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ABSTRACT

The form of a nucleus of disturbance generating diverging waves of the rotatory type
in a solid of transversely isotropic material has been directly found out. The problem of
disturbances due to such a nucleus in & semi-infinite medium has been solved and the
displacernent on the surface has been obtained.

INTRODUCTION

The effects of various nuclei of strain depending on time and situated in an
isotropic elastic medium were discussed in detail by Love (1904). The important
cases which he considered are those of a centre of compression representing irro-
tational waves and a centre of rotation representing equivoluminal waves. Lamb
(1904), Nakano (1925), Lapwood (1949), and others have considered the effect of
various time-dependent centres of compression in a semi-infinite isotropic solid.

The possibility of the existence of similar nuclei in transversely isotropic
medium and their effects have not yet been studied. In this paper, we have directly
obtained the form of a possible centre of rotation depending on time in & trans-
versely isotropic medium. Also the effects of such a centre of rotation operating at
a depth below the free surface of such a semi-infinite solid have been found.

1. Egquations of motion: The equations of motion in cylindrical co-ordinates
in the absence of body forces are

grr 1070 Oz rr—00 _ 0%,

statet—> ~f@m - - o O
o0 1900 90z 2r0  d%ug
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where u,, ug, u, are the displacement components in cylindrical co-ordinates and p
the density of the medium. The stress strain relations in a transversely isotropic
medium are (Love, 1927, Art. 110)
' T = C11€m+C12605+C1504 ; 72 = Cqlpe
00 = cy56,.+C11809+ C1560 = $e11—cig)eqs . PN

2z = C13€,,+C13¢09+ C33€e ; 02 = C44€00
where ¢,;, €12, €15, Cgg , Caq are the elastic: constants.
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For a centre of rotation we take u, = u, =0 and uy to be independent of .
Then uy satisfies the equation of motion,
0%y 10uy 1wy 2044 aﬁt_g _ 2p %y )

ar2 r ar r2 011—012 azz 611—-612 at2

If we write
2¢44 2 22 ¢y3—cy;
Y R o sauTriz == .
k —crs’ 5= ia > Bz . .. (6)
the equation (5) becomes in (r, 8, z;) co-ordinates
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If we put uy = 9 where @ is a function of #, z and ¢, the equation (7) becomes

or
o[d 190 o2  d[1 &0 8
or [31’2 r or azf-] _5;[372 atz] i . - (8)

Equation (8) is satisfied if @ satisfies the differential equation

ot 10  0o¢ 1 o2
(3—1'2-'_;6_1- 5—2%>(D=i§55t? R )
or
1 o2
In polar co-ordinates R, &, ¥ (= 0) equation (9a) becomes
oxd 200 1 0. 0O 1 o2
a—Ré’fz—z'a‘ﬁ’fs—*meé@(s 95@)'5‘27{ oo BB
where
R® = 1242} .. .. .. .. (10)

2. Form of the centre of rotation: For a centre of rotation let us seek a solu-
tion of equation (95) in which @ is a function of R and ¢ alone. Then ® must satisfy

the equation,

2
vip= 20, 200 1530 U 1§ )

Equation (10) can also be written as

o P) = 10 RO .12
BRS(R ) ﬁﬁatz( ) - h h (12)
Equation (12) has the general solution
=1 F B =flt+5 . . .. (13
S = (t-—- )+R1 (H.R) . (13)

The first term represents a diverging wave and the second term which repre-
sents a reflected wave may be omitted since the medium is supposed to extend to

infinity.
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Therefore a nucleus of the form

1 R
¢=RF(t—F) . . .. .a (14)

is a possible one in a transversely isotropic medium. The form of @ shows that
diverging waves are being propagated from the nucleus with velocity 8. Moreover,
since only the azimuthal component uy is involved, it is a centre of rotation about
the z-axis. The displacement at any point is

oo
u9= E

=_%[1%§F(t_g)+1%1"(t_g)] L )

The displacement at any point therefore consists of two terms of which one
decays more rapidly than the other with distance from the nucleus.

The above results reduce to the case of isotropy if we use the following
relations :

€11 = Cg3; C13 = C12; Cqq4 = Ce6 -
C11—204 =012
3. Disturbance produced by a centre of rotation in a semi-infinite solid: Let
the plane boundary of a semi-infinite solid of transversely isotropic material be

given by z = 0, the axis of z being drawn into the solid.
Suppose in this solid a centre of rotation of the form

1 R
¢1=1—é-1x(t—Fl) .. .. .. .. (16)
acts at the point (0, 0, c) where R, is given by
—c)2
Rf=r2+(zk2°) N ¢ 1)

(r, 8, z) being the co-ordinates of any point of the medium.

The boundary face is free from stresses. In our case, the r- and z-components
of the displacement are identically zero. Therefore, the stresses zz, rz across the
plane z =0 vanish identically. Hence the boundary condition to be satisfied is

(02),_,=0 T 0 )

In order to satisfy the boundary condition (18), we introduce an image of the
nucleus at (0, 0, —c) of the form

¢2=1—;2X(t—-%) . .o . .o ‘(19)

where

R§=r2+(z’;:)2 )

Then we consider the effect due to

¢=¢1+¢2 . . .. . (21)
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The resultant displacement is
a¢ r R]_ r
o BRI\ B/ Ep B
r R s R
—-—X t-——z)—— (t—-22) .. ’
If
_,_ B R
a—t——ﬁ—, t2=t—ﬁ,.. .. .. .o (23)
then '
g = — e X(ty) — — X' (t) — — Xt
B 1 7 1 B X(tz) — .3 =Xt .. - (28
au,, 3r(z—c) r{z—c¢) _,
az ]C%Ri X(t )+ k2R4ﬁ X (tl)
riz—c¢c) _, 2r(z—c)
+ X"(¢ ‘(t
ICZBZR:; ( 1)+ kzﬁR4 X ( 1)
3r(z4-c) r(z+c)
X(ty
r(zto) .. 2r(z+c) .,
xX°(t — X'(¢ .. . . ..
+ g X 0+ e X (25)
Now the boundary condition (18) reduces to
aug
(044 0z ) =0 =0
On putting z = 0 in (25) we find that the condition
(%@) = () is satisfied.
Z/)z=0
Thus the boundary condition (18) is satisfied for the displacement potential
D =D, 4P
1 Rl) 1 ( Rz)
m= X |~ == > X\t— 5 .. . .. (26
(=5 #0)

This is the solution in the case of a centre of rotation operating in a semi-infinite

medium.
From (24), we find that the displacement at a point (z, y, 0) on the surface

z=0i8
2r .Ro 2r , Ro 2
{ug)s =0 = --—-gX(t— -—ﬁ)-—gx (t— ——ﬁ) .. .. @n

where

R = 242 a (28)
0=z +Z/ +’E§‘



254  SAKTI EANTA CHAKRABORTY: ELASTO-DYNAMIC PROBLEM CONCERNING

4. Some particular cases: We consider below some particular cases :—
(a) Suppose x(f) = sin pt
Then the displacement on the surface 2 = 0 is

2r . R 2 R,
(’“B)s=o=—ésmp(t—‘—eg)-—kr—}%cosp(—Fo) .. .. (29)

(b) If X(t) = e~¢ cos pt we find that the displacement on the surface z = 0 is

e (- -

+B2ngexp{-—-q(t—%—’)}{qcosp(t——I;—O)+psinp(t—%)} .. (30)

(¢) Xx(#) = H(t) where H(t) is Heaviside unit function defined by
Ht)=0fort <0

=1fort>0 .. .. .. .. (31
From (27), we have the surface displacement in this case
2r R 2r R
u =—SH(t—2)— -5 [t—F L. (32
0= = 5 (=) =5 (%) .

where 8(f) is the Dirac delta function.
B. Numerical calculations: The values of the elastic constants of a trans-
versely isotropic hexagonal crystal, Beryl, are (Love, 1927, Art. 113)
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011 = 2746 10° gms, wt. per sq. cm.
cg3 = 2-409 x 109
¢1z = 0-980x 109
cyg = 0-674 % 109
C4q4 = 0666)( 100
Also p = 2-7 gms per cu. cm.

Therefore the velocity of the waves in Beryl is
ﬂ = 8-01 km./sec.

Figure 1 shows surface displacement at different distances for times ¢ = 2, ¢ = 4
for the case of x(t) = sin ¢ taking B = 1.
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Figure 2 shows amplitude A of surface displacement for different distances
(r/e) in the case of x(t) = sin pt.
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