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1. In a recent paper Chandrasekhar and Fermi (1953) (hereafter referred to
as C.F.) have considered, among various others, the problem of gravitational
equilibrium of an incompressible fluid sphere with a uniform magnetic field inside
and a dipole-like field outside. The fluid is supposed to be infinitely conducting
and inviscid; the effects of thermal conduction and of Joule heating are neglected.

It is shown by C.F. that due to the presence of the magnetic field, the sphere
is flattened at the poles by contracting along its axis of symmetry and that the
resulting figure is an oblate spheroid, the ellipticity of the figure being given by
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where H is the uniform magnetic field inside the sphere, G the gravitational con-
stant and M the mass of the sphere of radius B. There are no volume currents
ingside the sphere, the field inside and outside the sphere being due to surface
currents of density (0, 0, 3H/8x sin 6).

Ferraro (1954) has considered the case of a sphere with currents flowing inside
it. In this case no surface currents are present on the surface of the sphere, the
sphere deforms into an oblate spheroid, but the ellipticity is given by

R 64 Gn2p2R2’

-
where H, is the magnetic field at the poles, p the density of the fluid constituting
the sphere and R the radius of the sphere. An extension of this problem was con-

i
sidered by Auluck and Kothari (1956) ; in Ferraro’s case the field H, = (0, 0, $ XRk?2)
where X is a constant is superposed throughout space so as to give zero field at the
centre of the sphere. Further the equilibrium figure formed is a prolate spheroid
and its eccentricity is given by

e _ 1,0, 2
=3 H R4/GM?2,
>

H, being defined above.

In all the above cases the field considered was purely poloidal.

Recently J. De (1956) has considered a sphere in which there is a purely
toroidal field inside the sphere and zero field outside.

In the present paper we have discussed the problem of stability of the above
configurations using the ¢ energy method ’ and we prove that all the models des-
cribed above are those of stable equilibrium.

2. In this section we consider Ferraro’s case. We proceed to find out the
change in the magnetic energy of the sphere to the second order of smallness. To
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do this we note that the magnetic field inside the sphere of radius R is given (cf.
Ferraro, 1954) by ’

H, = )((1'5f _ 1—;—2) cos 0,
H9=x(——2—g—2+%—2) sin6,{"" - .. . (D
Hy=0
and the volume density of current by
Js =0,
Jo=0, l

T @)
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where X is a constant and r, 0, ¢ spherical polar co-ordinates. Following C.F. we
deform the surface of the sphere to

r=R+eP, . .. . . (3)
where P, is Legendre polynomial of order ! and e is small.

The disturbed field components (H,, Hy, Hy) and current density (j, jg, j)
are given (cf. Auluck and Kothari, 1956) by
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respectively.
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Now an arbitrary deformation (like (3)) of an incompressible body can be

realized by applying at each point of the body a disp]acement? which is the gradient
of a scalar point function ¢ satisfying Laplace’s equation

V=0 .. .. .. e .. (6)
As a solution appropriate to the problem in hand one has
eR(rY
p=LF()e . . L@
Therefore
ST
§r =€ (R Pb

(8)

|

Our procedure would now be to find out the change in the magnetic energy
to the second order of ¢ as the sphere changes its configuration to (3). We
imagine the change to take place gradually as € varies from 0 to e. The displace-

ment 8_2 which must be applied to increase the amplitude of deformation from € to

€+ 8¢ is given by
-1
e, =5 (3] P

-1 L ®
559:‘;‘5;(1‘;) Psin 6,

The change in the magnetic energy 8(Am) involved in the infinitesimal displace-

ment 8—2 can be obtained by integrating, over the sphere, the work done during
the displacement (9) by the magnetic field inside the sphere.

Now the mechanical (electro-magnetic) force F at a point in an electromagnetic
field is given by

e

F =jxH, )

e .
where FI is magnetic field and j current density at that point. Therefore in this
case

FejxH =(0,0,j5)x(H., Hy, 0)
=j;5(——Hé,H;,O). .. .. .. .. 10y
Thus

R+€Pl Ty
S(Am)=—2wj f F-3¢r2 sin 0. dr . do
0 0

R+ePp 1 ) , ,
= —2r f J- ]&ﬁ (—H05§,+H7850) rzdrdy. .o (11)
0 ~1
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We shall limit our calculation to the case I =2. On substituting the values of
H,, Hy,jy , 8, and 3, from (4), (5) and (9) in (11) we get

2
T y2RS5
3(Am) = 555 XR8€+112 X2Rbede . .. .. .. (12)
Therefore, integrating w .7 .t.e from e = 0 to ¢,
2
2 R5¢2
A.m= g xRe+1125xRe N § )}

to the second order of € only.

Also the change in the gravitational potential energy is given (cf. Chandrasekhar
and Fermi, 1953) by

3 GM2

AR = 55 R3E' .. .. .. .o (13)
Thus change in the total energy is
2 3 GR
AL = 5XR€+1125XR€ +25 i €2, .. .. (14)

Retaining only the first order term in the change in the magnetic energy and using
the equation of equilibrium

d
E(AE)=O’ ce e (13)

we get the same value of ¢/R as the one obtained by Ferraro (1954). As the
coefficient of €2 in (14) is positive corresponding change in the energy is a minimum,
and accordingly the equilibrium is stable.

It may however be added that the extension of Ferraro’s case considered by
Auluck and Kothari (1956) has also been worked through and the change in the
magnetic energy due to the superposed field is found to be

1 3 1
— —— Y2 R6 — 2 R52
45XR€+225.2.XR€.

Therefore in this case

3 GM2

225OXR +2—'5 R3 E . v . (16)

It should be observed that the superposition of the field has given rise to a
different configuration of equilibrium and that the model remains stable.

3. In this section we shall obtain a purely toroidal solution for the interior
of the sphere, from the hydromagnetic equilibrium equations and by choosing a
particularly simple solution, we find out the change in the magnetic energy as the
sphere changes its configuration to (3).

Consxder a sphere of radius B of an incompressible fluid of constant densxty p.

AE = — 3XR€+

Let H be the magnetic field produced by a system of currents of densmy j Howing
in the fluid. The field equations in steady state are

dGvH=0, .. .. .. .. ..oy

curlH=411j. .. .o . . (18)

—
We infer from (17) that for axial symmetry the field H can be derived from two
scalar functions U, ¥V which are azimuth independent. Taking spherical polar



564 R. K. JAGGI: ON THE STABILITY OF A

co-ordinates r, 9, ¢ referred to the centre of the sphere as origin we have, since
div H =0,

1 U _ 1 au _ v
r2sin099° ° rsmbor’ ¢ rend
where U, V are functions of r, § only. If p be the pressure and @ the gravitational
potential, then the equation of hydromagnetic equilibrium is

H, = — (19)

grad (p—p®) =jxH .. .. .. .. (20)
Therefore
arl (GxB)=0 .. .. .. .. e
From (19) and (21) we obtain
Uu,v
J(r,@)_o U )\
and
AU, U\ Vv
J( ' a)—"(m"’)
r, 9
2 av (23)

T 7 r2sin3@ oz’
where J stands for Jacobian,

AU = sin 9 00

32U+sin08 1 aU)
oz T2 98

and z =r cos 0.
As a purely toroidal solution, we are interested in the solutions of (22) and (23)
with V = 0, we thus get

av
V=0 (2

which implies that either ¥V = 0 or V is independent of r cos 6.

Since V is independent of the azimuth angle ¢, we conclude that V is a func-
tion of r sin 6§, which result was also arrived at by J. De. In the following we
shall only be interested in the solution

V = Hyr? sin% § .. .. v .. (2b)

where Hj is a constant.
The field inside the sphere is given by

H=(0,0,Hyrsin) .. .. .. .. (26)
and current density by
» (H, H, . )
j—(é—;cosa, 2‘”sm0,0 .. .. .. @27

We now deform the surface of the sphere to
r= R+ EPI
This deformation corresponds to the displacement vector given by (8).
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The change in the magnetic field is given by

sH=cun(FxB) .. .. .. .. .. 8
Substituting from (8) and (26) we get
8H =0, .. .. .. .. .. (29
to the first order in e.
Accordingly
=0, .. .. .. .. .. (30)

to the same order in e.
The mechanical force in the interior of the fluid is

H2
xH\ ———rsm20 — -2y sinfcos 0 .. (31
J 2 2m (31)

Now change in the magnetic energy will be evaluated partly as work done by
forces inside the fluid and partly as work done by surface forces. Change in the
magnetic energy Am,; corresponding to volume currents is

2 1
Am1=—EH§R4e+EH§R952 . .. .. {(32)

forl = 2.
We now proceed to find the contribution to the change in the magnetic energy

due to surface carrents.

The average field B on the surface is
H*=(0,0,4}HRsin 6 .. .. .. .. (33

Due to discontinuity of the field on the surface, surface currents exist and are
given by

}',_—_(_%EP;Rsmze,%"Rsme,o) (8
The surface force is

- H2 1

F= (g;" R? sin? 0, o~ H; eRP, sin3 6, o) N )

The contribution to the change in the magnetic energy Amy due to surface
forces comes to

amg = 45z H2 R4e+~— HiRset .. .. .. (36
Also
A9=%5§52 O )
Therefore
AR = -llﬁﬂg R4e+§1-1% H; R3e2+—2§5~%52, . .. (37)
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For equilibrium we have
e 5 H RS*

—_

R~ 18 Gmz

retammg only the first order term in the magnetio energy, and since the coeffi-
cient of €% is positive the equilibrium is stable. In the end it may be stated that
the change in the magnetic energy in C.F. case has also been evaluated and the
result is

3 GM2

AE = H2R2+ s 75

S mpatr S (s)

1400
As before the equilibrium is found to be stable.
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SUMMARY

The stability of a graviteting sphere under the action of different magnetio fislds for models
considered by earlier authors has been discussed. Employing the ‘ Energy method ’ it is found
that under a P, deformation the equilibrium configurations arrived at by them are stable.
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* Note: This result does not agree with J. De’s because of his using wrong expression for
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