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ABSTRACT

Polarisation effects of the scattering of longitudinally polarised electron beam by a uniform
magnetic field has been considered. In evaluating the differential cross-section for the scatter-
ing process the S-matrix formalism of Feynman and Dyson has been followed. Detailed
analysis of the results has been given for two special cases, viz. (1} when the magnetic field is
longitudinal and (2) when it is transverse with respect to the momentum of the incident beam.
Finally, it has been indicated how by detecting the polarisation of the scattered beam by an
analyser the magnetic moment of a free electron could be determined.

1. INTRODUCTION

In their paper on double-scattering of electrons with intervening magnetic field
Mendlowitz and Case (1955) have considered in detail the spin kinematics of an
electron with anomalous magnetic moment in the presence of a magnetic field.
From the Heisenberg equations of motion of the spin-operator in the Foldy-
Wouthuysen representation they have obtained how the spin orientation of an
electron changes with time in the presence of a magnetic field. Tolhoek and De
Groot (1951) have also investigated how a uniform magnetic field changes the spin-
direction of an electron with the help of solutions of Dirac’s equation up to the first
order in the magnetic field. More recently, the same phenomenon has been studied
by Carrassi (1957) using exact solutions of Dirac’s equation in the presence of a
uniform transverse magnetic field, given by Huff (1931).

The present work is a digression from the above both in the nature of the
phenomenon studied and in its treatment. Here we consider the scattering of a
longitudinally polarised electron beam by a static and uniform magnetic field which
is non-vanishing only in a bounded region. The polarisation-dependent differential
cross-section for the scattering has been obtained with the help of the S-matrix
formalism of Feynman and Dyson. The fact that a magnetic field cannot polarise
an unpolarised beam of electrons requires that in any experiment designed for
studying the effects of magnetic ¥field on electron polarisation, the incident beam
should be polarised. Previously the possible sources of polarised electrons, known
to us, were the electrons scattered by the Coulomb field of the nucleus and the recoil
electrons in Compton scattering. Recently, the suggestion of Lee and Yang (1956),
that electrons emitted in B-decay are longitudinally polarised with degree of polar-
isation —u/c, and its later experimental verification by Wu et al. (1957) with electrons
from Co% nuclei has opened up before us a potential source of polarised electron
beam which can be directly scattered by a magnetic field and the effects of the field
on the spin orientations of the electrons can be studied. Therefore, the incident
beam has been taken to be longitudinally polarised.

Explicit expressions for the orientation of the polarisation vector of tllle scatg-
tered electrons have been obtained in two cases : (1) when the magnetic field is longi-
tudinal and (2) when it is transverse to the beam. It has been found that the
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degree of polarisation remains unaltered by the scattering, whereas the relative
orientation between the directions of polarisation and momentum changes. It is
thus possible in both the cases to obtain transversely polarised electron beams for
particular values of the scattering angle. The polarisation direction, in the first
case, does not depend on the magnetic field. In the second case, however, the
polarisation direction of the scattered beam depends on the magnetic field and the
magnetic moment of the electron. It has also been indicated how the detection of
this polarisation by an analyser which consists of Coulomb scattering at heavy
nuclei may yield values of the magnetic moment of free electrons.

2. S-MATBIX ELEMENT AND DIFFERENTIAL CROSS-SECTION

In this paper the natural system of units has been adopted with # =c¢=1.
We choose the fundamental metric tensor g,,, defined by

Juu=ge2 =0ss = —goo =1
and
Gu» = 0, when p 72 v,
The iteration solution of the S-operator can be written as

S=1—z'J-5{(t)dt O 0 )

where Fr(t), the interaction operator between the electron field ¢ and the external
electromagnetic field ¢, is given by

m(t)=ie.J'.Zy,.¢¢udsx .. .. .. R )
The static magnetic field H is uniform in the region
“h<u<h; —b<z<lk; <zl
and vanishes elsewhere. The dependence of ¢, on H can be expressed as

H = ($33, $31, $12), }
¢Fv = F‘?Sv—av‘ﬁp-
We therefore take ¢,(do, ¢) such that

do=0, S¢=3%HXr .. .. .. o 4)

We now decompose the current operator, t.e., —ie nZY,,«,b by a well-known method
into convection and polarisation current 1

with (3)

_5e$yﬂ¢=-;%z.{'.Z.a,,.p—aﬂ.p}-é%z.a"{.zaﬂ,.p}, N ()

where

1 .
O = 5 (7},7,-—7,7,‘).
From (1) and (5) we have

s=1= . [ (op—0) ¢ dtam 2 [ 0 G i ....

1B
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Partial integration then gives

e - — e 1 —
8=1— 27nf(¢ay¢—a,‘¢¢) dtx— 27”.“—2._[¢a,‘,¢¢#"d4x+. et
The S-matrix element in the momentum space for the scattering of an electron with
momentum p; into a state with momentum p,, up to the first order in the external
field, is ‘
e - - % -
a1 8120 = ~(ps|{ o [ Bub—2u0) prtot So [ Gy Haed ln) @)

where py = .‘Ej—n .- From analogy with the non-relativistic theory we identify pu,

with the magnetic moment of the electron without radiative corrections.
We take the plane-wave decomposition of the spinor-field given by Jauch
(1955, p. 61),

e = (Ejr_)* j dap\/ ?{“'(P) u,(p) ¢#*+b,(p) v,(p) e=7'=}

where, as usual, € is the energy and m is the mass of the particle ; a,, b, are the an-

nihilation operators of the electron and its antipartiecle respectively and u, v are the
scalar spinor-amplitudes. With this decomposition of the field we, therefore, get

(2| [ Got—aidw) o )

e 1 ‘m2 _ i
= 2m (21;-)3\/%:1 U Py) () (p1+P2)pf PH(@) e PP dag,

But
f $H(x) e PP dbg = 2miS(eg—e)) n(H + Q)F, if p3%0 % )
=0, if u=20
where
1= fy BB
and i=1 (Py—Py); . (8)
.=l. t — ‘l'—'—_“_‘) .=]y2)3
G=lioot P gy, @ )
so that
(Pé Qe,_n‘- f ($3up—B,9) diw pl)
1 o _
SRS T & J;’f: Seg—er) NHX Q). (Pr+p,) U Py u(Py) - (O
We also obtain

8 .

: i _
- o, S s nipdo ) ulp) - (10

il;i’ fl(a. H)pd%
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Therefore, from (6) we get
(p2[8]p1) = 8(ez—e1)(p2 | M| py)
7 me

= d(eg—¢3) . @) J;;q {i'ﬂ(l’z) u(p1)(Hx Q)(p1+P2)

2m
iy (pa)(o . H) u(p)} .y

The matrix element (11) corresponds to the Feynman diagram in momentum
space given in Fig. 1.

P

X P,

Fia. 1

It can be shown that the contributions of the first-order radiative corrections to
this process, which do not vanish in the non-relativistic limit, can be taken into
account, if one writes p in place of pg in (11), p being given by Jauch (1955, p. 345)

-4
p= (1+2_w‘) Ho, .. . .. .. (12)

where o is the fine-structure constant. Henceforth we shall therefore write pin
place of p;. :
From the usual formula for the differential cross-section we have

dc=(£gl2[f5(€z—€1)l(P21M|P1)l21p2|€2d€2] dQ

_ n¥mt

(2m)?

5 4(p2) u(p1)(H X Q) . (P1+ Po)

—~ipoi(pg)(e. H)u(py)| dQ .. (13)

where [pg | = | p1| = Bym = Be; B is the velocity of the electron in our system of
units and ¥ = (1—p42)-¢, Now

2

2%1 w(P2) w(P1)(HX Q) . (P1+P2) — iy U(ps)(o. H) u(p,)

= Tr[£2u(p;) @(ps) w(py) @(P;)
+iépu(ps) @(pe){ (o . H) u(p1) #(p1) —u(p1) #(p;)(c . H)}
+u2u(py) @(po)(o . H)u(py) d(p)o. H) .. (14)
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where
e
§=—%(p1+pg)(HxQ) . .. . .. (15)

The matrix u(p,)i(p,) is, in fact, the density matrix p of the electron in the
momentum-state p;. Explicit representation of the density matrix in terms of the
energy-momentum 4-vector and the polarisation direction {; has been given by
Tolhoek and Lipps (1953). If we define the unit vector { to coincide with the direc-
tion of the spin-angular momentum of the electron in the Lorentz frame of reference
in which it is at rest, then it can be shown that

( P10) (P .0 .

w(p)#(p) =} 145 oo

m
—i@%@i’+K.p3a+J.a} e . (16)
where
(£.pp
K=t ermy

17)
€ (&.pp
J=S17— P

and € is the energy. Here we have made use of the standard representation of
Dirac’s ¥-matrices, viz., ¥ = p;0, Y0 = —ipg. The density matrix for a partially
polarised electron beam may be represented by the same expression as in (16) except
that here one writes 7§ instead of {, where 7 (< 1) is the degree of polarisation.
The justification for this procedure rests on the fact that a partially polarised state
may be regarded as the incoherent superposition of electron-states with the same
momentum but different polarisation directions. The density matrix of the result-
ant state is thus the average of the density matrices of the constltuent states with
different polarisation directions, From the linear dependence of p’s on {/s it is
thus evident one can write
n
p=%Zp(§;)=P( z C.) = p(r{).
i=1 i=1

In the present case the incident beam is taken to be longitudinally polarised with
the degree of polarisation . So that from (16) and (17) we get

w(p,) Upy) = }{1—B¥(m. P1o)+Yps—ipyiP 1+ K, .pso+J .0} .. (18a)
with
Kl = Ty"l a'nd Jl = T"l .o .. . (].Sb)

where p, = Bymm;. The density matrix u(pg) @(pg) corresponds to that of the
detector which receives the electrons gcattered with momentum p; = [ pg | Bg =
Bymng and polarised in the direction {;. We, therefore, have

w(Py) 4(Pg) = F{1+7Pg—iBY (B3 . {)P1—iBY(N . p10)

-i'py(ngxtg) . P2°’+Kg -P30'+Jg . 0‘} .. . (190)
with
= —1)(ny. L)ns,
and L+ (=1 (ng. )ne } (195)
Jo=7{a—(—1)(ng. {)ne
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From (13) we now get

2
:Z-% = (%%) [e2{1+v2—B2v2(ny . np) —B22r(ny. L)+ (K, . Ko)+ 71 . T2}
+28u{ B2v2ny . (Hxm)—K; . (HXKy)~Jy. (HxJ))}
+p2{ H2(1+72+B2v2(ny . np)—B2y2r(ny . {o) — (K . Ko} —(J; . T2))
+2((J1 . HY(Jz . H)+(Ky . H)(Ky . H)—B2y%n, . H)(ng . H)) }] .. (20

The polarisation terms of (%3 in (20) depend linearly on the polarisations of both

the incident and the scattered beam, so that if the incident beam is unpolarised the

polarisation-dependent part of % disappears. It is therefore clear that we cannot

polarise an unpolarised electron beam by scattering in a magnetic field.

3. DiscussioNs

We now specialise to the two cases, viz. (@) when the magnetic field is longi-
tudinal and (b) when it is transverse with respect to the incident electrons.

(@) Longitudinal magnetic field—We take the incident beam to be in the
direction of the x;-axis. From (20), remembering (18b) and (195), we now get

g - (3’;;1”)2 (E+pRH (1472 —p2in) +w0,] .. .. (21)
where
w, = {4, (2 +(7_1)2”:1_3272"'21) +£22((7_1)2”21”22'"W Myo)
+Los((Y—1)2np1mas— B2¥2ng5) } .. .. o - (22)

The polarisation-independent part of an (21) is positive definite. Therefore, Edfg
is maximum or minimum when w;, is maximum or minimum subject to the condition
|€212=1. By Lagrange’s method of undetermined multiplier it is easy to see that
wy is maximum when

Ly = 2v+{(r=1)%ng, —p2r2}ng
SIS EE T e
_ 7 {=1)ny— B2 )n,, 23
b= T @
lgs = - {(r—=1)2ng, —2y2} npg
[’ 1472 —B2v2ng )

Therefore (23) gives the direction of polarisation. The degree of polarisation P may

) L))

so that from (21), (22) and (23) we get
P=|1l .o . .o .. o (24)
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The degree of polarisation is thus the same as that of the incident beam, whereas
the polarisation direction changes. The polarisation direction of the scattered beam
is independent of the magnetic field. Therefore we cannot get any information
about the magnetic moment of the electron by analysing the polarisation of the
scattered beam in this case.

From (23) we can show that

("2"2) = 0’
when
Y
T AN R TN
2
This shows that electrons scattered at an angle cos—1 r-1 are transversely polar-

Y241
ised. Tt is thus possible to obtain transversely polarised electrons from a longi-
tudinally polarised beam by scattering in & magnetic field.

(b) Transverse magnetic field.—In this case we take H in the direction of the
rs-axis and n; in the direction of the z,-axis as beforoe. We consider scattermg in

the plane to which H is normal, i.e., in the x;-z; plane; so that n21+n22 =1
and 7eg = 0. From (20) we now get

% (nm) e +r2—porng,)+p2H2(1 + 72+ 52%ns)
+2tuHBYng, } +wr] .. (25)

where
wr = 1[ L1 { (Y + (¥ —1)2nl )(E2—p2 H2) — 26pH(Y —1)2nenoz
— (€24 p2H2)B2V2ng) } 4 Loo{ (Y —1)3(£2—u2HZ) g 700
—2%uH(2y+(r=1)2n) —(E2+p2HR)B )] .. .. (26)

The part of % in (25) independent of polarisation is positive definite. Therefore z{;

is maximum or minimum when wr is maximum or minimum subject to the condition
that | {;|2 = 1. Proceeding as before and writing

wr = T[Als + Blgsl,
where

A = 27(£2—p2H?) +meX,
and = —4EpHY +ngeX oo 27
X = (Y—1)2({2—p2H2)ngy —26pH(Y —1)®nge — (£2+ u2H2) B2y2
we find that wr is maximum when
T A
Loy = Bk \/ YOy &
T B
boa = (7] /42+ B’
The degree of polarisation P is then given by

P ||V 42+ B2 )
= B+ 72— P2ing;) + p2H(L + 72+ B2Yona1) + 26p Hp?y ree

(28)
§23 = 0.
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It can be shown that with A, B defined in (27)
P=|r| .. .. .. . .. (29)

We thus see that both for transverse and longitudinal magnetic field the degree
of polarisation of the scattered beam remains the same as that of the incident beam,
while the orientation of the polarisation vector changes. This may be explained by
arguing that the effect of the scattering consists essentially in turning the spin-axes
of the electrons polarised parallel or antiparallel to the direction of momentum
through the same angle.

Further, from (27) and (28) it may be shown that

(ne. &) =0 .. .. .. .. .« (30)
if
X+2Y(£2—p2H2:mg —4€pHYngy =0 .. . .o (3D)
Writing ng; = cos & and ng, = sin S, the condition (31) can be expressed as

X+ 2v(E2—p2H2yng, —4€pnHYngg
=2 {f (COS %+7 sin %) —-p.ﬂ (Sin % —¥ cos %) ;

x{f (cos%—)’sin %) —uH (sin %+7 cos%)}

Solving equation (32) for & we, therefore, get the direction of the scattered beam
which according to (30) is transversely polarised. The solution, however, is quite
complicated since £, as given by equations (15) and (8), also depends on §. From
(27) and (28) it is evident that the polarisation direction of the scattered beam de-
pends on the magnetic moment p of the electron. We can therefore determine p
by analysing the scattered beam by Coulomb scattering at heavy nuclei. Following
Tolhoek (1956) we can write the intensity of the beam scattered by the nucleus in
the form
I I‘ 0 a(g) ’

~ () 1+m{1‘!(2.(”2x’|) . .. .. (33)
vghere ' is the direction of the finally scattered beam ; and {5, n; are the polarisa-
tion and momentum directions of the incident beam, which are the same as those of
the beam scattered by the magnetic field ; and 6 is the scattering angle, i.e.,

8 = {"2, n'.
Let

naxn =nysind .. . .. o (34)
where n, is the unit vector normal to the plane of scattering, The asymmetry factor
8 in the intensity distribution is then given by ey

3=a(0)|7| Le.no . . . .. (3b)

If we take as axes of reference our original system of axes with respect to which the
components of {5 are given in (26), we get

8= a(0) | 7| (La1mo1+ Lasnos) T )

Exact theoretical values of a(8) for different values of the atomic number Z of the
scatterer, for different angles of geattering 6, and for different energy values of the
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electron have been given by Sherman (1956). The present author has calculated in
a paper (to be published in near future) the first contribution to a(6) in Born’s
approximation in powers of (xZ) and his result is

B(1—p% sin 6 tan2 -g in (sin2 f)

3
2 (1—;32 gin® -g)

where as usual « is the fine-structure constant. 5, and s are given in terms of
the magnetic moment p in (28) and (27). Therefore from observed values of 8 it is
possible to find p with the help of (36).

This method of determining u, however, fails when any one of (p;—p;)il;
(t=1, 2, 3) is an exact multiple of #. For then @), as given in (8), and hence ¢ by
(15) becomes infinite. But 7{ remains finite, which is quite obvious from (8) and
(15). Thus in the expression (17) for the differential cross-section the terms involv-
ing pH disappear.

a(f) = oaZ . (37)
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