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ABSTRACT

A formula for the wave resistance for a ship moving uniformly in a circle has been
obtained, the width of the ship has been supposed to be small and the ship has been replaced
by its central vertical section which is covered by a suitable distribution of sources and
sinks, This distribution produces the necessary wave system which satisfies the boundary
condition on the side of the ship.

1. INTRODUCTION

In this paper an attempt will be made to obtain a wave resistance formula for
a slender ship moving with a uniform angular velocity in a circle on a deep sea.
The problem was suggested by Lunde (1951). In §2 we have given a short
account of the method followed by Havelock (1949) and Lunde (1951) for the
solution of such problems. The ship is supposed to be symmetrical about a
vertical central plane, and the elevation of the ship’s surface on either side of this
plane is regarded as small. The irrotational fluid motion due to the motion of the
ship is supposed to be generated by a distribution of-sources and sinks on this plane
80 that the ship may be replaced by a suitable distribution of sources and sinks on
its central plane of symmetry. As thig plane moves without rotation in a circular
path, each source or sink traces out a circle of different radius. The resultant
fluid motion will be due to this moving source-sink system.

The velocity potential due to each moving source is obtained by a method
suggested by Havelock (1949) and employed by Lunde (1953) as follows: The
path followed by a particular source is known. At the position it would occupy at
any time 7, a source of strength m(r) is supposed to be created suddenly without
any impulsive disturbance of the free surface. The created source is maintained
there for a short time 8+ and then annihilated, the annihilation being supposed not
to involve any impulsive disturbance. The non-transient effect of this transient
source m(r) is worked out. The effect of the source after it has beeuw in continuous
motion for a time ¢ is obtained by summing up all such non-transient effects for
varying = up to the time £, and finally adding the effect of a source similarly created
at time ¢ in its appropriate position but no longer destroyed.

The distribution of source density on the central plane is kept open during the
calculation of the resultant potential motion. Finally the potential motion is
subjected to the condition that the discontinuity of its normal derivative on the
plane should give the requisite source density. This is sufficient to determine the
fluid motion from which the ship resistance may be caleulated by the usual method.

2. GENERAL ANALYSIS

Taking the origin on the undisturbed free surface and the z-axis vertically
upwards, we imagine a source of strength m suddenly created at the point (0, 0,
—f). Since the impulse is zero at the free surface, the appropriate initial condition
is¢=0o0nz=0. In order to satisfy this condition we must assume an image
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source of strength —m at (0, 0, f). Thus the velocity potential becomes in the
usual notation

n_m_ ﬂj doj B+ g -’ﬁj dof HBHE-Map (1)
ry ry 2m 27
-7 0 -1 0
where
ry= 2t )2, )= 2y -2,
and
& = & cos 04y sin 0.

This velocity potential causes a velocity w at the free surface of the liquid. We
shall now imagine that the source generated at @(0, 0, —f) at ¢ = 0 is maintained
for a short interval of time 87, and then annihilated. The surface elevation due to
this transient source of life time &r is given by

(1 1
§0=w87=—87.m$(;-1-—r—2)

a0

m
=5r gj dof MDD b ik
-7 0

P

m
=&.%J doj cogkd.e”¥ . kdk, .. .. (2
o 0

where only the real part is taken.

‘When the source is annihilated this surface elevation {, remains as the initial
condition of the subsequent motion. The problem of the subsequent fluid motion
is now reduced to that of an extension of the well-known two dimensional Poisson
problem. It is easy to verify that all the conditions of the surface wave problem
can be satisfied if we take the velocity potential,

¢

—_3, Mo ; —, H@E-nN+id] 13 3

¢—81."9J daf sin 4/ gkt . e Erdk. .. o3
- [}

In this problem the conditions to be satisfied are :

Vip=0,forz<0;¢—>0,a82> —00;

y =glp,onz=0att=0;
which is equivalent to
{i=—donz=0

by= —gp,onz=0. (Lamb (1932)).
Equation (3) may also be written as

a
¢ = br. 2mg*f Jolkr) sin \/gkt . "~ ¥ dk. .. .. (3a)
: 0
with 7 = /22442, for
v
2Jy(kr) = %J ™2 dé.
-7
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We now proceed to consider the fluid motion due to a source moving in a
horizontal circle of radius 2 at a depth f below the free surface, with constant
angular velocity £2. We shall use cylindrical co-ordinates taking the origin at the
free surface vertically above the centre of the circle. If a source is created at time
t = r at the point whose cylindrical co-ordinates are (k, 2r, —f), maintained for a
period 8r, and then annihilated, the velocity potential due to this transient source
at any subsequent time ¢ is given in accordance with (3a) by

¢=2mg*.87J Jolkasy) sin [V gkt—7)] . b ak, .. .. ()
1]

where @; = perpendicular distance of the field point P(®, 8, 2) from the vertical
through the source. In the following figure P’ is shown as the projection of P on
the plane of the circle along which the source moves, and @ is the position of the
source at time =, and O’ is the centre of the circle described by the source.

P’(':):os'f)

8l

Q (’h‘\‘f.")

Hence
@Y = @24h—2ah cos (6—Nr). .. .. .. (5

We may regard the fluid motion at time ¢ as being made up of contributions of
type (4), extending from 7 = 0 to r = ¢, together with that due to the sources m

and —m at the points (h, ¢, —f) and (k, Qf, f) respectively, these last two
sources not being annihilated at time {. Hence

$(t) = ’rﬁl _;"2_4.29* J m(r) dr J Jo(kd,) .sin [\/gk(t—7)] . Ikt gk, .. (8)
0 ]

where r;, r, represent the distances of P(@, 6, z) from Q(k, &, —f), and
Q' (h, £1, f) respectively, so that

7} = (& 008 O—h cos )2+ (@ sin 0—h sin Q)2+ (2+f)2

= @2+h2~20h cos (0—t)+(z+f)2
and similarly

rs = @24+-h2—2ah cos (0—0Q8)+ (f—2)2
and

&) = at+he—2ah 008 (6—Q7). .. .. .. .. .. (7

The results contained in equations (6) and (7) were obtained by Lunde (1951) in th
paper already referred to. ) ) y Lnde | ) in the
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3. PrANE DISTRIBUTION OF SOURCES AND SINKS

We shall use formula (6) to calculate the total disturbance due to the replace-
ment of the ship by the source system. The ship, as we have stated before, is
replaced by a rectangle forming its middle plane, which is supposed to be covered
with sources of suitable density. The effect of the circular motion of the ship will
be supposed to be equivalent to that of the motion of this rectangle without rotation
such that its centre moves on the circle described by the centre of the ship. Every
point of the rectangle will describe & circle. The rectangle in any position will in
fact be contained within two concentric circular cylinders with the vertical axis
through the centre as axis, and the midpoint of this rectangle will in any position
touch the inner cylinder.

Let us now take a plane distribution of sources on the rectangle, the cylindrical
co-ordinates of the centroid of the rectangle at time ¢ being (%, ¢, —f).

Let the horizontal and the vertical lines through the centroid be taken as a pair
of axes (u, A) fixed in the moving plane. Let o be the surface density of the dis-
tribution at any point @(A, u). The cylindrical co-ordinates of this point @ with
respect to the original fixed axes are

Vh2F 2, 2t+tan-1 E —(f=2).
Then the velocity potential due to this moving distribution of sources and sinks is
obtained from (6) by writing odAdy for m and changing A, £¢, and f into VR,

Qt+tan‘1% and f—A respectively, and integrating over the entire distribution over

the rectangle. Thus

o[+ (-2 e

. . . '
+2g% J J da d,.J odr j Jolka,) sin [V gkit—7)]. 4 kb d,.  (8)
0

0
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where by r;, 7y, @; We now mean

7y = @2+ hi+p2—26 V/AE+pt cos (0—9t—tan-1 %) +(+f—))?
ri = @2+h24u? -2 A/ 242 cos (9—!2t—tan‘1 %)+(f—)(——z)2

& = @2 4h2+pt—28 vV h2+u cos (0-—!27—ta.n‘1 %) . .. . (9

Geometrically @, represents the perpendicular distance of any point P(a, 8, 2)
in the fluid from an axis parallel to the z-axis through the position of the source at
(A, ) at time 7. »

4. BouNDARY CONDITIONS

Let the hull of a slender ship-shaped body be given by
v=F(A, u). .. .. . .o (10)

The ship is considered so slender that v may be regarded as small. Regarding
the ship as represented by the plane distribution of sources referred to above we
proceed to establish an approximate relation between the surface density of the
- distribution and the shape of the ship.

The approximate boundary condition at any point on the surface of the ship is
as follows: (i) the normal fluid velocity at the point (A, p) on the rectangle = the
normal component of the ship velocity at the corresponding point (A, u, v) on the
ship surface, (ii) the normal fluid velocity due to the plane distribution at any
point (A, u) on the plane itself is 4 2m0, where o is the surface density of sources at
that point.

To consider the normal component of the ship velocity at the point (A, u, #) on
the surface of the ship, let us consider a section of the surface of the ship given by
(10) by the plane 2 = —f4A. Due to the motion of the ship this section rotates in
a circle with its centre at its own level on the z.axis. This centre lies at a horizon-
tal distance 4 from the z-axis.

Sow o

In figure 3, 0', @ are points of intersection with the plane z = —f-+A of the z-axis
and the A-axis respectively.
4
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The ship velocity at the point (A, g, v)
= @2 perpendicular to O'P.

Its component along the normal to the side of the ship = &Q cos ¢; & and cos ¢
may be obtained from the geometry (plane) of the section itself.

o

The tangent of the gradient (inclination to p-axis) at P is W and the tangent
of the gradient of O'P is Z—:—@ .
-Hence
o v—=h h v O
% w _p piom
tan 95 St —_ ¢ [ad
1 +i v—=h _hov
o p p Op
(neglecting the second order tern: v g—;) ; whence we obtain
ov
p—h=z=
_ ou h
4= i s
Further,
&2 = (v—h)2+pu2,
whence
T hy
5 = 2Lz (1— 2\
o= Vitp (1 h2+;ﬂ)
Hence
~9cos¢—9( _hi) (11)
@ = |73 %) .. . .

This result is correct to the first order of approximation.
The connection between the density of the source distribution and the shape
of the ship will be given by

Q 2
or a=-2;(p,—-h—f-). .. . .. (12)

Here ¢ does not depend on time 7 ; substituting (12) in (8) we get

=g ][ (22~ 2as

i S
+‘3jj~ f f (n——hg—:)d/\ dnf dr j Jo(kay) sin [v/ght—r)] T gk,
0 0 : (13)
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5. WAVE RESISTANCE
From Bernoulli’s equation
f—: +%¢%+4-9{ —&; = constant,

the variable part of the pressure is given by

P = pdy, neglecting 1g2. .. .. .. .o (14)

A5,

ALLEL T

(A 4059,
»

Fia. 4.

Let us consider the instantaneous position of the ship at any time. The figure 4
shows the section of this position by the horizontal plane z = —f4)’, 0" and @*
being the points of intersection of the plane with the z-axis and the A-axis respect-
ively. If p be the pressure at the point (X', p’', v), since the pressure at the corres-
ponding point (X', p’, —v') differs from it only by a small quantity owing to the
- thinness of the ship, the wave resistance may be defined as
[ oy
R= 2| |p5x-d\dy,

ou

JJ

and to a first approximation the value of p may be taken at the point (X', u’, O) on
the central plane of the ship.

Y
R=—2 ¢,§;-,d)\’dy’, N ¢ 1)

v

the value of ¢, being taken at the point (A’, u') of the distribution and the integra-
tion being taken over the entire distribution on the central plane of the ship.
Equation (15) gives the wave resistance of the ship with ¢ given by (13), and
71, 79, @; involved in (13) given by (9). From (13) the first part of ¢

_£ av)(1 1
‘2n”(“"‘a)(a‘a) T

and its contribution to ¢, is
2 ov\[{1 or;, 1 0ry
£ [b-s5ls - 3w

or 5Q  ji—s -1
5= -“;—1\/h=+p2 sin (G—Qt—ta.n ’-;‘;)

Now from (9)
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and

org &R oo . ( Y
%= ™ \/h +p2 gin {0—£%—tan il

.. the first part of ¢,
o622 ov 1 1 —— i
[l B v s () s

and its value is to be taken at the point (A’, u') on the central plane, the cylindrical
co-ordinates of the point being

VE2F 2, Qi4tan-1 % , —f+AL
The values of 7y, 7, in the above integral for ¢, may be obtained from (9) by
substituting the above values for &, 6, and z. But these may be obtained more
easily geometrically for 7, and r, represent the distances of the point P(X’, u') from
the point Q(A, u) and its image point Q'(2f—A, p) in the free surface—all the three
points lying in the central plane.
K

(%ﬁ s ﬂ) q
o

PQL?

(M)
A 6

Fia. 6.

1= W=D =R,
2 = WHA—2)2 (' —p)2.

Also
. an\ (o ap L ap .
sin (0——.Qt-—tan h) = gin (tan % tan h) at P(\', p)
- h(p —#) .
V (B2 + ) (h2+-p'2)

Hence the value of the first part of ¢, at the point P(\', u’) is
hQe ov\, , , -3
—h= - — A2 (! — )2
5 H(f‘ haﬂ) (W =) [{N =02 (' = )2}

—{(,\'+/\-2f)2+(n’—y)*}"}] didp
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and hence the first part of B
pp
phQ2 L 10 ., ., ,
=== ||z ff(#—h )(y - [{(/\ — N — e} E

w
vl

—{W+A=2) 2 (=2}~ |an d.

phi2® [ av ’ ’

X [{V =02+ (' =2} = { (N 42=2f)2 4 (o' —p)2} ~ildddp. .. (16)
for the other part of the integral will cancel out in pairs since the integral is to be

taken twice over the distribution.
From (13) the second part of ¢

1 t ®
- b f f ( g”) dxdp f dr f Jolkasy) sin [A/gk(t—r)] ets—1+X ki gk,
0

ks

and remembering that

d [ '
% J F(B, )i = J L1 B tf@ 0 G e @)
0 0
we have the second part of ¢

1 0
= 92 JJ.( av) dA dp.f drr‘[ Jolkdy) cos['\/gl_c(t—r)]e"("f‘m. kdk,
0 0

ks

and the value of this integral also is to be taken at the point (', p’) on the central
plane, the cylindrical co-ordinates of the point being

Vhep'®, Q-+ tzaurr1 =, =f+N.

From (9) the value of @, at the above point is given by
&? = 2he 4242 —2[ (24 pp’) oo Q(t—7)—h(p'—p) sin Qi—7)] .. (18)
Then the second part of $,()’, ') is given by

¢
g4 J. J. (,‘ —ha— g") dAdp J dr j Jolkdsy) cos [/ gkit—r)] X2, kdk,
0

v
0

where @, is given by (18).
The second part of B

= _E&gjj‘a —dx du J:[(,;,-h; )d/\dp.jod'r LJo(kd'u)

x oos [v/ght—7)]. XN kdk. .. (19)
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Combining (16) and (19) the complete wave resistance is obtained as

2o ,.,.,, '
R="PTH5;“'d’\»d" “N —p)

x[{ W =02 =2}~ I { N F2=2f)24 (u' —p)2} ~E] dAdpe

» ] ©
2gpQ aV, ' ’ - _a_’,' )
—== ”3_#' ax du JJ (p. h P didp | dr | Jolkd,)

0 0
x cos [V/gh(t—n)]. N A2 ag, U £ 1)

where &; i8 given by (18).

The first term in the resistance is of the form const. X density x acceleration
of the ship; the constant depends entirely on the dimensions of the ship. The
second term is contributed by the source distribution equivalent to the ship and
the waves generated.
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