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1.1. Let f(2) be a periodic function with period 2, and integrable (L) over
(—m, 7). The Fourier series of f(t) is given by

J)~3ay+ z (@, cos nt+-b, sin nt)

n=1

= i A4,0).

”

(=}

Then the conjugate series is

a0
Z (b, cos nt—a, sin nt)
n =1

= Z B,(t).
n=1
We write

$(t) = (flz+1)+f(z—1)—29)/2,
$(t) = (flz+t) —fle—1))[2.

We also write

i

Dlt) = ﬁl;) f (t—w)*~1g(w)du, o > O,
0

Do(t) = (1),

and
balt) = I'(a+1)t-%Dy(t).
We employ Wu(t) and i (t) with similar meanings.

1.2. TInour earlier paper entitled ¢ On summability factors’* we have investigated
summebility factors for Stieltjes integrals and general infinite series. The object of
the present paper, which forms a sequel to the same, is to consider similar problem
for the Fourier series and the series conjugate to it. We also make use of the nota-
tions and definitions of Paper 1.

For the absolute summability of the Fourier series it is known that if ¢4(t) is of
bounded variation in (0, «), then the Fourier series Z4,(f), at ¢ = x, is summable

* We refer to this paper as Paper 1.
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|C, Bl, B>a (B# a) (Bosanquet, 1936a, b). However, for 8 = «, Cheng (19488)
obtained the following theorem.

TarorEM A. If ¢u(t) is of bounded variation in (0,7), 0 <a <1, then
ZA,(z)(log n)~1-¢ € > 0, is summable | C, «|.

The result corresponding to the above for the conjugate series B, (t), established
by Wang (1949), is as follows.
TaEEOREM B. For 0 < a <1, if (i) Wu(+40) =0 and (i) f =% [dWPe(t)] < oo,
0
then EB,(z)(log n)=1-¢, € > 0 is summable | C, «|.

Extension of Theorem A to the case a > 1 has been recently given by Sunouchi
(1954). We obtain in Theorem 1 of this paper a similar extension of Theorem B
with a further improvement, viz. that the multiplying factor (log »)-1-¢is replaced by
a wider class of functions. Also, it is pointed out that the same improvement is
admissible in case of Fourier series.

Two other summability factor theorems proved by Cheng are as given below.

TaeorEM C (Cheng, 1948a). The Fourier series XA,(f) and its conjugate
series 2B, (t), when multiplied by one of the factors

1 }
(10gn) }’ Ogn(loglogn) 200 TR
(.)

0
{log n.loglogn...... (log log. .. .log n)1+€}’ «>9

are summable [C, a|, a > 1, at the point t = x, whenever

t
f ()| du = o)
0
and

:

f [(u) | du = of?),
0
as t —» 0, hold respectively.

TaeorEM D (Cheng, 1947). If
[ 190021 u = 02008 118},
)]

B > 0, then the series ZA(x)A* is summable | C, 1|, where A, = (log n)-1-p~4-<.

For the case B = 0, he showed later that {A,} may be any one of the sequences
given in Theorem C (Cheng, 1948a). He also pointed out the truth of a similar
result for the conjugate series. Pati (1954) has extem‘ied.the part concerning
Fourier series of Theorem C to the case in which the multiplying factor is A, Wh;;'e

i convex sequence such that Zn—1A, is convergent. In Theorem 2 of this
1{>2;>£r :h: carrespond.(ilng result for the conjugate series is given. Further the proof
given suggests an alternative proof for the case of the Fourier series as well.
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Quite recently Prasad and Bhatt (1957) have shown that in Theorem D, we can,
instead, take A, such that the sequence {[log (n41)}**BA,} is convex and the series

In~1 {log (n+1)}¥*8), is convergent. Theorem 3 extends the result of Theorem D
to the case 8 > —3, and for 8 > —} with the generalization due to Prasad and
Bhatt, and also gives the corresponding result for the conjugate series.

Theorems 2 and 3 of this paper and the other results, quoted here, start with
order conditions on

[1sw@ian,
0

or on

f;w(undu

according as we consider the Fourier series or the series conjugate to it, and obtain
summability | C, a |, & > 1, of the factored series. In Theorems 4 and 5 we establish

similar results, for positive orders in general. In fact we start in these with order
conditions on

¢

[0 [ fo(u) | du

-

and

f [e(u) | du,
0

a > 0, and arrive at summability [C, 81, § > a+1, of the factored Fourier series and
the conjugate series respectively.

2. We require the following lemmas for the proof of the subsequent theorems.

2.1. Lemma 1 (see Bosanquet and Chow, 1957 ; Theorems 2 and Y). If the
sequence {na,} is bounded (C, a-+1), then the series Za,A, i3 summable |C, a1},
where | A, | 45 non-increasing, the series En~1 |, | and

Zn[oqﬂ! A 2, |
are convergent.

This lemma is a slightly different version of a theorem of Borwein (1954) for

integrals. 'The corresponding v ersion of Borwein’s theorem can also be obtained by
the method of Theorem 1 of Paper 1.

2.2. Lemma 2 (Chow, 1941; Lemmas ITI and IV). If {),} is a convex
sequence such that the series Xn—1 ), is convergent, then

nAN, >0,
and

Z(n+1) a2,
8 convergent,
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2.3. LEmma 3 (Bosanquet, 19360). If g%(n, t) be the n-th Cesdro mean of the
sequence {2n 1 sin nt}, then

d A
(dt) g(nt) = O(w) min {1, ()=}, « < A+1,
=O(n-1t" M) 0 <A a—1.

24. Lemma 4. If, for a >0, ¥y (40) =0and

J‘ 1= d¥(t)| < oo,

0

then the sequence {nB,(1)}, at t = z, is bounded (C, ).
Proof. We have

an(I) J ¢(t =) S].Il nt.

If we denote by 7,* the (C, «) mean of the sequence {nB,(z)}, then
k4
=| 40 Lemn a
dt b
0

On integration by parts, we have

w

J $O 3 gm0 dt
0

h k18 7 N
[Z (—1p-20 () o7 t)] —(= J v (&) e v
t=0 0

where % is the greatest integer less than «. Also

™

d\ *t1
0 WLt (E) g*(n, t) dt

T (i) "o t)dtft (=)~ APa(u)
Tl+h—x) L & .

v

1 m rafd 1 y
=fa’:mf0m(“’£‘“ e (g) om0

(=] J‘ J(n, u) d!ya(u),
0
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say. Now, applying Lemma 3, we obtain

h P i
[ > Wl (— 1) (gt) g% (n, t)]
p=1
h
<2
p=1
k=1
< Walm) Knb(14nm) %4 > O(n~?)
p=1
=0

(1).

T

t=0

() (G%)P g(n, 1)

tem T

We are left with

'r J(n, u) d¥e{u).
0

u+n_1 m k41
J(n, u) = K { J +J. }(t—u)""‘" (gt) g%(n, t) dt

u+n‘1

Now

u+n"1
= f O(n*+1)(14-nt) =% (t—u)r-* dt

i d h+1
+ f K(t—u)h—a (_) ga(n’ f) dt
u+n"1 dt
= O{n+1(1 4-nu)-% -2+ }

m d A+l
+n-(h—a)KJ. (Zi_t) g*(n, t)dt, u+n 1< £ < m,
£
= O{(n+u)=2} +-n-t-2 O{nr(1+nt)~}]_,
= O(u-%),
Therefore, by the hypothesis,
T o
f J(n, u) d¥Pq(u) = 0'[ w % | d¥P(u) | < 0.
0 0
This completes the proof of the Lemma,
2.5. Lemma 5 (Srivastava* ; Theorem 3). If
t
j | $alw) |du = O{t(log 1/1)f} ,
0
as t— 0, then for B >—1%
Z4,(t) = 0{(log W}**'} [R, m, a+1, 2]

*Srivagtava, P. Strong summability of Fourier series and the series conjugate to it.
course of publication in the Proc. Nat, Acad. Sc. India.)

. (In
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and for f =—13
24,(t) = O(log log n) (R, n, a4-1, 2].

2.6. Lemma 6 (Srivastava*; Theorem 6). If

i
f |a(s) | du = O{(log 1/1)}
0
as t— 0, then for B>—1
{nB.()} = 0{(log m)***'} (R, n, a+2,2)
and for f =—1}
{nB,(t)} = O(log log n) [R, n,0+2,2].
2.7. Lemma 7 (Bosanquet, 1934 ; Theorem 5). If o >0, and

¢

[ 14at10 = 00,
0
as t— 0, then

{nd,()} =01)(C,a+1+8), 5 >0,
alt =z,

2.8. Lemma 8 (Bosanquet, 1934 ; Theorem 5a). If o > 0, and

i
[ 140120 = 00
0
ast— 0, then
{nB.()} = 0(1)(C, x+1+3), § >0,
all =z,
3.1. Tt is easy to see that Lemmas 1 and 4 taken together yield the following

theorem.

TagoreM 1. For o 3 0, if ¥y (40) =0,

f =% | d¥(t) | < o,
0

then ZB,(%)A, is summable | C, o |, where the sequence {\} satisfies the conditions of
Lemma 1, with a in place of a+1.

In particular {),} may be any one of the sequences (i) of Theorem C; and, in
case « < 2, {A,} may be taken to be a convex sequence such that Zn~1), is conver-
gent, as is evident by Lemma 2. Since, for « 5> 1, the bounded variation of ¢q(t)
implies summability (C, a—1) of the Fourier series 24,(t) at ¢ = « (Bosanquet, 1934 ;
footnote to Theorem 4), it follows that the result of Sunouchi (1954) also admits

* Srivastava, P. Strong summability of Fourier series and the series conjugate to it. (In
course of publication in the Proc. Nat. Acad. Sc. India.)
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similar generalization for the multiplying factor {A,} . That for the Fourier series,
also when O < a <C 1, the same is true has been shown by Prasad and Bhatt (1957,
Theorem 5).

3.2. Applying Lemma 1 to Lemma 8, with o = 0, and then ‘making use of
Lemma 2, we obtain

TreOREM 2. If {A} is a convex sequence such that the series Zn~1), is conver-
gent, then the series XB,(£)A,, at t = =z, is summable |C, | for every o > 1, provided
that

[ wwian= oo,

This also suggests an alternative proof of the corresponding result for the
Fourier series, namely Theorem A.

3.3. An application of Lemmas 5 and 6, for « = 0, to Theorem 4 of Paper 1
considered along with Lemma 2 gives
TrEOREM 3. If
{log (n+1)**A),}
18 @ convex sequence such that the series
Zn1{log n+1) 1A,

ts convergent, then the Fourier series ZA,(t) and the conjugale series ZB,(t), multiplied
by the factor A,, are summable |C, 1|, al the point t = x, provided

f | $(u) |du = O{t (log 1/1)B}
0

f | ()| du = O{t (log 1/1)8} ,
0

hold respectively, for B >—1%. For B=—14, {A,} may be any one of the sequences (i)
of Theorem B.

3.4. THEOREM 4. If

f | $(0) | du = O{t (log 1/6)%} ,
0

then the series ZA.(x)A, ts summable |C, a+l| for B> —13, where )\, =
k(n){log (n+1)} 178, {k(n)} being any ome of the sequences (i) of Theorem B.
For B> —1, {A} may be such that

Zn1 (log m)A+F| )|
18 convergent,

[ A ]
18 non-increasing and

Zn 2 (log nyd +B| ATH3) | < 0.
The corresponding results hold for the conjugate series.
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. Tlie above theorem holds by virtue of Lemmas 5 and 6 and Theorem 4 of
aper L.

3.5. Finally, by Lemmas 1, 7 and 8, we obtain

TaEOREM 5. If
b4
[ 1gwin=o0,
0

a >0, then the series £A,()A, is summable |C, 8| for & > a+1, where {),} is such
that the series

Zn71 A
18 convergent,

Zn[S][A[8]+l)\,,]< 0
and
[ AA,]

is non-increasing. A similar result holds for the conjugate series ZB,(x).
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