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1. INTRODUCTION

The concept of similarity applied to the decay process of homogeneous isotro-
pic turbulence led Heisenberg (1948a, b) to propose a spectrum energy function
F(&, t) which is governed by the integro-differential equation :
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where v is the kinematic viscosity coefficient, and 7, the turbulent viscosity

coefficient defined by Heisenberg as
n, = Kf (P, ty/k3} dn. @
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It has been shown (Sen, 1951) that during the earlier part of decay motion when
the inertia terms of the equations of motion dominate the decay process, so that »
may be taken negligible compared to 5, (Reynolds number B large), a self-preserv-

ing type of solution of (1) and (2) is given by
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where ¢ is a constant, and f(x) is given by the equation
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Solution (3) of equations (1) and (2) has the following properties
f(x) ~ 2% (250), and f(z) ~ 27" *(z—>00). I 1))

The solution of (1) and (2) given by Heisenberg (1948b), and later fully discussed
by S. Chandrasekhar (1950) happens to correspond to the particular case ¢ =13
(but with an equation different from (4)), of (3). Heisenberg’s solution satisfies the
complete equation (1), with » # 0. In fact it can be easily shown that a function
of form (3) is the solution of the complete equation (1) only when ¢ = % (f(x) then
will be given by an equation different from (4)). Further one notes the interest-
ing point that the linear Heisenberg spectrum for z — 0, in the case v # 0, is also
given by (5) when one puts in it ¢ = 4. The linear spectrum is not, however,
consistent with the fourth power law, discovered by Lin (1947), and Batchelor
(1949), which may be expressed as follows
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J being the Loitsiansky’s constant.
It is clear from above that during the early stage of decay of turbulence, when
one may take v €7k, a family of self-preserving spectrum functions represented
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y (3), with an open parameter ¢, is possible as solution of the Heisenberg equa-
tlons (1)~ (2). For the particular case ¢ = 2/7, one notices from (5) that f(x) ~ x4,
as ¢ — 0, so that the fourth power law (6) appears as a limiting consequence of one
of this family of self-preserving spectrum functions (3). The entire family of these
solutions converges to the Kolmogoroff spectrum as z— oo, as is indicated by
the second equation of (5).

The member ¢ = 2/7 of this family has the further properties that the decay
law of energy is given by

w2 oc -0, .. .. .. e (7
and in Taylor’s formula for overall decay rate, viz.
1 du'? 10v»
‘ A T e .. .. .. .. (8
one finds for this case
A2 ="T7vt, and €=L%0Ct’1. .. .. )]
’ w2 di

Kolmogoroff in fact showed before that (7) and (9) follow provided one assumes
the validity of the fourth power law which is here shown as a limiting form of the
solution of the Heisenberg equation for v = 0.

2. STABILITY OF SOLUTION GIVING THE FourtH POowER Law

Thus if the motion be characterized by high Reynolds number and the effect
of inertia terms remains dominant, the fourth power law is also the asymptotic
form of a self-preserving spectrum funetion corresponding to ¢ = 2/7 in (3). Hence
if the similarity character of the spectrum function is to extend even up to the stage
of validity of the fourth power law for large Reynolds number, the function may
be represented by a form (3), with ¢ = 2/7.

This one may also understand as follows. C. C. Lin (1953) has shown that the
Heisenberg spectrum function corresponding to ¢ == } in (3) but with corresponding
f(z) has the property that if a disturbance be produced in a narrow band of the
spectrum, then the ratio of initial rate of disappearance of this perturbation energy
to the overall rate of decay of energy in the quasi-equilibrium spectrum is less than
unity for a considerable part of the spectrum (represented by the fraction of the
total energy up to the perturbed band of the spectrum) but the total dissipation in
this part is negligibly small. OQutside of this part for the rest of the spectrum the
dissipation of the perturbation energy is very much quicker than the overall rate
of dissipation of the entire spectrum. This suggests that the Heisenberg spectrum
is possibly quite stable (quasi-stable).

We may apply the same test to the energy spectrum (3) with ¢ = 2. K. M.
Ghosh (1955) has worked out two numerical solutions for ¢ = 2. The function f(x)

has been calculated numerically for two different values of {#3f(2) }max. Using
these solutions we calculate, as with C. C. Lin (1947), the functions
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¢ being the perturbation energy of turbulence assumed to have been introduced in
a narrow band at z¥. The (P, ¥) curves (Fig. 1) suggest that at high Reynolds
uun.lber' (v ~ o), for solution corresponding to ¢ = § the decay of energy of pertur-
bation is everywhere very much slower than the overall decay of the Heisenberg
energy spectrum. This seems to indicate that the spectrum function (3) for ¢ =2
which gives the fourth power law for k£ — 0, represents an unstable situation. "
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rate of decay of energy of the turbulence spectrum (reaction time),
tion of turbulence energy, for two motions with B = co.

perturbation to the overall
plotted against P, the frac-

One may suggest that for high Reynolds number the ultimate more or less
stable Heisenberg spectrum (corresponding to ¢ = 3) is developed through a series
of labile stages represented by varying values of ¢ in the spectrum functioa (3).

It may be noted that the energy corresponding to (3) is given by
w'® = const. £ 7 f f(zx)dz. . .. ..
0

If one supposes that ¢ starts from smaller values at the labile stages conditioned
by the turbulence generating apparatus and increases to the value $, correspond-
ing to quasi-stable Heisenberg spectrum, then the rate of decay with time of the
energy of the spectra of the labile stages also reaches its lowest value when the
quasi-stable state is attained.

The above suggestion of stability was made in previous papers (1951, 1955).

The present discussion seems to support this idea.
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