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ABSTRACT

The paper deals with the problem of translativity of quasi-Hausdorff methods defining
series-to-series transformations, and in Theorem I, a sufficient condition is proved for the
8y-matrix (H*, i) to be translative for the class of series with bounded partial sums. The proof
of the theorem indicates the relaxation of the above condition of boundedness of the partial
gums in particular cases, where the matrix of transformation satisfies certain restrictions.
These are indicated in the remarks following Theorem I. The results on the translativity of
the method A(p) of Taylor series continuation are deduced.

) 1. INTRODUOTION
Congider any transformation of the series Zu, into the series Zv,, defined by

=ih,.ku,,, T 1

k=0

The transformation is said to be conservative and the matrix H = (h,;) a d-mairiz if
Zv, converges to a limit whenever Zu, converges to a limit, the two limits not
necessarily being the same. If, in addition, the limits are also the same, the trans-
formation is said to be regular and the matrix an a-matriz. A special 8-matrix and
a special a-matrix, in each of which lim A, = 0, are called a 3;-matriz and an

k>
ag-malriz respectively.
In the case of the more familiar transformation
oD
t,=Za,gab, .o .e .. .. (2
k=0

of {s,} to {t,} by the matrix 4 = (aas), the terms ‘ conservative’ and regular’ are
defined as before ; and A is called a K-matriz or T-mairiz according as it is conserva-
tive or regular. If the transformation is conservative and such that lim t, =p.lims,,
it is said to be multiplicative p.

Thematrix,\*s(,\:t)deﬁnedby
.\;=(")A“'”p., (k>n) and Ay =0 (k<m) .. .. (3
is called a quasi- Hausdorff matriz and denoted by \* = (H*,

)
Wemytba.t{y..}mamomnimm(genemtedbythefunmx(t))ifﬁmm
exists a fanction x(t) ofbmmded va.rmﬂonm(l) 1) suuht.h&t ‘ o

1 . S A .
p.:ﬂj CaX), n=0,1,% s e . .. (&)
) : ; .

and (as we may assume without loss of generality) X¥{0) ==0.
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. If further X(+0) = X(0) = O then {p,} is called a semi-reqular moment con-
stang. If furthermore X(1) = 1 holds (so that po = 1) then {u,} is ca.lled a reqular
moment constand.

Corresponding to any moment sequence {#} there exists a moment function T'(z),
regular for Rz > 0 and continuous and bounded for Rz > 0, defined by

1
T(z) =j =dx(t).

0

The function 7'(z) - X(1)—X(1—0) a8 Rz — oo, uniformly in lz; and the constant
X(1)—x(1—0) is called the limit constant for {u,} or the limit constant associated
with the moment sequence {pa} -

Associated with a general summability method, we have the following notions.
Given any series u0+u1+ug+ .with partial sums 8, = wp+u;+ ... +u,, con-
sider the series oup+4u;+ . . with partial sums &, = o+up+ .. +u,_1 , 80 that

§,=8,_1 (® >1) and 5, = 0.

Any method of summability, transforming Zu, into Zv,, or {s,} into {t,},
will be said to be translative 1 if it has the property that, whenever uy+u,+ ...or
{s,} , is summable to I by the matrix, then go i 04uo+u;+ ...or {5,}, and con-
versely. The method is said to be translative fo the left or translative to the right
according as the first half alone of the condition of translativity or the second
(converse) half alone of the condition is fulfilled.

The problem of tranglativity for the Hausdorff methods has been discussed by
Kuttner (1956). In Theorem I of this paper we prove a sufficient condition for the
3y-matrix (H*, p,) to be translative for the class of series with bounded partial
sums and the result is similar to the one obtained by Kuttner for Hausdorff methods
(Kuttner (1956), Theorem 2). Certain further congiderations based on the proof of
Theorem I enable us to deduce the translativity theorems of Vermes (1949, Theorems
3.1 and 3.1V) for the method 4 (p) of Taylor series continuation, where the bounded-
ness of the partial sums of the series is not required. Theorem IT is an unpubhshed
result of Kuttner's2 and shows how a result following from Theorem I (stated in
Remark iv) for bounded sequences can be improved. ,

2. Lemmas. In the proofs of our theorems we require the followmg lemmas :
LeMmMA 1: The quasi-Hausdorff mairix (H*, pn,) is a 8;-matriz if, and only if,
{1} is @ semi-regular moment constant.

The proof of Lemma 1 follows easily from that of a known theorem (Rama-
nujan (1953), Theorem 2).

Vermes (1951) has shown that if H = (k) is a So-matnx (or an ao-ma.tnx) then
the matrix 4 = (a,;:) defined by

Gy = gua"g-, A1 o
where g“ =h,+h,+ - +h o

isa K -ma.tnx (or a T-ma.tux) ‘
Moreover the - matrices H. and Adeﬁned above are 5o related that if H defines

tlie transfmmstaon of Z‘u,, w:t,h partial sums {a.}, into L'v,, with p&rm.l sums

®)

!mutammmmdmabynmuwy, ‘ ) '
- ¥Ths sitthor i@ gnmuyindabtéd Dr.Kntﬁ:etwhomhndmugﬁtommm
ongxmlduﬁnt%m mmmmmmmwm
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{ta}, then A defines the transformation of {s.} into {2,}.  In this case we say that
A is the K-matrix corresponding to the dy-matrix H.

This notion of correspondence is used in the next lemma, which follows from
the proof of & known theorem (Ramanujan (1953), Theorem 2).

Levma 2: EX* = (H*, p,)isa So-matm then (H*, py,1) is the K-mairiz corre-
sponding to it.

That the above K-matrix (H*, p,,1) is multiplicative is easily verified.

Let the matrix 4 define a sequence-to-sequence transformation as in (2). Let

, L4
2z, = Z“»H’m and 2z = za., E+15k41

ThenAissaidtobeabsolutdyregzdarinthesenaeof&'ookeifIz' I—»Oasn—»oo,

i.e. if the limit points of {z,} and {z]} are identical. Thus every method which is

absolutely regular in the sense of Cooke i3 necessarily translative.
With this definition we have the following

Lumma 3: A necessary and sufficient condition that the mulitplicative method A
should be absolutely regular in the sense of Cooke for bounded sequences s that

ZIa,.:.—a, 1]—>0,88n—>00 .. .. .. (8
k=0

Cooke (1950) gives the proof of Lemma 3 only for T-matrices 4, but it is easily seen
that it holds for multiplicative matrices as well.

* Lorentz (1948) defines a bounded sequence all of whose Banach limits3 are
equal to be an almost convergent sequence. A method of summability which sums
all almost convergent sequences is said to be strongly regular. Using this definition
of strong regularity, Lorentz (1948) proved that the condition (6) above is necessary

- and sufficient for a T-matrix A to be strongly regular.

use of this result of Lorentz, the present author has proved the
following lemma (Ramanujan (1957), Theorem 9).
Lemmua 4: The T-matrix (H*, B, 1) 18 strongly regular if, and only of, ., — 0, or
equsvalently, the ﬁmctwn X(f) generating the moment constanis {F-} i8 such that
X(1) = x(1~—0). )

An immediate consequence of Lemma 4i is

Lemma 65: The method A(p) of Taylor series omatmua«tmwstrmaglyregularfor
0<p<l

*  Another result which we require is

Lemwa 6: Let the mairiz A of (2) be a T-matriz and such that
lim : * ' '
m{l%l—21ml}>0 R

wﬁerethedarmtieﬂuguiﬁeaﬂmtmtemjorwhidakmuuwbeommdfmmﬁe
sum. Mforbm@ndedwqwmm{a} thecmwervemtolof{:,} mplmﬂw
mmmof{a.}akatol '

amm@wm Mu'mﬁrmﬁ,ﬁm&(m
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“The above lemma was originally proved by Agnew (1952) and an alternative
proof of the same may be found in Parameswaran (to be pubhshed in Proc. Amer.

Maih. Soc.).
Two more lemmas which we requn'e are the following :

Lemma 7: If {#,} and {’——‘;";‘!‘—!} are both semi-regular moment constanis, then the

lsmit constant associated with {&'*—1 } 8 nom-zero, positive and not greater than 1.

- That the limit constant is not zero is proved by an argument used to prove a
well-known theorem (Hardy (1949), Theorem 212). After this, it follows from an
argument of Kuttner’s (1956) proof of Lemma 5 that the limit constant is not greater
than 1.

LeMma 8: Let

1
- —fym—n—1sx+1
GO= Y o ( ) (L=t | a ) —(m4 1| .. (8)
m=>n

where n i3 a positive integer. Then

(2) G,(t) s bounded for all nand 0 < ¢t < 1

(%) Gu(t) >0,asn—> 0 foreveryt in d I 1—-8(0 < d < §).

Proor: Since the expression, within the modulus in the expression (8) can be

written as (n+1) (1—1)—(m—n)i,
we have, for 0 <t < 1,

a0 < Z (':) (L—t)m—mpa+14 Z (nf{"_l) (L—tym—n-1gr+2 = 2.

mz=n m>n+t1
This proves (i); to prove (ii) we observe that

G,(t) = Z (’:) (1—gym—m—igti ("‘“"1) 1 ;)--~1t-+sl

m>n .
1 ) W g ] -], %
-5 o)~ (oo () oo
- wm—n—1,m+1 m+1 m—-nn
_mg l( +1) (1—1) t*-(n_H) (1—t)" ,z‘f‘A
and so, 4 ‘ :

#

(t) z ’( +1) (l—t)’._fpltu+2_ (':1-11) (L—t)™="+2|
m>n ; .

Gonmder now the maimx Aw a“(t) defined by

=1 (:)‘l;f)“"f' YE>n
,Q ks
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This is the matrix of the method A () of Taylor series continuation (of Vermes,
1949) in its sequence-to-sequence form and is & quasi-Hausdorff matrix (H*, u,,,)
with w, = ¢* which is a 7-matrix for 0 <t < 1. Now, by Lemma 5, 4 is strongly
regular for 0 < ¢ < 1 and, therefore, by Lemma 4,

2

man

Cpu(f) By, a+1() | 0,88 0> 0,

Thus,
1G,(t) >0, forevery tin 8 <t < 13,0 <8< §,

and consequently the same is true of G,(f). This completes the proof of Lemma 8.

3. THEOREMS.
In what follows we assume that none of the w, vanishes.

TREOREM 1: Let (H*, p,) and (H*, %) be both 3y-matrices. Then, for the
class B of series with bounded partial sums, (H*, pu,) is translative to the lefi. If, in

addition, the limit constant associated with {L"ﬁﬂ } is not §, then (H*, 11,) is translative,
again for the class B.

Proor: Let {s,} denote the sequence of partial sums of u,. By Lemma 2,
it is enough to consider the translativity properties of (H*, u,,y) which is a maulti-
plicative matrix, since (H*, p,) i8 a 8;-matrix. We have that {u,} and {F—;ﬂ} are

both semi-regular moment constants.
Let {3,} denote as usual the sequence

By =6,_1(n > 1), §g = 0.
Let (H*, ptny1) transform {s,} into {t,} and {5,} into {z,}.

For simplicity, let A* ¢ denote in this proof only the matrix of (H*, py4,) transform-
ation, so that

A= (:) A**p,.q, (k> n) and A}, = O(k < n).

Let A*~1 denote the rgciprocal of A*. Then A*~1= (H*, F.l+1)'
Let B denote the mabrix defined by
bow =.0; by -1 =1, by, =0 (r£n~1), n>1.
Then ' .
&= Bs.
Consider now the transformation of {t,} by the matrix (A*Bx"l) which we ghall

agsume to be a K-matrix, justifying this assumption Ister. We have, wtthﬂns
assumption,

(A%, BX*=1 = (3%, BXS-1)(%s) = [(F. BA*-1). A%%e..... (D)

¢ Note the slightly different meaning dzhcbd 10 A* hsﬂuonnfut of (8).
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gince 8, = O(1) and therefore (s) above is a K-matrix and the product of K-matrices
is associative. Now,

[O°. BX*-1) . X'],, = Z (B, 00,
‘m k+1
= Z {Z k} A;m
k=n-~1 f=n
m+1
= Z A:u s-1L A" A;uu

-1

X X4,
A‘

k

= %ib,=(*B),,
Therefore we have
(A*. BA*-1)i = (\*B)s = (\*)Bs = .

Tt follows that if {s,} is bounded and (X*. By*-1) is a K-matrix, then {z,} is the
transform of {t, } by (A*. B\*-1), We shall now prove that, under the hypothesis

of the theorem, 4 = (A*. BA*-1) is a T-matrix. The olements of this matrix 4 are
given by
= z A 1—1 m
m+1 — (1
—_ A", m m-i-1 1
Z() F“(—-I)A (#.)
80 that
ey 'l; . — m pr— 1
Antl, m = Z (n+ 1) A!—n+l P (‘—1) Am—i-l (‘T‘.)
s=ntl
= I41 I-n m Tt 1
= Z (n+l)A F..+2-(I)A (—-———FI )
I=i-l=n +1

Putting 7 = n4-p and using the relation

) n+p+1 1 m\ (m—n
() (1) =571 (3) (75 7) eore

L e e ()

we geb -
wtlm ™ pi ] (:) [(n+l) z (”‘P ) Y (l‘-+19+1)
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Applying now the well-known formula &
N
ANc-d- = z (Ipv) AN‘pc’ﬂ'FﬁApd-s
p=0

we obtain

Guils m = ,ﬁ (:':) {(n+1) aAmt (’L:ﬁ)+(m—n)A""l(l)

—m-mar(E)]

Poy
The middle term above vanishes for m 2 n41. It is also easily seen that

ao.=A‘(l)—A‘(Z—f),Zlao_l<oo. e .. (10)

Since now (H*, '—'iﬁi“l) is by hypothesis a 3p-matrix, Lemma 1 shows that { ’%‘ﬂ}

is a semi-regular moment constant and that consequently there exists a function
B(t) of bounded variation in (0,1) such that 8(40) = B(0) = 0 and

i 1 1-0
Eatl o = )
. ‘[ot dp(t) J.o "dp(t)+k

where k = B(1)—pB(1—0) is the limit constant associated with the moment sequence

52}
Nov: o
Av(“’:—:fl)-:fo t(1-0rdt), p > 1,.. .. .. (1)

the cage p =0 requéring the addition of k¥ on the right of (11). If we write

1—-0
wrm=iy (7) [ el )t 00

0

1-0 .
L[ ena-orrilorva-y-m-midige. .. a2

=a5ila .
we shall have from (8) and (11)
Gatls w4l = Cay1 sp1+1—k,
Gayls s = Coy1, ok,
Builsm = Cujlr ms B > n+2,

| OGstom =0m=00ry M <n—l
Thierefore ' ,

Dl < D leerns a1 = S e 1,

5 Ses, for example, Boole (1880), pp. 30-21.
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sinoe, by Lemma 7, 0 < k < 1. Now, from (12) and (8),
1-0

z|c.+1,.|<f @) 4B |

Since G,(f) > 0 for every tin 0 <¢ <1 and the function ﬂ(t) is such that B(+40) =
B(0) = 0 and G,(¥) is bounded at ¢ = 0 also, we have, by Lebesgue’s theorem on
dominated convergence, that

Z[c.+1, wl—0, a8 2> 0.

Also,

Za,+,, a—>1asn— 00 and lim a,,;, , = 0.
n

Thus 4 = (@,,) i8 & T-matrix and this proves the first part of the theorem.
To prove the second part, consider

{lan-i-l: nt+l I— Z Ian+b - I } { lcn-(-ls a+1+1 ""kl_' O.+1, -+k,+

+ z lcl+ll -‘}.
m>nt2

Since Z|c,,+1, -l 0 as »—» A0 and therefore ¢,y 1, » —> 0 88 n - oo for €ach m,

we have

lim *
{Iaﬂ+l’ wt1[— Z [@as1, ni} =(1—k)—k=1-2k>0if k<4,

n—> 0
L

- and therefore, by Lemma 6, we have that A* is translative to the nght if k<$}.
If & > }, consider the matrix A’ defined by

Gy =Onm,m=1,2 ... anda, =0.
Lhen
» = Za.,.,,,t,,,= Z ﬂm+1m Z mm’Whmt;=tm—1,m>l,t(;=O.
 m=0 T m=0

(]I){ The sequence {t,,} is bounded since {a.} is bounded, and ¢ = }*s where A* is
i & K-matrix.

.The same property"ls true of {t } also; and the oonvergenoe of {i,} is eqmvalent
* %) that of {t } Now, as before,

20 {l“wl.-ﬂl“ z l¢-+1 ..l} = k—(1—k) = 2k—1 > 0 since k > }

‘and therefone, agam by Lemma 6, we have that the method )\* is tmnala.hve

a’ alL

‘o A‘ transhuv
;theme ofthe ﬁmﬂy u! etothenght:fk;&iandth:soompletes

-
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Remarks oN TaroREM 1. (i) We have made use of the boundedness of the
gequence {s,} at the two places marked (I) and (II). At (I) we use the boundedness
to prove the associativity. If now, in addition to the hypothesis of the theorem
(A*. BA*1)is row-finite (so that it is & row-finite K -matrix) the associativity mentioned
above is true even without the boundedness of the sequence {s,}. If the row-finite
matrix (A*. Bx*~1) is even more restricted in the sense that it is a lower semi-matrix,
then the proof of the theorem for the translativity to the right holds good in the
case k < 4 even for unbounded sequences, by virtue of Agnew’s theorem for tri-
angular matrices (Agnew (1952), Theorem 1.4).

The relaxation of the boundedness of {s,} to the above types of matrices,
though admittedly not of great importance, is by no means hypothetical as is seen
in the case of the method 4 (p) of Taylor series continuation of Vermes (1949). In
this case A\*. BA*~1 ig triangular and is defined as below,

(A* . BA*—]'),, n-1=D, (/\,'l . BA*_I)TH an = l—p; (A* . BA*—I)H’ n= 07 (m # n, n_l):

and thus, in the light of the above remark, the proof of Theorems 3.111 and 3.IV of
Vermes (1949) is included in that of our theorem.

(i) At the second place marked (II), we have made use of the boundedness of
{s,} to prove the boundedness of {t,} and that of {f,}. Suppose the matrix
(A*.B)*"1) is a normal triangular matrix as indicated apove ; then, in proving the
translativity of the method for k& > 1, it is certainly sufficient for the application of
Lemma 6 to assume that {f,} is bounded instead of assuming that {s,} is bounded.
Thus, tn addition to Theorems 3.111 and 3.1V of Vermes (1949), we see that if the
method A(p) is such that the transformation of {s,} is bounded, then for p > } also the
method 1s translative to the right.

(iii) Considering now the case k = } for the method A(p), we have, in the
notation of Theorem I,

" tn+tn—1

te= 25"

In case we do not assume the boundedness of {s,}, we cannot prove the convergence
of {t,} assuming that of {¢,}.

(iv) In Theorem I, let s, = O(1) and k¥ << 1. Then px, — 0, (= — ©). Hence, by
Lemma 4, if \* = (H*, p,,,) in Theorem I is a T-matrix, then it is a strongly regular
T-matrix and therefore, by a theorem of Lorentz (1948), satisfies the condition (6)
and is consequently translative. This conclusion does not necessarily follow when
k=1 and p, does not necessarily tend to 0.

We give below Kuttner’s theorem, referred to in the introduction, which covers
the case k = } excluded in Theorem I as well as the case k¥ = 1 excluded in Remark
(iv) above.

Tarorem II: If (H*, p,.1) s any conservalive sequence-lo-sequence quasi-
Hausdorff transformation, then (H*, p,.1) 18 translative for bounded sequences.

Proor: Let

- 1 m ‘
— 04 AT T —
Bult) = oyt > (n)(l 9 | ) =(m+le ] .. (3)
_ . m>=n
Then we shall first prove that )
@.(t) is bounded forallnand 0 <t <1~ .. .. (14)

G,(t)—>0asn-> oo forevery tin 8 <t <1, @>0. .. (18
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The proof of (14) follows from the proof of (i) of Lemma 8. To prove (15), we note
that, from (13) and (8), -
G.(t) = 1—G. ().
But @,(f) —~ 0 for ¢ in 0 < 3 < ¢ < 1 and therefore the same is true of @,(f). Since
(13) shows that G,(1) = 0, the proof of (14) is complete. ]
Now, as in Theorem I, let {¢,} denote the transform of {s,} and {i,} that of
{5,} . By hypothesis {s,} is bounded and it is clearly sufficient to show that

{t,,-—f,,_H]—) 0, a8 n—

: m “—n ; — m+1 m-n
t“= z (n)A y.,l_‘_]_Sm &nd tﬂ+l"‘ 2}: (n+1)A Font28m,

m>zn m n

where

i.e. it is sufficient to show that

> (%)

m>n

[m+1 —0,asn— 0. .. 16y

A"y — '7;_-*_—1] AP o

Now, by hypothesis, there is a function X(t) of bounded variation in (0, 1), such
that

1
B = f trdx(t).
(]

Since a change in the value of X(0) will alter u, only, and not any of the other p,’s,
and since the (H*, p,, ;) matrix does not involve I+, there is no loss of generality in
assuming that X(+0) = X(0) = 0. Thus (16) can be written in the form

z (:'Z) J.O(l-—t)m—ntuﬂ (lf -Z%llt) ax(t) = 0 as n - 0. V)]

m>=n

The absolute value of the expression on the left of (17) does not exceed

e e

The result now follows from (14), (15) and an application of Lebesgue’s theorem on
dominated convergence as in the proof of Theorem 1.

Theorem I in contrast to Theorem II is of some interest in that its proof can
be adapted to deduce the results of Vermes already referred to, for general (un-
restricted) sequences. Since the translativity of quasi-Hausdorff methods for such
Sequences remains an open question, the possibility opened out by the proof of

Theorem I, and indicated in the remarks following the proof, may not be altogether
devoid of interest. -
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