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ABSTRACT

Let A be an 1dempotent matrix (i.e. 42 = A) with integral elements. It has been proved
that if p is & prime or a pseudoprime, then the following congruences

(i) (I+4f~Ae=I(modp), 4%0
(i) [2(—4)]P+24 =21 (mod p),

(iii) [4I—A4))P+44 e 41 (mod p),

hold and conversely.
Examples have been construebed to show that the above results are nonvacuous.

1. A square matrix 4 = (a,;) is said to be idempotent if A2 = 4. Ansari
and Shah (1952) have proved certain results for the nilpotent matrices. The
author (Kban, 1958) has established certain results on the congruences of involutory
matrices. The purpose of this paper is to establish certain congruences involving
an idempotent matrix 4 of order » > 1.

If X and ¥ be two matrices of the same order and if all the elements of X-Y
be integral multiples of p, where p is any integer greater than 1, then we shall write
X = Y (mod p). Following Lehmer, we shall call an integer p a pseudoprime (for
resulta on pseudoprimes see Erdos (1949) and references given therein), if 2f = 2
(mod p) and p is not a prime.

2. We now prove the following results on the congruences of idempotent
matrices :

Tanonsm 1. Let A 7£0 be an idempotent matriz, whose elemenis are inlegers
(positive, negative or zero). If p is a prime or apaeudopnme then the congruence
A I4-A4)?~A = I (mod p)
holds and conversely.

Proof The theorem is obvious for A = 1. We therefore prove it for 4 21,
If p is & prime or a pmndopnme, 2 = 2 (mod p), and by hypothesis the elements

of A are all integers.
’ (I+A)t-A—I=I+(I)A+( )A2+( )Aa+ A1

= I4(2*~1A—A4-1
=(29--2)A = 0 (mod p), 0 is the null matrix, and
(I+AP~A = I (mod p).
‘To mm%mm wo have t0 prove that at least one element of A 72 0

‘{8 prime to the elements of 4 be integral multiples of p, then
;Awsp.ﬂ, whate “Wmdm&rnmﬁnmtega;l?hments Thus
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A'=A= p"B'a and hence the elements of A are divisible by p* however la.rge k
may be and 50 A=0, a contradiction. So if (I+4)’~A4 =1 (mod p), the

elements of (2°—2) A4 are divisible by p. Therefore 2/—2 = 0 (mod p).
Hence either p is & prime or it must be a pseudoprime.

TaEOREM 2. Lei A be an tdempotent mairiz, whose elements are integers (positive,
negative or zero). If p is a prime or a pseudoprime, then the congruence
_ [2(I—A4)Y+24 = 2I (mod p)
holds and conversely. ' ‘

Proof. The theorem is obvious for A =1 or 0. We therefore prove it for
A#1, 0. By hypothesis, the elements of 4 are all integers. Moreover, if p is a
prime or a pseudoprime, then

2” = 2 (mod p) and .

[2(I—A)]P +24—21 = 2* [1_ (f ) A+(’2°) Az (’;) A3 .. ] +24-—21

(R s e

= (29—2) (I—A4)
= 0 {(mod p), where 0 denotes the null matrix.

Hence [2(I—A4)1’ +24 = 2I (mod p).

To prove the converse, we observe that since the idempotent matrix A4 is not
equal to I, the idempotent matrix 7—~A4 is not null. Therefore we can prove, as in
the proof of Theorem 1, that at least one element of /—4 is prime to p > 1. Now,
if [2(I—A4)F+24 = 21 (mod p), the elements of the matrix (2¥—2) (I—A) are
integral multiples of p. But all the elements of I— A4 are not integral multiples of p.
Hence 2” = 2 (mod p) and so either p is a prime or it must be a pseudoprime.

TagorEM 3. Let A be an sdempotent mairiz whose elements are infegers (posi-
tive, negalive or zero). If p isa primeora pseudopnme then the congruence :

[4(I-—A)]"+4A = 4] (mod p)
holds and conversely.
Proof. The theorem is obvious for 4 =1, 0. Wo therefore prove it for

A#1,0. I pisa prime or a pseudoprime, 2# = 2 (mod p). Also by hypothesis,
the elements of 4 are all integers.

Hence v
[4(I—A)P+44—4] = 22(I—A)p 444 —41
= 920(]— A)+44 —4]
= (2% —4)(I—4)
- ) = (#—2)(2*+2)(I-4) = 0 (mod p),
ie. ' [4(I—-A)]"+4A =41 (mod ).

. Conversely; if [4(— &3]’+4A w4l (mod p), the. elements of the ‘matrix
(2¢—2)(2¢4-2)(I—4) are (integer) multiples of p. .But, it has been r
-proved [Khan (1956), Theerem 1] that 22-196 —1 (mod p) or 2096 =2 (mod #)
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for all integral values of r > 1. Also, a8 proved earlier, at least one element of the
mempotent matrix I— A is prime to p. Therefore,

’ 27 —2 .0 (mod p), or 27 = 2 (mod p).

Henee either p is a prime or it must be a pecudoprime,

3. To show that the theorems proved above are nonvacuous, let us consider
the following examples :

2 ~-1
Example 1.. Letp=7,n=2andA_=[ ]

2 —1
. (255 —1271 [2 -1
I+4)y1—A~I = ]—[ ]-1
254 —126] |2 —1
262 —126
=[ ]50(mod7).
262 —126

This matrix A satisfies Theorem 1.

0 2 -1
Example 2. Letp=8,n=3and 4= {—2 5 —2].
’ —4 8 =3

‘ 1 -2 1 0 4 —2
25(I—A)5+2A-—21=32[2 —4 2]+[-4 10 -4]-21

4 —8 4f |—8 16 —6
30 — 60 30 :
=[ 60 —120 60|=0 (mod 5).
120 —240 120]
Also,
1 -2 1 1 —2 1
[4(I—A)]5+44 —4] = 1024 [2 —4 2 —4[2 — 2
4 —8 4] |4 —8 4
1 -2 1
=1o2o[2 —4 2]a0(mod5).
14 —8 4

This matrix A satisfies Theorems 2 and 3.
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