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1.1. Definitions. Let Xa, be a given infinite series, and let A, be a positive
monotonic increasing function of », steadily tending to infinity with n. We write

4,0) = Lw) = > a,
An<w
Aw) = > @=A)a, (r>0).

g w

The serios Za, is said to be absolutely summable (R, A, r) or summable | R, A, 7|,
r »0,if (A;(w)/w") is of bounded variation in (4, ), where A is a finite positive
number (Obrechkoff, 1928, 1929).

An equivalent definition is obtained, as follows, by defining A suitably at non-
integral points and by a corresponding change of variable.

Let A = A(w) be a continuous, differentiable and monotonic increasing function
of w in (K, o), where K is a positive constant and let A(w) — co with w. We write

o) = > {Mw)—Am}a, (r>0).
n<w

Then Za, is said to be summable | R, ), r |, 7 > 0, if the integral

o
f {dle (w)a@)]],
4
where 4 ig a finite positive number, is convergent. Now for r > 0, m<w<m+-1,

(@/dw)[c,()/(Aw))']

= [N (w)/{A@w)} "] z {A@w)=An)} A(n)a,.
ngw

Hence summability | B, A, |, » > 0, is equivalent to the convergence of the integral
o -
[rx<w)/{x(w)}'+‘] > {xw)—=Am} 7 Amja | dw.
4 nw

Evidently summability | R, A, 0 | is equivalent to absolute convergence. For con-
venience we shall adopt here the alternative definition given above.
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1.2. Let f(t) be a periodic function with period 2% and integrable-(L) over
(—m, #). Without any loss of generality we assume the constant term in the
Fourier series of f(¢) to be zero, so that the Fourier series of f(¢) is given by

(1.2.1) (@, cos nt4-b, sin nt) = > A,(t),
2 2

and

(1.2.2) J. f)dt =

Then the conjugate series of the Fourier series is given by

(1.2.3) z (b, cos ni—a,, sin nf) = ZB,,(t).
1 1

Throughout we shall use the following notations :—
=} {fe+t)+fz—-1)},
P(t) = § {flz+t)—fla—1)},

r—1
= > (64,
=0

where 8’s are arbitrary constants,
=} {fle+t)—P@®)} +(=1) {flz—t)=P(—1)}],
h(t) = 3[{fla+t) —P@t)} —(=1)" { flz—t)—P(—1)}],

t

1
(1) = r(—)J (t—w)°=9(w) du, o >0,
0

= I'(a+1)t-°0,(t), ¢ > 0,
¥olt), Yolt), Golt), golt), Holt), ho(t) have similar meanings
YIZ '(t) = gt‘l—r(t /tr 0(1 r t) = ht‘l '( )/ s
e(w) = exp {(log w)! +Ala},
Ew,t) = Z {e(w)—e(n)}*~1*3 ¢(n) cos nt,
n < w
Er(w, t) = (9/0t)" B(w, t),
Ew, t) = Z {e(w)—e(n) }=-1+3 . e(n) sin nt,
n<gw
Er(w, t) = (3/0t)” E(w, 1),

= f [ {1og (4129181 B0, ) a,
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h(w, t) = Jm [u*[{log (k/u) }B] . B*(w, u) dus

{F@)}. = {@/@tyF@)}.

1.3. Introduction. The problem of the absolute Riesz summability of the
rapidly increasing type exp {(log w)'*Y*}, « > 1, of a Fourier series, its conjugate
series and their derived series has been recently treated by Pati in his two papers
(1954, 1957). He considers the case when a is an integer > 1, and establishes the

following theorem (Pati, 1957, Theorem 1) for the Fourier series, in which the order
is more precise than in his previous result (Pati, 1954, Theorem 1) :

THEOREM A. If « is an integer > 1 and ¢a(t) log (k/t) e BV(0, m), then the
Fourier series of f(¢), at ¢ = #, is summable | R, exp {(log w)'***}, «+8|, for every
8>0.

He has also obtained similar theorems for the conjugate series and the derived
series of the Fourier series and its conjugate series.

The object of this paper is to extend these theorems of Pati by introducing a
parametric constant 8 into the type, which now is taken to be

AMw) = exp {(log w)' *#*}, B >o0.

It is obvious that if 8= 0, A(w) = w, and it reduces down to the case of
absolute Cesiro summability considered by Bosanquet (1936) and if B = 1, A(w) =
exp {(log w)'*"/*}, which is the type considered by Pati (1957). Now since | R, w, |
~ 1 C, k| (Hyslop, 1940), it is clear that the type: exp {(log w)' *#"*}, where 0 <8 <1,
is one that covers the entire range of types from w to exp {(log w)'*/*}, and thus
provides us with a scale which, in a sense, makes it possible to bridge the gulf
between absolute Cesiro summability and absolute Riesz summability of type
exp {(log w)' !}

Incidentally, we have obtained, in the form of Lemma 11(a), a result on the
absolute Riesz summability of the series Z(—1)"nf, where p is a positive integer.
This, so far as known to us, is the most general result in this direction, inasmuch as
it generalizes Pati’s similar result (1957, Lemma 11), which had provided an improve-
ment over the corresponding work of Hyslop (1940).

It may be mentioned here that although for Theorems 1 and 3, we do not put
any restriction on B, except that it is positive or zero, for Theorems 2 and 4, we
require for our analysis the restriction that 0 <8< 1. It will be interesting to
examine whether this condition can be removed.

2.1. We establish the following theorems :

Theorem 1. If a is an integer > 1, B > 0 and ¢u(t) {log (k/t)}E is of bounded
variation in (0, x), then the Fourier series of f(1), at t = x, is summable | R, e(w), a+3 |,
Jor every 8 > 0.

Theorem 2. If a is an inleger > 1,0 < B < 1 and if

(i) Pu(t) {log (k/t)}? is of bounded variation in (0, n) and

(i) | (6) | /[t {log (k/e)}' "] is integrable-(L) over (0, m), them the comjugate
series of Fourier series, at t = x, is summable | R, e(w), a+3 [, Jor every
8§>0.

Theorem 3. If a is an integer > 1 and B >0 and Va ,(}) {log (k/t)}E s of
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bounded variation in (0, m), then the r-th derived series of the Fourier series of f(f),
at t = z, ts summable | R, e(w), a8, for every integral « > r and 8 > 0.

Theorem 4. If o ts an integer > 1, 0 < B < 1 and if

(i) O, () {log (k/t)}? is of bounded variation in (0, =) and

(i) |8, () |/ [t {10g (k/t)}1~P] is insegrable-(L) over (O, 1r), then the r-th derived
series of the con]ugate series of the Fourier series of f(t), at = x, is summable
| R, e(w), a-+38| for every integral a > r and & > 0.

2.2. We shall require the following lemmas for the proof of our theorems:

LeEmMma 1. (Obrechkoff, 1928, 1929). If a series X'a, is summable | R, ), 7|,
r > 0, then it is summable | R, A, r' | for every 1’ > .

LeEmMaA 2. The Fourier series of special functions
(log | kjt[) P, (log |k/t|)AL, ..., (log |k/t]) =A%,

when 8 > 0 and « is an integer, are all absolutely convergent at ¢ = 0.

ProoF oF LEMMA 2. We treat here only the special function (log |k/t|)~2.
The treatment of the remaining special functions proceeds on parallel lines.

Let
(log|lc/t|)"'9 ~ Xa, cos nt

= (2/n) f cos nt/{log (k/t)}Bdt.
0
Now by integration by parts
= (2/m) [{log (k/t)} A (sin nt)/n]]

—(2/nm) f {log (k/t)} B~ (sin me)/t . dt
0

= —(2/nm) f {log (k/t)} =B~ (sin i)/t . dt.
]
Now
f {log (kjt)} ~B-1 (sin nt)/t . dt
(1]

=(f +f" ){log(k/t)}‘p‘l(sinnt)/t.dt
0 n~1

= II+IZ, Bay.

Then, since {log (k/t)} ! is increasing in (0, n"') we have by Mean Value
Theorem
n—-1
I, = (log kn)~B-1 f (sin nt)/t . dt, (0 < n<n™?t)
7

= O[(log ”)—B-l] .
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Since ¢~ {log (k/t)} =P~ is decreasing in (n™?, x), we have

4
I, = n (log kn)~F-1 J. ginntdt, (n'<<m)

= 0{(log n)~B-1}.
Thus finally
ap = —(2fnm)(I1+15) = O[n" (log m)=A-1] .
Hence
Zie.| < KZn ! (logn)~B~1 < 0, since B > 0,
which was required to be proved.

LEmmA 3. (Obrechkoff, 1934; Pati, 1954). Let C%, 8% and 3% denote the
n-th Cesdro mean of order k (k >» 0) corresponding to the series

i (—1)" nP, i (cos nt), and i (sin nt),
1 1 1

respectively, then

() 8% = O(n"***1) 0 <t<1/n),
(i) 8 = O(n"t™*1)+0("~%7P7Y) (Im <t < m),
(iii) 8P = O(n****?) 0<t<1/n),

(iv) 8 = O~ ) 40(x* 1) (m<t <),
(v) when p is an even integer > 2

Cf:) = O{ﬂm @ b-l)}.

LemMa 4. (Hardy and Riesz, 1915). Let
Ho) =L@ = > a
A. <:!:
and A;(z) = Z (x_/\.)"a', r>0.
An < x
Then, if k is & positive integer
Ayx) = (k)" \(d/dw)"4)(2).

Lemwma 5. The n-th derivative of {F(z)}™ is a sum of constant multiples of
terms of the type

(P@)}" {FO)} (FO)} ... {F@)}™,

where 7 < n and the «’s are positive integers or zeros such that

Samn S

y=1 y=1
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This is a particular case of a result, due to Faa di Bruno (de la Valleé Poussin,
1923), on the successive derivative of a function of a function.

Lemma 6. If p is an even integer such that 2 < p < a—1, then
f [(log w)f1*/w ¢**3w)] | 2P w0, m) | dew < o0.
1

We have

EPw, m) = (=12 > {e(w)—em)}* " e(m) . (— 1),
n < w
Evidently it suffices to consider the convergence of

f [(log w)f/*/w €**¥(w)]| Z | dw
1

and
f [(log w)ﬁ/“/w * ) ]| 2y | dw
1
where
Zi= > e@)—em} T (=1,
n <L w
and

at§ "
B, = Z {e(w)—em)} (=1)"n".
n < w
We adopt the notations

O(x) = Z (=1)""

n<Lx
O®(z) = Z (@—n)t . (=10, (k=1,2,....).
"<
We have then (Pati, 1954, 1957)
2.2.1) C-1)(z) = O@z*-1),

C%(z) = O(a™-1).
Now

Zl =— f ': O(2)(d/d) {e(w)=e(2)}*3 1 dx

= - (fi"*‘fl: )C(z)(d/dZ) {e(w)__e(x)} a+8_1dx

= —(I141y), say.
We eagily have

e(w) . I, = O[ex+3-1(w)].
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Next, using Lemma 4, and integrating («—1) times by parts we have

Ip= O{eu+s—2<w>}+0(

r C%-Yz). (dfdz)* {e(w)—e(x) }* ' *3dx H

Now by Lemma 5, the last integral is a sum of constant multiples of integrals
of the type

I= _[ " 0%-1(a) {e(10) —e(@) 31 LW (&) }Br {0 } o

(2.2.2) when i B=r<ua, 2 B, = a.
1

1

Case (i). r < a. In this case proceeding as in Pati (1954, Lemma 6, Case (i)),
r < a—1, 8o that

1 = O[{(log w)f/w} .3 (w)]
and therefore

e(w) . Iy = O[{(log w)B[w} . e ¥(w)].
Case (i)). r=a. In this case, by subtraction, we get from the relation (2.2.2)
Bat 2Bt ..... +(@—1)fz =0,
which implies that
Bo=PBsg=........ =Pu=0,p =q.

Then
1= [ o) etr—aa M e do
- ( f g f )oa—l(zne(w)—e(z)}8"{e<1>(w>}°‘ iz
= I+1,, 83y, ‘
where )
(log wy) 1A% = (log w)l+AIx—1,
Now

I, = O[{ (log w)fjw} .e*+6-2w)}. .. .. .. G
Also using the transformation

u = (log w)1+Flx— (log 2)1+AI* = w'— (log z)1+F1,
we have

1
Iy= Kj {e{w) —~e(w) . e"“}?'l e*(w) . e~ %%,
0

x [ (w’ —u)Bla-1/@+h) Jexp { (@~ 1)(w'_u)al(a+ﬁ)}}
X [C-1(et -0 @B ]du, [since z = e -w¥ =R,
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{log w)ﬁ[ % 1
=K f + f ete.
0 (log w)ﬁl &/

= K(Ig, 1+1s, ), say.

(log )P *[w
I, = 0[e‘“’<w) . (log w)P~Fl= ™) f uﬁ-ldu]
7 0

= O[**¥ " (w) . (log w)f~Fl*. {(log w)fl*/w}?]
= O[**8~Yw) . (log w)P+BYx-Bl [y,3],

1
Iy, e= f {e(w)—e(w) . e *}¥71 . X (u) . e~
(tog @)/

X [(@'—w)fe- DB exp (a—1) (w' —u) =0} ]
x[C*Hexp (w'—u)*/**A)} Jdu

1
(1—e = e
f (log w)B/ tz/w

X { (1’ —)Bla= D+ ) e -/ (4B

= o[e“+5'1(w)

x { o“-'l(e“’-“’“"“m) d(e“""’“"“*’”) ‘ ]
= O[e“s'l(w) . {(log w)Pl*/w}371 . {(log w)P/w™}

el
f C*Yx)dz [ ]
£
Hence

Iy = O[{ (log w)Pfw} . 8" (w) 140[e**3~ (w). { (log w)P*F¥la-Flaly3}],
And, therefore, finally
e(w) . Iy = O[ {(log w)P/w}e*+3(w)]+O[e*+3(w){ (log w)P+B2-FlxpP}]. .. (2)
Thus combining the results (1) and (2) we have

f j { (log )% 10e*+8(u) }e(uw). I Zl l duw

< K{ f (log w)B+Bl%/y2 . dw}+K{ f (log w)P+B¥/a/yn+8 dw} < .
1 1

X

= O[**8 " Y(w) . {(log w)P+FI*-Ble/yB}],

Lemma 7. 1If p is zero or a positive integer, B > 0 and o an integer > 1, then

> {e(w)—em}*3 . emn® = O[ {u*/(log W)™} ).
nguw
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Proor oF LEMMA 7. Form L w < m+1, a > 2,

> Le(w)—e(m)} 3 emn®
nw

= Z {e(w)—e(n) }*+81, e(n)n®
1

= O[es(w) Z {e(w)—em)}* . e(n)np]
: 1

m-1 ” m
[eS(w){ z Ale(w)—en)]* . Z e(v)vp} +{e(u) —e(m)}* ! z e(v)v-”]
1

1 1

m—1 n
= 0[65(10) { 2=2(w) Z [e(m+1)—e(n)] Z e(v)P }
1 1

+{ew)—e(m)}** > e(v)vp] La>2,

1

I
Q

[cua %(w Z Hog ( :_:_11 . e(n41)nP. {n/(log n)f*}, e(n)]

Je *! we .
+0[{(lﬂ$i . e(w)} . ed{w). Tog w‘l;)ﬁ/“‘ e(w)]

m—1
= O[ea+8—2(w) Z nP, ez(n+l)] +0[{(log w)ﬂ(“_z)/a/w‘l’l}. w1 (w)]
1

= o[ (%ui)'%] +O[{ (log == fu™ 1} *1 . o ¥(w)]
ogw

= O[{**3w) . wf*!/(log w)P/*]+0[{ (log w)f@=D*/w™  Juf*? . &**¥(w)]
= O[¢**3(w) . '+ (log w)P/*].
Since
n+1
{e(n+1)—e(m)} = K f { (log w)P*w }e(w)dw

= O[{ (log (n+1))#/%/(n+1) }e(n+1)]

and

"

Ze(v)vp = O[nPI {e'(w) . w/(log w)P/% } dw
1

1

= O[n’ . {n/(log n)PI*} . e(m)].
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If «=1, Z {e(w)—e(n)}®. e(m)n”
1

m

= O[e¥(w) . w”. Ze(n)]

1
= 0[¥w) . w’ . {we(w)/(log w)P/*}]
= 0[e¥*'(w) . w™*!/(log w)Fl*]
Thus finally the Lemma is proved.
Lemwma 8. If « is an integer > 1, then
B Yw, t) = O[{(log w)P[w}e™3(w)™* ]
+0[ { (log w)F+ P8/l [P} ¢**8(a)y=*-3]

Proor or LEmMA 8. The proof proceeds along the same lines as that of
Lemma 6. In the analysis C(z) and C%-1(z) will be replaced by S(z) and 8®-1)(z),
where

S(z) = z (cos nt),_,

n<x
§* Yz) = Z (z—n)*"(cos )y
n<w
S%x) = z (x—n)*(cos ), g
n<w

We use the estimates [Pati, 1954, 1957],
§*Nz) = O(=*~1t~%)
§*(x) = O(z*" ™ *"1).
The integral corresponding to I, will be broken up into integrals over
{0, K(og w)Bl*[ut}, { K(log w)B/*/wt, 1}, where K is a suitable constant in view of

the inequality w > 7 = (kff) {(log (k/t)}F/* and the treatment of these will be
similar to those of I, ; and I,, ¢ respectively.

The estimates obtained in Lemmas 2 and 6,7 and 8 have been made for
special cases =1, o = 0 and B =1, « an integer > 1 by Mohanty (1949) and Pati
(1957) respectively.

Lemma 9. If p is zero or a positive integer < a~1, then
E_(P)(w’ t) — O[{(log w)ﬂ/w} . e(l+8(w) ) t—P-Z]
+0[w3(log w)P+F¥a-Ble o +8(y)  4~P=1-3],

Application of the same technique as employed in proof of Lemmas 6 and 8 of
this paper will yield the result.
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Lemma 10. Ifp is an odd integer such that 1 < p < a—1, then

@

j { (log w)Pl*[we**8aw)} . | BV (w, =) |dw < o .

1
The result follows immediately on application of Lemma 9.
Lemwma 11. If p is an integer such that 1 < p < a—1, then the infinite series

Z (—1)"nf is summable | R, e(w), a+38| for every 8 > 0.

This is essentially a combination of results of Lemmas 6 and 10.

Taking the case p = a¢—1, in Lemma 11, we obtain

Lemma 11 (a). If p is an integer > 1, then the infinite series & (—1)"nf is
summable | R, exp {(log w)2}, p+1+38| however large A (> 0) may be.

Lemma 12. (Chandrasekharan, 1942). If the series Xa, is summable | R, A, r|,
r > 0 and p is a logarithmico-exponential function of A such that u = O(A2), where
A is a constant, then the series Xa, is summable | R, u, 7|

Lemma 13. If 8 > 0, the necessary and sufficient conditions that
(i) F(t){log (k/t)}® be of bounded variation in (0, ), and
(i) | F(t)|/[t{log (k/t)}1~F] be integrable-(L) in (0, 7), n being positive, are
that

n
(2.2.3) j {log (k/t)}B|dF(t)| < co and F(+40) = 0.
0

Proor or Lemma 13. The conditions are sufficient. For if (2.2.3) holds and
F(40) = 0, then we have

n
1= [ 10 lthog ko PPl

N at
= f j dF(u)
0ivJo

n i
< f [ltog (@0} ~#1" | |aF]

[[t{log (k) }1-P]dt

7 i
= [ 1are [ tetiog wmy-m-1a
(4] “
n
= (1/B) f [—{log (k/t) }FT] | dF (w)
0
n
= (1/B) f [{10g (kfu) }F—{log (k) }F] |dF (v)|
1}

n
< f {log (k/u) }P|dF(w) |
0

< ®,
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from which (ii) follows, and then (i) follows from

7
(2.2.4) f i [d[F(t){log (k/t)}P]]

7 7
<f {log (’c/t)}‘sldF(t)Hﬁf [F(t)|[[¢] log (kjt)}'~F] de.
0 0

The conditions are necessary. TFor suppose that (i) and (ii) hold. We now
obtain (2.2.3) from

Y]
(2.2.5) f {log (k/0)}B| aF ()|
0

Y] 7
< f |d[F(@){log (k/t)}P]|+8 f | F(t) |[[t{10g (k/t)}'~F] de.
0 0
Finally since F(t){log (k/t) } B is of bounded variation in (0, %),
lim [ F(t){log (k/t)}#] is finite. Hence
t—>0
F(t) = O[{log (k/t)} "B] and so F(4-0) = 0.
This completes the proof of Lemma 13.

L

Lemma 14. If F(40) =0 and j. {1og (Ia/t)}'s |dF(t)| < oo then the series
0

Zv,, where
Vy = f F(t) sin nt dt = —F(m){cos mr/n}+f (cos nt/n) d F(t)
0 0

is summable | B, exp {e*,te ™A}, 1| where 0 < a; < B <.
We shall require the following order estimates for the proof of the lemma.
Writing
Mem) = esm = exp {€"™}, [hm) = «y(log m)E],

and
J(w, ) = Z (A CO8 RE)/n
AL w
we have
(2.2.6) (i) | J(w, ?) | = O[w(log w)~1 (log log w)-!] and
(2.2.7) (ii) | @, t) | = Ofw . exp (a]" log log w)-B. t-1].

ProoF oF (2.2.6). We have

[, 0] < > (afn) =" (han), where &, < w < A,
MLw 1

= O[ f:{k(x)/z}dz]

5B
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= o[ f :,\'(x){xg'(x)}-ldx]

= O[A(m)/mg'(m)]

= O[Am)/{(m+1)g'(m+1)}].
But we know that A, < w, and

(m4+1)g'(m+1) = (m+1)e*™ Y B/ (m41)
= gim+1) . (2y/B)[{log (m+41)} B8
Hence | J (w0, t) | = O(w/[g(m+1){[log (m+1)]"/B}*~#])

= O[w . (log w)~1 . (log log w)A™1].
Since Apy1 = w

g(m+1) > log w,
(2.2.8) :

{log (m+1)} '8 > (1/ay) (log log w).
ProoF oF (2.2.7). Next we have by Abel’s lemma

|J(w, t)| = Z (A, cos nt)/n|
v

< (Aa/m) ma.x|z cosnt|, (1<v<m),

= O[t‘lz\,/m]
= O[wt~1/(m+1)].
But
Aut1 = exp (exp {a;(log m+1)1/ﬁ}) > w.
Hence log (m+1) > (a; " log log «)f
i.e. (m+1) > exp (a; ' log log w)P.
Hence we have finally

[J(w, t)] = O[w. exp {—(a; " log log w)F}t 1]

Proor oF Lemma 14. The series Zv, is summable | R, exp {1 (08 @) VBy 1 | if

I=j w2 D A, |dw < oo

AL w
Integrating by parts and using the fact that F(40) = 0, we have

ki
v, = J F(t) sin nt dt

0
Ly

= — F(x) (cos nn/n)+J (cos nt/n) dF(t).

0
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We have then

I<|F(1r)lj w2 |J(w, w)|dw+J

T

IdF(t)lJ w2 |J(w, t)|dt
0 e

= I1+1,, say.
By using (2.2.7) we have

I, 4 J w~lexp {-—atl'"g (log log w)ﬂ} dw
e

< j w1, (log w)™1"¢dw < o0, € > 0.

Hence it will be sufficient to prove that I, < co.

We have Iy = J &) 1dF ()}

]
where q(t) = J w2|J(w, t) | dw.
Writing 7= exp {(k/t)*1/(B-2) } let

q(t) =j =J +J = ¢,(t)+9,(?), say.

T

The fact that g,(t) is bounded for 0 <t < = follows at once from (2.2.7) if we
assume that «; < B. Using (2.2.6) we have ~

7,0t = J w2 | J(w, t) | dw

— J w1 (log w)~1 (log log w)ﬁ'ldw

= O[{log (k/t)}£], for0< t< =.
Thus it follows that

q(t) = O[{log (k/1)}F], foro<it <.
Hence finally

<A J {log (k/t)}B|dF(t)| < o0,
0

and this completes the proof of Lemma 14,

Bpecial cases of Lemmas 9, 10 and 11 have been given by Pati (1954, 1957)
and those of Lemmas 13 and 14 are due to Mohanty (1949, 1951)
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3.1. Proor or THEOREM 1
Since

A @) = (2/n) f " 4(t) cos nt dt
0

proceeding as in Pati (1954, Proof of Theorem 1) we have only to prove that

f {(log w)F/™/uwe™*3(u)}
1

f::ﬁ(t) E(w, t) dt|dw < .

Integrating [ f " 8(t) Blew, &) dt] by parts and proceeding as in Pati (1957, Proof of
0

Theorem 1), we need only prove the following :
)] f j { (log w)Bl*fwe**¥w)} | BP (w, w) |dw < 0

where p is an even integer such that 2 < p < a~—1.

(Il)f { (log w)PI*[we* ¥ (w)} | g(w, =) | dw < o0 and
1

(1) J. { (log w)Pl*[we* ¥w)} | g(w, t) | dw = 0(1), for 0 <t < 7.
1

Since result (I) has been established in Lerama 6 and
g(w’ t) = g(wr '”)_h(wa t),
Theorem 1 will be established if

(3.1.1) I, = f {(log u‘)ﬁ/“/wea+8(w)} | g, w) | dw < 0,
1

3.1.2) Iy = J“" {(log w)Pl* u'ea+8(w)} | glw, t) |dw=0(1), 0 <t < m,
1

(3.1.3) Iy = f { (log w)P/*fwe™+o(w)} | hlew, &) | dw = O(1), 0 <t <.

Proor oF (3.1.1). The proof of this is parallel to that of (3.1.1) of Pati (1954).
Proor oF (3.1.2).

1]
g(w, t) = f [u®/{log (k/u) }PJE® (0, u) du
0

t
= [¢*/{log (k/t) }#] J (9/3u) E* V(w, u) du, 0 <7 <%,
7

-1

= O[{t*/(log (k/1))P} i? {ew)—e(n) } 2+ e(m) . 0"

= O[{#*/(tog (k/0)f} w™ {e**3(w)/ (tog w)fI*}], (by Lemma 7).
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Therefore
N rT
I,=0 f {(tlog w)Pl*fw . e**3w)} . {t*/(log (k/2))F}
LY 1

x {w®/(log w)PI*} . ¢**3(w) dw]

= 0| {t*/(log (k/t))#} f ’ w"‘“dw]
R L 1
=0(1), for0<t<am.
Proor orF (3.1.3)
hw, t) = | B* V(w, =) | +0[{t*/(log (k/t))B} | B* " (w, 1)

+0U ' {«*7*/(log (k/u))P} | B V(w, w) | du
= O[| B® D(w, =) []40[t " {log (k/t)} B . { (log w)Bfw} . e**3(u)]
+0[{ (log w)P*BI*=Bl*[ P} . ¢**3(s) .18 {log (k/t) } ~F)
+0[{(log w)Blw} . e* ¥ (w) fﬂu'z {log (kju)} ~B du]

t

+0[{ (log w)P*Bol*~Flx [yB )} ¢*+8(ap) f " 4718 { (log (kfuy)} 6],
H

(by Lemma 8)
= 0{| B (0, m) |} + 0[t™" {log (k/t)} 8 . { (tog w)Blw} . &**3(w)]
+0[t73 {log (kft)} ~B . w8 . (log w)B+Béla-Blx  ¢*+8(y)].

Now observing that E* (w, @) = 0, when « is even, and applying Lemmas 6 and
8, when « is odd, we obtain

Iy= 0(1)+0[t'1{log (kjt)} B f {(og w)B*Bl2[y?} dw]

+0[t'3{log (k/t)}'ﬁf {(log w)B*Bdl2[,,1+8) dw]

=0(l), forO0<it<n.
This completes the proof of Theorem 1.

3.2. Proor oF THEOREM 2

In view of Lemma 13, Theorem 2 can be put in the following equivalent
form :

TarorEM 2a. If « is an integer > 1 and if

M f {1og (k/1) 1P| diy 1) | < o0 and (i) s, (+0) = 0,
1]



SERIES, ITS CONJUGATE SERIES AND THEIR DERIVED SERIES 171
then the conjugate series of the Fourier series of f(t), at ¢t =z, is summable | R,
e(w), a8, for every § > 0,0 < < 1.

We proceed to prove Theorem 2a.
Since

m
B, (x) = (2/17)J‘ {t) sin nt dt,
0
we have only to show that, under the hypothesis of the theorem, the integral

f { (log w)P/*[we**¥(w) } . dw
1

f " ) B, e
Q

is convergent. Integrating J‘ $(t)E (w, t)dt by parts a-times and proceeding as
0

in the proof of Theorem 2 (Pati, 1954), it will suffice for the proof of the theorem
to establish the following :

(3.2.1) f { (log w)BI*/we” () } | B® (w, m) |dw < o0
1
where p is an odd integer such that 1 < p <a—1.
dw < ©

(3.2.2) J= f { (log w)P/®/we**3(w)} f i (1) . A(t)
1 0

where
AR) = B Vw, ) —at* B P, )+ ...

-|-(—-1)°‘"1 ca(a—1)....2¢. B(w,t);and

> {etw)—em)}* 2 e(n)
n<w

X { — i, (m)(cos nn/n)+ f ’ (cos nt/n)dy,(t) }
0

(3.2.3) f {(log w)B/%[we* ¥(w)}
1

dw < 0.

Proor or (3.2.1). The result has already been established in Lemma 10.
Proor or (3.2.2).

< (J.T+J.w) {(1ogW)ﬁ/“/Wa+8(w)}f | d,(8) | 1A(t)|dw
1 YT 0

= Jl +J2) 8ay,
where » = (kft) {log (k/t)}I".

Now for the proof of the convergence of Jy it is sufficient to show that

r=| o) | " {tog w)Plef e 2} 41 B, )| oo < oo,
0 1
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where p is a positive integer << a—1. Now

J = O[f"l dif, (1) IfT{(log w)ﬁ/a/we“+8(w)} sl
0 1

x{ 2. [e(w)—e(n)]“‘“ﬁe(n)n"} dw],

n<Lw
= o[J‘" {log (k/t)}ﬁld,/,a(t) |+ {log (k/t)} P JTzUP dw, (by Lemma, 1)
0 1

= o(1),

since
£+ {log (k/t)}_BJ w’ dw = 0(1), for 0 < t < m.
1

To prove the convergence of J, we observe that
Aty = O[{ (log w)f/w} . e 3(aw) .171]
+0[{ (log w)f+A¥l=Bleef o3} ¢*+3(s) . ¢78],

Hence

Jg = 0[ f "l di () | £ f ) { (log w)f+Ble[w2} dw]
0 T

+0I:f I d'/'a‘(t) I t‘sfm {(1og w)p+ﬂ/a/w1+5} dw]
0 0

= 0[ | tog@my? (a0 {t[log oy ? | " (log w)*BI%/us. dw} ]
(1]

T

+0[f" {log (k/t)}ﬂfd‘ﬁa(t) |- {ts[log (/)] "E . J“” (log w)B+B8%[1,1+3 gy, } ]
¢ T

= 0(1).

Proor or (3.2.3). Proving (3.2.3) is the same thing as proving that the series
Zu,, where

e = =) cosnmn)+ [ (cosntm) a0
(1]

is summable | R, e(w), a+5]. By Lemma 14 we conclude that Zu, is summable
| R, exp [exp {a:(log w)/P}], 1|, (0 < «; < B < 1) and therefore by Lemmas 12 and
1 it is summable | R, e(w), 48 |.

This completes the proof of Theorem 2.

\
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3.3. Proor or THEOREM 3
Let » be even. Then we have to show that, under the hypothesis of the theorem,
the integral

J { (log w)B/*[we™*¥(w) } dw
1

f S E (w, 1) dt
3]

is convergent. Now

f SOE 0, 8) dt = 3 f {P()+P(—0)} Bw, 1) di-+ f 9OB w0, 1) dt.
0 1] 0

Thus it is sufficient for our purpose to show that

(3.3.1) f { (tlog w)P/*[we*td(w) }.
1 .

and

(3.3.2) f { (og w)B/*/we* +8(w) }
1

J. 1 {Pt)+P(—t) }EO(w, 1) dtde < 00,
(i}

"

J. gt B (w, 1) dttdw < .
0

Proving (3.3.1) is the same thing as proving the summability | R, e(w), a+8],
8 > 0, of Zn"p,, where p, is the Fourier cosine constant of the even function
{P(t)+P(—t)}. This can be easily proved by using Lemma 11.

kg

To prove (3.3.2) fora > 7, integratingf g(t)E"(w, t) dt by parts (¢--r)—times,
0

we have
j gOE (w, 1) di = [Z (=1 GO B Ve, t)]

0 1 0
+{(=1)* "/ P(@—r+1) }¥s, () {log (k/m) }P g(aw, m)
+{(=1)*" [ (a—r+1)} f [, o(t) {log (k/t) }F] . g(w, 1).

0
Algo if x =7,

T

f g B (aw, t) dt = ¥, (m){log (k/m) }P g(w, =)
0

— | atr., o t1og @0} g
0

Hence, as in the proof of Theorem 1, it is sufficient for our purpose to establish only
the following :

(3.3.3) f { (log w)B/%/we**3(w) } | (e, ) | dw < <0,
1

(3.3.4) f {(log w)B/“/we“+5(w)} lg(w, t)|dw = O(1), for 0 <t < =,
1

6
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and
(3.3.5) f { (log w)P/*[we*3(w) } | h(w, t) |dw = O(Q1), for 0 < ¢ < .

All these have been proved in 3.1. The case in which 7 is odd can be treated
similarly.

This completes the proof of Theorem 3.
3.4. Proor or THEOREM 4

Let r be even. Then we have to show that, under the hypothesis of the theo-
rem, the integral

f ) { (log w)P/*[we™+8(w) } dw
1

f YO E " (w, t) dt
0

is convergent. Now

f YOO (w, ) dt = f HP@)—P(—t) } B (w, t) dt+ f R B (w, 8) dt.
0 0 0

Thus we need only prove the following :

(3.4.1) f {Qog w)P/*[we* ¥ (w)} f HPO)—P(=t) } B (w, t) dt | dw < oo,
1 0

t

(3.4.2) f {(og w)Pl*/we* 3(w)} f ROE® (w, t) dt
1 0

dw < .

Proving (3.4.1) is the same thing as proving the summability | R, e(w), a+38|,
8 >0, of Zn’g,, where ¢, is the Fourier sine constant of the odd function
3{P@t)—P(—t)}. This can be easily proved like (3.3.1).

For the proof of (3.4.2) proceeding as in the proof of (3.3.2) above we need only
show that

(3.4.3) J- { (log w)B*/we* ¥w)} [EP(w, m) | dw < o
1

where p is an odd integer such that 1 < p < a~1,

(3.4.4) f {(log w)P/*fwe**d(w)}
1

f d8, (0.4 (t) | dw < oo, and
0

2 {ew)—e(n)}* 148 ¢(n)

(3.4.5) f { (log w)PI*fwe™+8(w)}
1 n < w -

X [-—Ba, ,(m) (cos narn)+ J- i {cos nt/n) dOa, ,(t)] dw < 0,
0

In the arguments used in the proof of Theorem 2 we have only to replace ya(t)
by bq, ,(t) to establish these results. The case in which r is odd can be treated
similarly. This completes the proof of Theorem 4.

6B
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