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ABSTRACT

The new theory of turbulence as presented by 8. Chandrasekhar (1955) has been applied
to the problem of density fluctuations in stationary homogeneous turbulence in an inviscid
compressible fluid. On the basis of the assumptions that the fourth order correlation is
related to the second order correlations in the same manner as in & joint Gaussian distribution,
and that the variations in density and pressure are adiabatic, a differential equation in the
density correlation is obtained and solved. It is found that each scale of the demsity
fluctuation varies periodically with time independently of the others and is propagated

through the medium with velocity '\/ 02+ 3 w?. An invariant of the type of Loitsiansky In-
variant is also deduced from the equation of continuity.

1. INTRODUCTION

Recently S. Chandrasekhar (1955) deduced a new theory of turbulence by
taking the velocity fluctuations at two points and at two different times. On the
basis of this theory he deduced an equation purely in terms of the defining scalar_of
the second order velocity correlation tensor and obtained its solution in the limiting
caso of zero viscosity (Chandrasekhar, 1956).

In the present paper this new theory has been applied to the fluctuations of
density in stationary homogeneous turbulence in an inviscid compressible fluid. In
the first section, an invariant, similar to that of Loitsiansky, has been derived
from the equation of continuity. Incidentally, this invariant comes out to be
exactly the same as the one obtained on the basis of the old theory of turbulence
(Chandrasekhar, 1951).

In the next section, an equation in the correlation

&[=(p"—p)(p"—p) = 8'8p"]
is obtained with the help of the equation of continuity and Stokes-Navier equation.
In deducing this equation, use has been made of the following two assumptions :—
(1) The correlation of the fourth order is related to the correlation of the

second order in the same manner as in a joint Gaussian distribution.
(2) The adiabatic law governs the fluctuations in density and pressure.

In another paper, S. Chandrasekhar (1951) has dealt with the problem of fluc-
tuations of density in homogeneous turbulence in the compressible fluid on the basis
of the usual method of taking correlations at two different points and at the same
instant of time. There the fluid is taken to be viscous and approximations are used
to justify the use of the second assumption mentioned above and to reduce the basic
equation in & to a simplified form.

Since the assumption of the adiabatic law is inconsistent with the retention of
viscous terms in the equations of motion, we have solved the problem for the more
restricted case of inviscid compressible fluid and the results are obtained in a
rigorous manner. In the end, in order to compare the results of the present paper
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with that of S. Chandrasekhar (1951), the basic equation in & is simplified to the
spherical wave equation by making use of the approximation that the turbulence is
fairly subsonic. The velocity of the propagation of the wave is found to be C, while

on the basis of the old theory the corresponding value is 4/2C.

2. AN INVARIANT FOR PHYsICAL CONSIDERATION
For a compressible fluid, the equation of continuity is
op' . 0
o oz
where the primed symbols have their values at a point 91:1 and at time t'.

Multiplying equation (1) by p” which is the value of the density at the point ="
and at time ¢”, and averaging, we get

(Pu)=0 .. .. .. .. ()

9’0" | 0 iy _ 9
. —étT+aT‘;(ppu‘)—-0 .. . . . ()
Let t = t'—t".
Therefore, for homogeneous turbulence,
a a L3 r ” )
=t i >t o
= — % if ">t
Let Li=z—2z/.
. )
Then ax'l == 5‘5 - 1 (4)
92 9z g2 o
Also b — b = s
Ve = oot 5t 508 = i, |
Therefore, equation (2) transforms to
" 8 s
' :!:—%t',—)—=a—£‘(ppu‘) O 1))
Let @ = (p'—p)(p"—p)
B } , (6)
— SPISP'

where 5 is the mean demsity which is independent of r and ¢ for homogeneous
turbulence. Then,

B=pp’—p .. .. .. N4}

and @ i8 a function of the distance r and the relative time i.
Now, for isotropic turbulence

P p'uy = Lir, t)f,-k .. .. LT’

where L(r, t) is the defining scalar of the first order isotropie tensor on the left.
Putting the values in equation (5), we obtain

£ 5180, 047 = o (26
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or
o8 oL
+ 5% = rr+3L. .. .. .. o 9
Multiplying both sides of the last equation by 72, we get
a(r2a@) — 9 ..
t o+ — = aT(Lr). o .. .. .. (10)

Integrating both sides with respect to r between the limits o and r, we have
a r
:!:-é—t ri@dr = L3, .. e - .. (1D
0

In order to deduce an invariant of the type of the Loitsiansky Invariant, we suppose
that (Chandrasekhar, 1951) L — O faster than 73 ag r — oc0. Hence, we get

i%f adr=0 .. .. .. .. (12
0

or [‘ r2a@(r, t}dr = constant. .. .. .. (13)
<0
The physical meaning of this invariant is that the large scale components of
the density fluctuations are permanent features of the system.

We can also deduce the same invariant in Fourier space; the method to be
followed is exactly the same as given by Chandrasekhar (1951).

2. Tar EQUATION IN &(r, f)

The equation of continuity is given by equation (1), that is
9,
——pU.) = 0
= (pu)

and the Stokes-Navier equation for an inviscid compressible fluid is

o, , n, 0 ,, ._ _0p
aT(P“i)""a‘Ej(Pua“:)—‘gx—‘, .- .. .. (14)
Differentiating the two equations and eliminating the term containing p'w,’, we
obtain
0%’ 0% ’ op’
Eril e e R e
or
az a L4 ’ ’ ! .
. 5 = wma PWEHYY ()

Multiplying this equation by p” which is the value of the density at the point
z;" and at the time ¢, and averaging, we get

A ———
a’;lz azlaz (P pu‘u-)+V2(pp)
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28 2 p—
or 557=5&T§1,(PP’“"“1)+V§(PP). .. .. .. (16)

Now we make the assumption that the fourth order correlation is related to the
second order correlations in the same manner as in a joint Gaussian distribution
(Chandrasekhar, 1951).

Therefore,
P”P’u"uj, = PIP' ’M.-'u]’ +P'u." P,uj,
+p"uj p'uf
=4pp"u®d; .. .. .. .. @D
From equations (16) and (17), we get
0%® 25— o2 o
=z = VP )+a§‘a§j('§pp wsy) .. .. .. (18)
023 —
or = VZI o0 +4ut B R )}

In order to solve this equation for @ and, as we are conmsidering an inviscid
fluid, we make the second assumption that there are adiabatic variations in pres-
sure and density at every point in the turbulent motion of the fluid, that is

where ¥ is the ratio of the specific heats.

. Replacing p’ (the pressure at z;') by 8p’ (the fluctuations in p’) in p"p’, we
obtain

P'pl —_ P'SPI

’

= ‘)'Zép'Sp’

’

-

= ' 5 (5195
=03 .. .. .. .. .. (21

zlvhere O is the velocity of sound appropriate for the mean pressure and the mean
ensity.

Using equation (21), we get from equation (19)

2 —
%T?=VZ[026+WBJ.. N .33

which is the basic equation in @®(r, ¢). A similar equation for an inviscid fluid on
the basis of the old theory (equation 4.37, Chandrasekhar, 1951) wiil be

023 ~—v1 @ oa 02 — ,
FI 2(02+§“2) 2 or ("2 -a—;) —25&_—3.& [PP Sij-xzfo'fi] .. (23)

Our equation (22) is much simplified in comparison to the last equation (23).

02® 20
But V;5=5§+;—a'; .. . . ‘e (24)
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Therefore, equation (22) gives

%% —\ [(0%® 2 0@
= (C2 A Mt
o = (O*+e2) (ar2+r ar) (25)
The solution of this equation is given by
A r
d(r,t) == '3
o4 "

where k2 = 24 é»f;l,—é

Therefore, each scale of the density fluctuations varies periodically with time
independently of the others and is propagated through the medium with velocity

\/02+§u2. {It may be pointed out that the combined occurrence of the terms C'2
and (4)u? in the solution of the present problem on the basis of old as well as new
theory of turbulence may have some significant meaning.)

The result thus obtained does not depend on the subsonic or supersonic
character of the turbulence and it gives the solution of the problem with only two
restrictions in the form of two assumptions.

However, if the turbulence be subsonic sufficiently,

ut £ (2
Therefore, equation (23) reduces to
o2& 2B 20a A
-aﬁ*=02(—a—r§+;ﬁ) .. L. .. .. (27)

which is the spherical wave equation in &. Thus, the density correlation & may be
expressed in terms of spherical waves of the form

sro=2eo(Hg) L e

The speed of propagation of these waves is C. The corresponding result obtained by
8. Chandrasekhar (1951) on a less rigorous basis is 4/2C.
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