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1.1. Suppose that f(6) is integrable (L) over (—=, ) and periodic outside this
range with period 2a. t

w
)

f(0)~—2~+z(a,cosn0+b,,si.nn0). .. .. (LLD

n=1

Then the series conjugate to the above Fourier series is

z (b, cos nB—a, sin nf) = Z B,(0). R B )

n=1 n=1
DerrvtTioN (Riesz, 1909). A series Za, is said to be summable (R, w, k),
k > —1, to sum s, if Ci(w) - s, a8 w — oo, where

-+ (w_n)k Ay

n < w

Clw)=w

denotes the (B, w, k) mean of 2a,.
We make use of the following notations

1
Y, (@) = f (1—0)*tcosatdt, a >0;
0

1
Pol®) = f (1—t)*'sinztdt, a > 0;
0

$(0) = H{ fa+)—fe—1)} ;
o) = y()—1;
Wolt) = $0);

v,0 = 5 | e i, > 03

Pot) = Lla+1)t ¥, (1), « > 0;

and define 8,(t) and 6,(t) in a similar way. Also we denote by 7g(w) and Oﬁ(w) the
(B, w, ) means of the sequence {n.B,(r)} and the series ZB,(z), respectively.

If 0,(t), defined as above, tends to zero, as t — 0, then the function f(6) is said to
have the generalized jump [, at § = z, in mean of order «.
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The object of the present paper is to determine the generalized jump of f(#), at
6 = z, by considering the summability of the sequence {nB,(z)} .
1.2. Fejér (1913) proved for the first time that if 6(t) » 0, as t — 0, then the

sequence {nB,(z)} is summable (C, k), £ > 1, to sum 2I/z. For any a > 0, it was
stated by Chow (1942) and also proved by Minakshisundaram (1944) that if

Ba(t) = o(1), as t — 0, then the sequence {#B,(z)} is summable (C, a+1+38), to sum
2l/a, for 8 > 0.

To obtain the above result for § = 0, Mohanty and Nanda (1954) have proved,
for the case a = 0, that if

(i) 8¢t) =o (lllog %) , a8 t—0, and (i) a,, b, = 0(n"%), 8 > 0,

then the sequence {nB,(z)} is summable (O, 1), to sum 2l/r. The particular case
p = 0 of Theorem 1 of this paper shows that if the condition (i) is replaced by

(i) 6,(0) =0 (l/log %) ,ast—>0,x >0

then the sequence {nB,(z)} - %_f (C, «+1), without any condition corresponding to
(ii) being imposed.

In general, knowing the order of 84(t), as t — 0, for @ > 0, we have studied in
this paper the behaviour of m4(w), as w— o, for particular values of « and 8 and

have investigated conditions which may yield the (R, w, ) summability of the
sequence {nB,(z)}.

Another method of determining the jump of f(f), at 8 = z, was introduced by
Szész in 1938. Instead of considering the summability of the sequence {nB.(z)},

he dealt with the behaviour of the difference of two Cesaro means, of the same
order of the conjugate series (1.1.2), at § = x. He proved that if

i
(i) f |6(w) |du = o(t), as t 0
0
then
. 21
lim {Cy(2n)—Cy(n)} == log 2,

Ci(n) denoting the mth (C, 1) mean of (1.1.2), at @ =z, This result has been
further improved by Maruyama in 1939. Chow (1941) has obtained a more refined
result by proving that if

(iv) JJ | 6(w) |du = O(t), as t— 0,
0
and

v) f ‘ B(u)du = oft), as t > 0
0

then, for m/n tending to d > 1, as n—> 00, m —> 0,
2l
lim [Ca(m)—Cs(n)] = —logd,
LX) m
for every §>0,
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Replacing f(x) in conditions (iv) and (v), by 0(u), where « > 0, Minakshi-
sundaram (1944) has obtained the above result for the difference of Cy,5 (m) and
Cay (n), where 8 > 0.

In Theorem 4 of the present paper, we have obtained a sufficient condition on
64(u), in order that the above result may hold good for & = 0.

In § 5 we have given some results, in the form of corollaries, for the behaviour
of the Riesz means of the conjugate series (1.1.2), at § =, which have been
deduced directly from Theorems 1, 2 and 3 with the help of a Tauberian theorem
due to Hardy and Littlewood (1931).

2.1. Tarorem 1. If, for « >0, -1 <p<l,atp >0,

¢

J | Ox(u) | du = o(tP“/log%) , a8t~ 0,
0
then we have
21 -p
Tatrps1(W)— —= o{w™"), asw-> 0.

TaEOREM 2. If, fora >0, —l1<p<l, atp>0, p> —1,

”

P+1
Jl()du)l/udu:o{t”(log%) }, ast-0,

(w)— % = o{w™(log w)’*'}, asw— .

then we have

Tatp+1

2.2. We require the following lemmas for the proofs of Theorems 1 and 2.

Lemma 1.

(@) v4(0) = ]% , k> 0 (Hobson, 1925, p. 565);

®) 7;41(@)—F(2) = }';(z), k > 0 (Bosanquet and Hyslop, 1937) ;
(¢) If h is a positive integer and X = min (x, b42), then
‘yg')(z) < A(l+x)-X, 4 being a constant (Bosanquet and Hyslop, 1937).

Lemma 2. (See Bosanquet and Hyslop, 1937.) If ta(w) and Cu(w) denote the
(R, w, @) means of the sequence {nu,} and the series Zu,, respectively, then

Tep1®) = @+ {Cp()—C,, ,(w)} = wC,, (w), a > 0.
Lemma 3. (Prasad, 1931.)

Caw) = ?;:‘0 j $(O)7,,,(w0) d2, k>0,
1}
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Lemma 4. If [a] and {a} denote the integral and fractional parts of a non-
indegral number & > 0, and if r <1, =1 <p <1, a4p>0,u > z%;’ then

w
J(w, u) = 2P+l f (t—u)_{“’)'ﬁi];f} (wt) dt
%

= O(w~—?).
Proof of Lemma 4. Putting

utw=1
J(w, u) = w[a]+2ua+9+1{f +J'

where the second integral does not exist if u+4-w=1 > w~-*, we have, from Lemma 1,

o=
-1

} = J1+J29 say,

%4

utw—1
Jl = O[w[a]+2ua+P+1f + (t_u)—{a}(l_*_wt)—a—Pldt]
= 0[w[a]+2ua+p+1w{a} -1/(wu)a+p+1:|
= O(w~?),

and, by the second mean value theorem,

Jo = O} @2, 2+P+1 1 ~lad pn ([@1+2) d
s =0}lw (7 - Yagpsr W0},
wt

®w
utwl<n<wr,

— 0[w[a]+2ua+p+1w{1} ‘1/(wu)a+P+1]
= O(w_P)»
which completes the proof.
2.3. Proof of Theorem 1. From Lemmas 1, 2 and 3 we have

Tarop1®) = (@+P+){C,, ,(w)=Cy ()}

PO

(@+pP+1) ‘2‘3‘) J PO {Fosp1 (00— Tyy pyo(0t) } di
0

I

D

= —(a+pr+1) %‘)J 4’(‘)7;+P+1(wt) dt
0

0 w7

= I, (w)+1(w), say, - .. . .. (23))
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where # < (8—~1—p)/3, § = min (a+P,+1, 3). Now

L) = —kp ) 2 [ 0 gt

@ € sptim
—(a+p+1) %1;‘0 Z { f AOLAPIRI ) dt}
o

=1
T o (+ 1)
= {wf 4 ll(wt)mt} +> O{wf I90) l/(wt)m}
w7 p=1 i
by Lemma 1(c),
w" -
= O{w*a—-lrp:?s} +0{w?—1-p}
= o). (23.2)

Next, by Lemma 1(a), we have

-t

2 y ("
Lw) = — 2204040 J O,y 00) dim 2 (e p+1)
0

2 (" 2 )
= - 2etet ’f 0O,y 0t) 2 +0{@0) ™"}, »
0
where ¢ = min (2, a+p+1). Now choosing r < (g~p)/q, we have

I,(w) =2;l—2—w(-°—‘-1'—'i-1—) j BV, p, (o) ditolw™®) . .. (23.9)
0

Thus it follows from (2.3.1) . . . . (2.3.3), and by integration by parts, that

Tarps1(¥) 7’z;c+1r‘+1("’t)d‘ +o(w™)

_A_ —wlatpt]) [
w - w o

k41

PAGICEC AR w’]

y=1

2a+p+1) [

[EX a4

2 1 v’ -
+_(.°£:*;"e_t.2 (=12 e f 6, el | (ut) dt+o(w™")
0

= P, 4 Py+o(w™"), say, e e e (234
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where k= [a]. Now

h2
P, = Z O{we () *?}, _ -+ O{¢" 20" (wt)’},_ -
=1

14

+0{t"°1wk/(wt)s }t _ w_'+0{w-—Pwk+1tcz+P/(wa+1toz+P+1) }

t=w™7
where p = min (41, a+p<+1), s = min (b+2, a+p+1). Taking r < min ((2—p)/3,
(p+1—h—p)/(p+2—h), (s—h—P)/(s+1—h), {«}), We obtain

P, = o(w™"). .. . . .. .. .. .. .. (2.3.5)
Next

-

w ¢ :
Py= o[w"+2 f YD (uwt) { f (t—u)" 16, (u) du} dt]
1 0

jwo

+0['147"+2 fw
0

= 0[ f " 8,(w) . u~ P01 (w, u) du] +o(w™?),

1/w

-1

16,410 ldt]

where
R 4

J(w, u) = whFTe! J- (t—u)~ 1 )'g':fil (wt) dt = O(w™"),

i
by Lemma 4. Hence we have, writing 0;(t) = f [6,(u) |du,
0

Py=o(w™")+0 { w™? r 8, (u) | Ju*! du}

1/w

= o(w )40 { w’ (0;(u)/up+1):’:w_1 } +0 { w’ fm 0;('u)/u2+Pdu}

1{w

= o(w ") +o { w’ fw 1/(u log ) du}

1jw
= o(w™"). .. .. .. .. .. .. .. .. (2.3.6)
The results (2.3.4) . . . . (2.3.6) yield

2l -
Tarprr(w)— — = o(w™"),

which completes the proof for non-integral values of a > 0. The proof for integral
values of & > 1 follows easily.
3
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24. Proof of Theorem 2. Proceeding exactly as in the proof of Theorem 1 and
w
writing 9(t) = f | 6, (w) | [udu, we have
i

Tatpp1(0) = 2;l = o{w ’(log w)**'} +0 { w™" J'"’— | ) | fu*? du}

1w

= o{w (log w)PH} + O{w'Pn(t)t'P}:l:;_1+O { w'PJ'w— 209 du }

-1 uP+ !
= o{w ™ (logw)**},
which gives the required result.

3.1. THEOREM 3(A). If, for 1 >p >0, 0 <8< 2(p+1),

H
f l Gp(u) |du = o(t"*!), ast—>0,
0
then we have
21
Tapr(W)— P o(l), as w— o0, for a > B/(p+1).

(B). IfB>2(p+1),1>p>0,and { B} denotes the fractional part of B and

.[ [ 0p(w) | du =o(t’*!), as t >0,
0
then we have
Ta+1(w)_%;l=o(l)7 as w—> oo, fOT x >ﬁ—(l+{ﬁ})P/(P+l)

3.2. Following lemmas will be used in the proof of Theorem 3.

Lemma 5. (Riesz, 1922.) If V(z) and W(x) are non-decreasing functions of z,
Sfor x >0, and if

@) &) =o{V(2)}, and (B) £,(2) = o{ W(x)},

where

t = [ =0 ds, 5 >0,
0
then
¢@) = {V@)} " {W@)}"], 0<g<a

Levma 6. If Bis a non-integral number > 0, {B} denoting its fractional par,
and k is an integer such that k—1 < B < k, then we have, for u > w-1 and a constant ¢,

W"
J(w, u) = w"“f Yald @wtyt—u) P au, r<1,0<p,

= O(uwf~%[u®*),

3B
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The proof of the above lemma is similar to that of Lemma 4.

3.3.  Proof of Theorem 3(A). Proceeding as in the proof of Theorem 1 and taking
¢ to be sufficiently large number, we have

Tar(®) = = 22 (@41) f WY,y t)

= — (a+1) = {f +f }, r=a/(l+a),

= Ql +Q29 say.
Supposing that a < 2, it follows from Lemma 1(c), that

v x p+1m
Q= O{wj | g(t) |/(wt)°‘“dt} +0{w‘°‘ > j L) 1t dt}
-r p=1% pm

= O(G—a_l = 0(1),

as ¢ = o0 after w —» o0,
Next we have if %k is an integer such that for non-integral va.lues of B,
k—1< B <k, then

0 %l o 2w(<;+1) J‘ 0(t)7,,,, (wt) dé+o(1)
_ 2(d.+1 { Z (—1) v-lg (t)?’c(zv-)f-l(wt) .‘wv}
yv=1 b=
+HEED it b0 e detord
0
= Ql’ 1+Ql, 2+o(l)) say.
By Lemma 5,

Q,,, = ofw/(w™*'}y, _ .+ Zo{w"t(" DE+PIB )™}, e

y=2

%
— o(l)+o{ Z l/wa.+1—v-r{(a+1)ﬁ—(v—1)(1+B+p)}/ﬁ} = o(1),

y=2

t=cw

provided that
Blat1—v)(a+]) > a{(@+1)8—r=1)(B+p+1)}

or B < x(p+1),
which is seen to be true by hypothesis. Next
cw " w1
Q) ;= o()+0 { J' [5(u) | I (w, u)du} +0[w"+‘ j 18,®) Idt],
’ 0

1/w
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where
k @ e -
J(w, u) = w*t? f“ 7&:’11) (20t) (t—u) Bldu

= O(wh-*[u™*),
by Lemma 6. Hence

@, =0(1)+0 { wﬁ-“f |©p(u) \/ u““du}
1w

=o(1)+0[wﬁ“°‘{f l@ﬁ(u)]du.u’“'l}m_ }
]

u=1fw

+0[wﬂ—a fm—'u—a-z { fumﬁ(u) ldt}du]
yw 0

= 0(1) fo(wh~*-%(B-a+p)/(a+1))
= o(1),

provided that a > B/(p<+1). This completes the proof of Theorem 3(A) for non-
integral values of B < 2(p41). For integral values of 8 the proof follows easily.

Proof of Theorem 3(B). Suppose first that 8 is non-integral and > 2. Writing
h = [B]—1, k = [Bl+1 = h+2, and assuming a > f—1, we have

Tar2(W)— 2;l = - wfo B(t)‘)’;ﬂ (wt)di

m

A 2]
- HetD S [(_ 1)v-1wV@,(twé:’+1(wt)]
v=1 t

=0

a0

4 (=) 1 f 0,65 (wt)dt
0

= (=11t f i 0,5t (wtydt
= (_1)h+lwh+1f @h(t))'(hﬂ)(wt)dt

o o+1
+0[wh+1f

lah(t) U(wa+lta+1_h)dt] +
o (p+1)m
+0[wh—a z f lah(t) I/taﬂ"'dt]
p=1"% pm

= (= 1) J‘“’ @h(t)y"'“’(wt)dt+o(l),
0

o+l
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where r = (¢—h)/(x+1—h), and ¢-> oo after w -+ 0. Now integrating twice by
parts and proceeding as before, we get

o= 2 = o) +0 {0, 0/} 4

t=cw—"

+O{wh+29h+2(t)/(wt)a+l }

t=cw—"

et

w1
+0{wh+3 f |8,(0) [dt} + (=1 Tt f Y8 (wt) . B,(t) dt
0

w—1

=o(1)40 { fm- Og(u) . J(w, u) du} ,
w-1
where

cw"'
J(w, u) = wk“f (t-—u)—{ﬂ}yg’:ll) (wt) dt = O{wﬂ_“u‘“‘l} ,
by Lemma 6. Hence we have, on writing

3
0p(t) = f 0 [ 0g(u) | du,

- | 6g(u) lu“"‘”ﬂwﬁ'“ du}

w1

()= 2 = o(1)+0{ |

ow

= o(1)+0[w5‘“ {0,;(u) /u““‘ﬁ} __ ‘1} +

+0[fm— Oé(u) LwP u"“'“ﬂdu]
-1

= o(1)4o[wh-%=B+ -], r = (@ —h)/(x+1—h),
= o(1),
provided that
« > B—(14{8})e/(1+0).

This completes the proof of Theorem 3(B) for non-integral values of §. For the
case when 8 is an integer, {8} = 0, and the analysis gets simpler.

4, TuroreM 4. If, for « >0,

j IBa(u)ldu=o(t/10g%), ast—>0, .. .. .o 4D
0

then we have
2
lim {oa(gw)_oa(w)} = logA, A > 1.
A -]
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Proof of Theorem 4. From Lemma 2

1
u+1(w) a+1(w)
Hence it follows from Theorem 1, that

AW AW
a+1(z )dz = f a+1(x)/x dx

f”’ AL %}

Coy 1(’\“’) Coa(0) = f

Also

C,f0)=Clu0) = ow(m)—ow(w)ﬁ% [0 =70}

21
= — log A+0o(1),
ks
by (4.1), which completes the proof.

5. Following lemma is due to Hardy and Littlewood (1931).

Lemma 7. If Za, is summable (A), then a necessary and sufficient condition that
it should be summable (C, k), k > —1, is that the sequence {nu,} is summable (C, k +-1)
to the value zero.

With the help of Theorems 1, 2 and 3 and Lemmas 2 and 7, we obtain the
following results :

CororLaRY 1. If, fora >0, ~1 <p< ], adp >0,

4

(1) J [ P () | du = o(tPH/log %) ,ast—>0,
0
and further if for the range p > 0
(ii) lim g Jm P(u)fudu— s(c, k),
=07 J,

Jor some value of k > 0, then we have
Copiplw)—s= o(w™*), as w—» .

CoroLLARY 2(A). If,fora >0, =1<p<KL0, a4+~ >0,p> —1,

J [ $,(%) |/udu==o{t"J (log-})pn} , a8t >0,

Mp(w) = o{w” P(log w)”“} ast—0.

then we have
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(B). If,fora>0,p>0 —l<p< o0,
2

»
(1) j ]¢a(u)]du=o{tp(log-:—) },ast—»O,
0

[ 2}

(ii) lim 2 P(u)/udu - s(c, k)
?

t—>07

and

for some value of k& > 0, then we have
Oy pw)—8 = of{w P(logw)**'}, as w— oo.

CoroLLARY 3(A). If,for 0 < B <2P+1),1>pP >0,

f | pw) | du = oY), as t—> 0
and ’
tim2 | m () du > s(c, ),
for some value of k > 0, then
C,w)—8 = o(1), a8 w > 0, for & > Bf(P+1).

i (B). Let B> 2(p+1),1 >p >0, and {B} denote the fractional part of B.

(i) f ‘ [#g(u) | du = o(t"*), as t > o,
and ’

@ tm? [ " g du > sie, B,

for some value of k > 0, then we have
C (w)—s = o(l), as w ~ oo, for « > B—(14+{B})P/(1+P).
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