and variations
in y,;’s can be neglected.

(i1} For motion after all-burnt it has been shown that whatever the shapes, sizes and
compositions of the component charges, an equivalent charge in the strict sense
always exists.

(iii) In the most general case, satisfactory average values of b and y have been obtained.

(iv) A method has been given for integrating the equations of Internal Ballistics in the
most general case and it has been shown that most of the cases of integration
discussed so far for a composite charge consisting of two component charges are
particular cases of the system considered here, for here we consider (a) general
values of n, (b) covolume correction terms are taken into account, (¢) take varia-
tion of y,’s into account.

(v) The Theory of Composite Charges has been extended to the theoretically and experi-
mentelly more plausible linear law of burning.
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