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ABSTRAOT

By considering an infinite turbulent medium to be homogeneous in space and stationary in
time, Jeans’ criterion of stability has been discussed. Using the equations of motion and of
continuity for a compressible fluid, the equation in density fluctuations w (r, t) [= 8073p"] has been
deduced. Then, on the basis of the assumptions that the fourth order correlation is related to
the second order correlations in the same manner as in a joint-Gaussian distribution, and that
the variations in dengity and pressure are adiabatic, the condition derived for gravitationally
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unstable turbulent medium is %2 < which differs from Jeans’ condition in having

(24 342 in place of C2.
1. INTRODUCTION

Jeans (1929) has considered the problem of the gravitational stability of an
infinite homogeneous medium. His analysis can be summarized as follows :—

Using the equation of continuity and the equations of motion for a compres-
sible fluid, we have

# 2 2 aV\)
w - ax‘azj (puiu]) + V2p_. a_z‘ (P a_x‘ .. (1)

where p, p and V denote the density, the pressure and the gravitational potential

respectively.
We introduce the perturbation given by

p=p+8p, p=P+dpand V=TV+3V .. . .. (2

where 5, 5 and V are certain constants.

With the help of the adiabatie relation for the changes in the pressure and the den-
sity, that is
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In the last two equations, ¥ denotes the ratio of the specific heats and
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C [ = (’)’ if) ] denotes the velocity of sound. In deducing equation (4), the inertial
p

2( Pyt
- term iai%;—g’—)has been neglected as a quantity of higher order of smallness as
10
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compared to those terms which have been retained. Then, using a variation of
Poisson’s equation (cf. eq. 13, section 2), equation (4) takes the final form

22(3¢) ]
= 2 v 28p+4nGpdp. .. .. .. {5)
' Considering a solution of equation (5) of the form of a plane wave, viz.
8 = A(t)e*Y S ()
where A(t) denotes the amplitude of the wave, we get
dz4
'E—t—z- = -(k202—417Gp)A . . . (6(1)
Hence the amplitude 4 can increase indefinitely with time provided
411'Gﬁ
k2 < 0z . .. .. .

Therefore, the medium is gravitationally unstable if the wave length A exceeds the
2xC ]

value )¢ [ = \/4116*,6 .

The conclusion drawn from it is that an infinite homogeneous medium will
break up into ¢ condensations ’ having linear dimensions of the order of $Ac.

8. Chandrasekhar (195156) has discussed the difficulties which one may encoun-
ter in the astronomical applications of Jeans’ criterion. He has come to the
conclusion that for such applications the Reynolds number of the hydro-dynamical
motion will be large enough for the medium to be considered highly turbulent. In
the light of this result, Chandrasekhar has considered the problem of gravitational
stability in a homogeneous turbulent medium. He has taken the viscous medium
and has made use of the adiabatic relation in addition to the other approximations.
But the assumption of the adiabatic relation is inconsistent with the retention of
the viscous terms in the equations of motion. Therefore, in order to avoid this in-
consistency, we have considered the problem of gravitational instability in a turbu-
lent medium by neglecting the viscous terms in the equations of motion in the very
beginning. It means that we are discussing the instability problem in that range
of the turbulent medium in which the inertial forces are dominant and the viscous
forces are negligible. Further, we have introduced correlations at two points p’ and p”
and at two different times ¢’ and ”. We have assumed that these correlations depend
on the vector £ [ = y"—7'] and the difference in times ¢ = |¢'—1" | (Chandrasekhar,
1955). With the help of this method, we have solved the problem by making use
of the quasi-normality hypothesis as has been done in the paper ‘ Density fluctua-
tions in a compressible inviscid turbulent fluid’ by the present writer. The
criterion for stability, so obtained, is exactly the same as obtained by Chandrasekhar

iys . 411'05
; on k2 —
{19515) ; the condition being &2 < Ceypur
having }u? as the additional term in the denominator. Thus wo have shown that
Chandrasekhar’s criterion holds even under his new theory of turbulence (Chandra-
sekhar, 1955).

which differs from Jeans® criterion in

2. CRITERION FOR STABILITY

The equation of continuity for compressible fluid is

op’ G
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and the equation of motion for inviscid fluid is

,// a’ v
t(p )+ ( w, aﬁf*’px*‘ R )

where X; denotes the component of the external force. If the external force is de-
rived from a gravitational potential ¥’,
X;=aV, .. e . .. .. (10
Oz, )

Differentiating equations (8) and (9) and eliminating the term containing p'u;, we
obtain

A 2 [ av
e = —— (P’ uu, ¢ | o' — .. ..o (11
o2 axiax].( W ax( axi) (tn

In deriving (11) from (8) and (9) we have used (10) to replace X; in terms of V',
Now, to discuss the gravitational stability of & turbulent medium, we take
p=P+8, P=p+8 and V=V+8V.. .. .. (12

where $, g and V are certain constants.

Therefore, at the point »'( = ;) under consideration, equation (11) can be re-
duced as follows :—

Variation of Poisson’s equation gives
V2V = —4nGop .. .. . .. (13)
Using equations (12) and (13), we get

_a_ ’ aV’ a ’ (AT %) ’ ~Q
%\ o (p+8p)——3V =572V = —4nGpdp .. (14)
Putting the value from (14), we obtain the reduced form of (11) as
0%’ 02 _
a;z az az (p'% ]) + V2 4-47Gpdp’ .. . .. (15)

We multiply this equation by p”—the value of the density at the point a:; and at
time ¢"—and take the averages to obtain
azw

agag(ppuu)'l-VE(P'—p')-l-‘iﬂGﬁE) .. (18)

where
a(r, t) = 8p'3p" = p’p" —p2. .. .. B V)
At this stage we introduce the following two assumptions [cf. egs. 15 and 19,
Jain (1958)].
1. The fourth order correlation is related to the second order correlations in
the same manner as in a joint-Gaussian distribution.

2. Variations in pressure and in density are governed by the adiabatic law.,
Using these two assumptions, equation (16) can be put in the form

aw = OBV attnGa. .. .. .. (8
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For a comparison, the equation obtained by Chandrasekhar (1951a) corresponding
to our equation (18) is

2% — 1 0 0@ __ 02 s — —
F = 2(Cz+§u2)-r_2- Fm (r2_67)+871Gpw—2-a—g‘a—-§j [;p- U — plh; m (19)

To obtain the condition of stability we follow the method given by Chandra-
sekhar (195158).
Equation (18) admits the solution of the form

a.(r,t)=4r@e"k'. O 1)

Therefore, the expectation is that a superposition of these solutions will
represent the asymptotic behaviour of the solution of the equation (18).
Putting a(r, ) in equation (18), we get
dz4 —
= = —[(C2+ 1Py k2—4nG5)A N ¢41)]
which gives the amplitudes of the spherical waves given by solution (20).
From equation (21)
if pe o A0P
C2+ Lu®

the amplitude of the corresponding spherical wave in the smperposition will
increase exponentially with ¢. The physical meaning of this is that in the density
fluctuations the eddies, which are greater than a critical size, will be amplified
resulting in disintegration and formation of condensations.

The condition for stability obtained above differs from that obtained by Jeans

in having C2+} «? in place of C2.  Since we have not restricted our analysis to the

case when u2 < (%, }u2 may not be negligible in comparison with C2. Moreover,
the analysis given above is free from the conceptual difficulties mentioned by
Chandrasekhar (19515).

(22)
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