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ABSTRACT

The final period decay-law of a longitudinally homogeneous turbulence with symmetry

about a localized axis has been studied and found to be proportional to (vt)’5/2. The decay-
laws go obtained for component directions which are perpendicular to the axis of symmetry are
found to be identical.

The relevant energy values at a point at great distance from the axis of symmetry vanish
and this may be considered as satisfying the condition at infinity of the type of turbulence
congidered here.

1. INTRODUOCTION

From the works of Batchelor and Townsend (1948), and of Batchelor and
Stewart (1950), we learn that in the final period of decay of homogeneous and
igotropic turbulence the decay-law is given by wfec (vt)~"%. This has indeed received
experimental confirmation. The final period decay-law for homogeneous and axi-
symmetric turbulence has been worked out by S. Chandrasekhar (1950b). Chandra-
sekhar has shown that the two mean square velocity components ultimately decay
as

—3 A — 24,441
= s, . = 2

24(27)* (v1) 48(27)* (vt)
where u°

, and 4® imply twice the mean square energies associated with the velocities

in the preferential and its perpendicular direction respectively, and 4,, 4, are two
finite integrals of Loitsiansky type. The same author pictured the axisymmetric
turbulence as a superposition of two non-interacting fields which are isotropic and
axigymmetric respectively. We shall follow Chandrasekhar in our consideration of
the final decay motion of localized axisymmetric turbulence in this paper.

In an earlier work, the present author dealt with the kinematics of the longi-
tudinally homogeneous localized axisymmetric turbulence. In continuation of that
work, we shall here derive the final period decay-law for turbulence of this type of
symmetry. The second-order two-point velocity correlations that will appear in
subsequent calculations are directly written from gauge invariance as outlined by S.
Chandrasekhar (1950a). In working with the Navier-Stokes equations we shall
neglect the non-linear part together with the pressure term which are known to
have negligible effects on the decay-law at the final stage. The decay-laws associated
with the velocity components in directions (i) parallel, and (ii) perpendicular to the
localized axis, and also in (iii) a direction perpendicular to the meridian plane
containing the point under consideration and the localized axis have been worked out.

One interesting point of our final result is that the effects of the type of
turbulence we consider here vanish at large distance from the Jocalized axis. For
instance, the turbulence characteristics and the total value of energy at a point
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which is at an infinitely great distance from the localized axis are found to vanish.
This makes our result suitable for application to the case of spreading of turbulence
generated along a fixed axis in an infinite medium, as for instance that produced
by a jet.

2. ForM oF E; SOLENOIDAL IN j, AND DEDUCTION OF THE DYNAMICAL
EquaTions v TErRMS OoF DEFINING SCALARS
Let the unit vector ) denote the direction of the localized axis, and A an
arbitrarily chosen fixed point outside the axis in the infinite turbulent fluid with no

mean motion. Let the distance of A from the A-axis be p. We next choose a
second point B in the turbulent fluid such that when 4 and B are joined, the line

~ -7}
B

N L= X
TexT-FIG, 1

BA (or BA produced as in the figure) cuts the A-axis at N. Since we are only
interested in the energy-value at 4 and its time dependence at the final stage of
decay of turbulence, which will be obtained by a limiting process in which B
approaches and coincides with 4, the choice of B on the meridian plane through 4
and the A-axis will not in any way imply a loss of generality.

In this system the turbulent fluid is supposed to extend to infinity in all direc-
tions, and further the symmetry about the A-axis, as also homogeneity in the
longitudinal direction are assumed. This means that the rigid configuration of

> - —>
vectors (i, 4B, j), where 4, j are unit vectors at 4 and B respectively remains in-
variant for a shift parallel to the A-axis of the entire configuration, as also for a
rotation about the A-axis, and a reflection in any plane through A-axis. The
equivalent isotropic and homogeneous system, that can be formed to help representa-
tion of the type of turbulence that is considered, is given by the rigid configura-

- -
tion 7at B, lﬁ\’ ,tat 4,and A. To consider the velocity correlation formed with u,

at- 4, and u; at B represented by R;; = w;u’; (dashed and undashed components cor-
responding to those at B and A4 respectively), we shall proceed to construct the
gauge-invariant form of the tensor R;;. Let us denote LA (4L being the perpen-
dicular from A4 on the )-axis) by p, NL the distance of the foot of this perpendi-

cular from the point N by I, and the vector NB by 17 Further let us take | AB| =,

—_— -
|n]=mr and (y.) =np. If we denote NA by 7, then 7% = I24+p®. In terms of
these notations, we write the gauge-invariant form of £ (where the continuity
condition at B is satisfied from the form of the tensor R;; itself), as (cf. S.
Chandrasekhar, 1950a)

R, = [0, —8 (2D, +1uDy+2)+Am; D)
+[11, D=8, {121 — DD, +1} +2{n2Dy+1) — i, +A D, 102
+H[—n1n,Dut8;{n*(1—p#) D=} =MDt Qem, - AimJpu Dt AynJs - (1)
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where @1, @2, @5 are functions of (1.1), (.A), }, and p; and Dﬂ and D, are operators
defined by
p=2_pr2 p 19

v=u e Do o @)

From the Navier-Stokes equations of motion we find in the usual way the
equation for the time-rate of change of B;; as

0 0z 02
ast = VV?,R{j"“V (a—lz"‘%‘é) R,J+S,J . s . (3)*
where v is the kinematic viscosity, and
8 P 8, O\ (0., 0)F¥]
S e P (» a‘l*’"”%)“‘“ = (ae gt AR

From (3) we conclude that whatever invariant properties and forms may be attri-
buted to

2 0z o2
Ri'j; v-,rRi'j) a’nd (él—2'+5172') Rij,
8S;; will have exactly the same symmetry properties and forms. Rj; as defined in (1)
is expressible in terms of three defining scalars @, Qs, @s; it is known that V‘;R;j
can similarly be defined in terms of three defining scalars AQ;, AQy+2D,,@,, and
AQs+2Dy,Q,, where A is defined as

240 1—p2 3 4pd

A=opTamt T e

In the same way we assume that S;; may be defined in terms of three other defining

scalars S;, Sz, 83 in a form analogous to (1). Hence the Navier-Stokes equation
(3) can be rewritten in terms of these scalars as

0 0z o2
{5—, - (»a—,2+5—p2)}@1 =vAdi+5

fa (o2 ot
lé-i — m-l—gp;-z Qz = VAQ2+2VDMLQ1+SZ .. (5)

yo 0z o2
a -y 5ﬁ+5i)_2 Qg = VAQ8+2VD‘WLQ1+S8;

so we find that a single tensor equation (3) breaks up into three scalar equations,
and since Ry, V3R;;, and Sy are all derived from consideration of gauge-invariance

* From fig. 1, it is apparent that if the co-ordinates of N, 4, B be respectively given by X,
%, a:" we have i

dR; _9R aR; . oRy, 6 OR;
.31:7 = _a")i , and a—x.' = /\.‘-a—l+¢" E “a .. (3.1
where i i8 the unit vector in the direction

A perpendicular to A, viz. in the direetion of LA. Here
Va should be read as :

2z 92 92
L
du; omy o
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their representations are unique when all the symmetry conditions have been taken
into consideration. A new symmetry condition arises when B is made to coincide
with 4, in which case (Ry), o= (B#i) 4p_.o» This will be used in section 4. Equa-
tions (5) together with the above-mentioned symmetry condition would give us a
correct picture of the decay of turbulence.

It is clear from the works of Batchelor and Townsend (1948), and of S.
Chandrasekhar (1950), that in the final period of decay the predominant réle is
played by the viscosity term in the Navier-Stokes equation, and in fact this repre-
sents the controlling force. Hence for the study of decay-law in the final stage we

may neglect Sy, Sy, S3in (5). Equations (5) may be approximated for the final
stage of decay by :

0 0z ot

{a_y(a—lz-.i-w)}Ql:vAQl .. .. e (X B
? o2 '

{52 — (%.{_@) } Qo = vAQ+2D,,Q: e 6y
] 02 92

{a el 4 (-a—l-i-i-a———pz) } Q3 = VAQ3+2VDT"U.Q1. . .. (6.3)

In the next two sections we solve the above equations for which the analysis of
Chandrasekhar has been closely followed.

3. Tar SorLuTioN OF (6.1) FOR @,

Equation (6.1) is in fact the equation of heat conduction in an axisymmetric
five-dimensional space (A being considered a five-dimensional operator) ; we have to
solve the equation in terms of the given initial values of the variable @; att =0. A
solution can be written in a five-dimensional space as

(mamm) (=) 5 m)* (0 (o=m) o+ (g —7e)”
1 e 4vt p ‘ 4t +
(811’1)15)5/2

_ (=1 +{me=p)* )
+e : 1%
which corresponds to two unit sources at " =%, and 3" = 7 at time ¢ =0, 9"
meaning the five-dimensional vector whose components are 7,, 7,, 75 7, 75 IR
the five-dimensional cartesian frame. The solution of (6.1) satisfying the given
initial values, viz.

Ql = Ql(n,: I"'; O)* at £ =0, is

Qiln, 31,25 0) =(—8;;1—65,—2IJ'JJJ {e-lv/-vl'l’/um.;_e-Iﬁ-n’l’/(w)}

X Q1(7", p*; O)dnydn,dn.dndn;, .. (8)

Here we have for the moment taken the plane of the figure as the plane of 71, 72,
the co-ordinates of the point 4 (now denoted by vector 7) as (I, p, 0, 0, 0), and the
A- and y-directions as the directions of 7; and 7, respectively. It is to be noted

™

* Here and in the following lines u” represents cosine of an angular variable belonging to
the point 5*,
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that the choice of the line NAB on (n;, 73)-plane of the five-dimensional space
does not imply any loss of generality in the present problem. We rewrite (8) as

Ql(’]; [ !, p; t) = Il+I2s
1 _ BT ” . ” ” ”_r I
"=Wf f f f f e~ 171" P @y, " O)dmydmydnidmidn; .. (9.1)

1 =] m.-m? |2 » w. [ 4 L4 ” z ”
12=Wfff_”e Pa=n" 12/ @y (", u*; O)dm dmdndndng .. (9.2)

Next we introduce the polar co-ordinates by

7, =" c08 8", n, = 7" sin 6" cos ¢, , n; =" sin 8” sin ¢, cos ¢,,

where

7, =n" sin §" sin ¢; sin ¢ cos ¢y, 7; = 7" sin 0” sin $; sin ¢, sin ¢,
where by 5" we mean | " |; we then proceed to simplify (9.1) thus

o0 p7T 27
4 - (247" =2 cos O)() .,
L=—"; e Qi(n",n"30)
(8arvt) 0 0
X7"4 sind 0" sin? ¢, dn*d6"d, .. (10)
where
co8 © = cos 6 cos 0"4sin § sin 6" sin ¢, .

We expand the exponential function in the manner of Chandrasekhar as follows
m
Las (th)
"ﬂf)' '
2vt
where 0:, (cos @) are the Gegenbaner polynomials, and I ”‘**(1]2_23) Bessel functions

of half-integral order for purely imaginary arguments and in addition using the
following relation

. . 3\ < 3
o T 008 O/2) _ o r (2) Zo (m+§) ! (cos @)

" o 2%:[1*@)]2
O (con @) sin® ¢, = -, (1) O 1)
We can reduce the form (10) as follows
P L [P (g)]s (m+g) ot (w)

L= (Smvt)oi2 Z (m+2) (m+1)

oo pl
N J‘ J‘ e_.,).ﬁlupt) 1]"(1—[1.'2) Qi(n", u"; 0) 0:' (P')
0 -1

'’
IM‘H (:2—_yt)

X~ dn'dy” . N, .- ..
m
(%)
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Without loss of generality we may write @, (3", u”; 0) as a series in Gegenbaner

polynomials ct (cos ®). TFurther @, is to be an even function in u” as required for
the type of symmetry considered for Ry, and consequently the expansion will have

only CZM (u") terms. Hence

Ql(’]:l":o) zq @ o). .. . .. (12)
Inserting (12) in (11) and using the orthogonahty property A
1
O, (w)C} (") (1—p"2)dps" = "‘m+2’(’”+3” ;- (1)
#{ms3) [7G)]
-1 2
we finally get
I T ® Igeis (’ﬂ:)
=% ¢ —n"8{(4vt), "4 (1)( 20t .
Iy = 32(1)512 Z 027; (F)J e~ t)"l 92”(71 )_**W dn°”. o (14)
- 0 (2vt
By a similar procedure we get
- m’
~1%lar) O % 1 2n+l(“‘)
€ " L4 » 2vt »
=, =)
so we get the solution of (6.1) as
G p;!l, p; )= Il+12, where Il and I2 are represented ag in (14) and
(15) respectlvely . . (16)

4, THE SOLUTION FOR (s AND (g

To solve for @5 and @5 from (6.2) and (6.3) respectively we require substitution
for @, from (16) in (6.1) and (6.2). Thus by the method of sources we can easily
write down, as

Qe(n, p3l,p;t) = Il'+Iz'

[ [ [ 52

% {& 1= Flie- gl 1= Pliae-0} xdyy"dng"dng"dndns’. .. .. (17)
where
8/ () & (” I (2 t')
' [ o ] 2}, »
I, =32(vt)512 ”Z 3/2( ) e " /(4#) 4q( )(,,,) (.......___nn )‘ dy”
Yo 2vt
and

o e ()
e~ ) oo "8 yd). 2,2 # 24/ .,
— e~ [ Wyrag 2 (yT) ———=dn
32(1)°" 2, O * ﬁ_n_)‘

0 2ut

q(zzn) (n") being the coefficients in the expansion of @ (1", #”; 0).

no 0 N
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Similarly
Qs(n, piLpst)y =141,

e 1o po 10 |
+2 JO Bt — )2 J”“Hn" Indp ~ B opE 7S aﬂ-} (Il+12)] o

x [e=17-7" 1 2/tt=ty o= [9-7" |2/ttt Wi’ dnd i i, .. (18)
where

- 72 (4) ? I,, ( )
Il'=g—ﬂ— Z 3/2( )J e,nm/“u‘)n“q(j)(n,) 2ut dn"

32 (I’t)5l2 "o 0 " (1717 )
AT

e~ & (2 t)
12, - 3/2(F') e~ 2/(4,;!) Aq(3)( IV) d‘q ,
2™ 2, i)'
0 2ut
(3)

45, (n") being the coefficients in the expansion of g5 (", u"; 0).

5. MEAN-SQUARES OF THE VELOCITIES IN TERMS OF THE ()’s AND THE SYMMETRY
CONDITION WHEN THE POINT B APPROACHES A

The representation of R;; from the point of view of gange-invariance is given by
(1). But an alternative approach for deducing the form of R; from the basic
invariants, the scalar product of two vectors and the determinant of three vectors
give us

' Ry = Anmi+ B8;+CAAj+ DA+ EX; . .. (19)

where A, B, C, D, E are functions of (1.9), (.A), I, and p. On comparing (19) and
(1) we find 4, B, C, D, E in terms of the ¢’s as follows

A= DﬂQl—Dp,Qa‘l‘Dan-
B = [~ (n?Dy+npDu+2)1 + {n2(1 —p2) Dy—np } @3 —
{21 —p2)Dy+1}Q;]
C = —12D,Qs+(n2Dy+1)Q; .. e .. (20)
D = Dy —nuDyQs+nuD,Qy
E = —quDyQs+npD, Q3+ Q.
Tt is quite clear from (19) that
—’IZZ) = mean-square of the velocity component parallel to :\>at the point A
= (MjRiﬂ')pt. B->pt. 4
= [A72u2+B+C+(D+E)mp]
=[—{n*(1—p)Dy+2}Q1}, - 5 T 1 18 )
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—

u,z_ = mean-square of the velocity component perpendicular to :\>a.t the point 4

= (W‘l}lfR"i)pt.B—»pt.A

= [47*(1—K%)+B], _ ;

= [— (%2 Dy +quDy+2)@1— Qo —npuQal, _ 5 .- .. (21.2)
where ¢ is the unit vector at the point 4 perpendicular to A-axis, and Ezdmth =

mean-square of the velocity component at the point perpendicular to the meridian
plane through 4

= (XXiBij) ot p_spt. 4

=[Bly~5

=[—(2Dy+pDy+2)@1— {n*(1 —p?) Dy +1}Qx+
{r*A=p)Dy—mp}@s], - .. .. (L3

—_
where X is the unit vector perpendicular to the meridian plane at 4.

Now we shall derive a further relation between ¢; and @3 while they assume
their asymptotic values as the point B approaches and coincides with 4. It is
obvious from the physical picture that R;; should then be symmetric in ¢ and j.
From (20) one sees clearly that the equality B;; = E;; (in the limiting case) implies

(22)

6. THE ASYMPTOTIC VALUES OF %}, u] , AND % FOR {—> 0O

2at+}
Inss@ _ | (B) 2" when {— o0,i.e. z—>0,

As P “Fenty) .

[since x = %7—{] , it is clear from (14) that the most significant term of (14) for large
14

t is given by the first term of the series sum, i.e. the term given for n =0 as
7t ® .
e~m J. —%—: » 1) (" d I3
I—> BEm ey ¢ T g0V (")’
or further expanding ¢ """ in the integrand, and observing that the first term
of the expansion contributes the most significant term, we write

R 23)
1== 182a) e
where the integral
Al = — f qg')(,")-,’“dr" . . .o (24)
0 .

is assumed to exist.
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Similarly
- o T/ as) p )
= ——a00. ;. 25
27 48(20) )2 (5)
Thus the asymptotic solution for @, as the time £~ o0 is given by
-,78 .,"l
Qi mi L, p3 t) + (26)

=2 Tre ™ 4
48(2m) P (P2

Proceeding in the same way and retaining only the most significant term for large ¢
we get from (17) and (18) respectively

I
e 4v¢+e 4

LT T A 27
48(2m) 2(ty% 2 7

Qe p; L, p; t) =

and
n? 72

Thig o 0l
¢ Ve Ag+higher order terms .. .. (28)

sl pit) = gy
@s(n, u; L, p; t) 48(27)1/2(vt)512 3

where

A2 — _J q‘(:)z)(nl)nhidn', and A3 _ J. q‘()3)(1)ﬂ)n'4d.q" .o (29)
0 0

are assumed to exist, and further in (28) higher order terms begin with (1£)-9/2,

On the other hand equation (22) shows (@g)y ~ 5 begins with a term of the order
(vt) %, hence A3 must be zero. Further it may be noted that in (21.1), (21.2), (21.3),
the terms under the operation Dy, D, will all lead to higher order terms because of
the forms of (16), (17), (18). In consideration of these results the significant term
for u? , ui , 4% in (21.1), (21.2) and (21.3) are found to be as follows

ur [~2Q1),_5, % =201 =Qgl, _5, and wl~[—2Q,—Qy), _-.  (30)

To consider ¢, and 5 from (26) and (27) respectively for the limiting case n = 7 we
shall break up the exponential multiplier e~7"/# into product of two terms e~#*/),
and e~"*/4), where ! and p have the same significance as in section 2. For the
analysis we have pursued so far, we need not take I very large, as for the limiting
process, the point B may be suitably chosen so that [ remains finite. Thus in the
expansion of e~/ the first term of the expansion, i.e. 1 will give us the most
significant term. But in the multiplier e~#*/%) we shall have to take into consider-
ation the order of p? which at times has to be considered to be of order higher than,
or equal to that of (1), for the choice of the point under consideration may be such
that it is far from the axis of symmetry of turbulence. So after necessary simplifi-
cation we obtain from (26), (27) and (30) the following asymptotic forms for

w2, u_i, and u2 valid for large values of ¢,

o ¥y .
=, _eW. A 5,6 W.(24,4 4, 2. ¢ ¥. (24,4 4,)
Y ™ T e M g O



OF LONGITUDINALLY HOMOGENEOUS TURBULENCE 249

For further analysis of (31) we consider three possibilities
(i) O(p?) KO0G), (i) O(p2) = 001), (il) O(p?) > O(t).
In case of (i), (31) can be rewritten as

s Ml 2444, 1 2444y
27 242m) " Pet)®’ 2% T 48(27) R0t 2% 48(2m) Pt)R

(32)

For the alternative (ii), the results (32) are to be multiplied by a factor 1 ; and for

Ve
(iii), uﬁ , ui » and %2, all vanish.
REMARKS

(1) In the derivation of (30) and (31), A3 does not appear, as its value is
zero, meaning thereby that 3 makes zero contribution in the final decay-law.
Further, in cases (i) and (ii) considered above the decay-laws associated with the
perpendicular and azimuthal directions are identical for large ¢, as is shown by the
second and third equations of (32). The effect of this in the case p— 0 is the
obvious result that the perpendicular and azimuthal directions are now equivalent.

(2) The vanishing of turbulent energy at infinite distance from.the localized
axis is a very satisfactory feature of the present theory which was missed in Bass’s
theory of transversely homogeneous turbulence. It makes the present theory
suitable for application to an infinite region, e.g. decay of turbulence produced by a
straight jet in a medium with otherwise zero mean velocity.

This also supports an assumption made by us in a previous paper (1957) where
at the end of §6 we made the suggestions k;4k;; = 0, and Cgy not to contain a non-
zero constant term in order to be able to extend such type of turbulence to infinity
in the transverse direction.

(3) The energy decay-law in the final period for the cases (i) and (ii) above is
given by

1~ . -
E(u;'j +? +ui) o (1) ~%2,
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