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ABSTRACT

In this present paper, the effect of regularly spaced vacant sites (in an otherwise perfect
one-dimensional crystal) on the electronic energy states has been investigated. The crystal
model has been idealized by setting a &-potential barrier at each occupied lattice point. Use
has been made of the calculated energy levels in determining the percentage changes in electrical
conductivity and low-frequency limit (v;) of fundamental absorption band.

INTRODUOCTION

Tt is well known from the work of Kronig and Penny (1931) that many of the
results about the energy states of a real three-dimensional crystal may be obtained
from a hypothetical one-dimensional crystal. This is particularly true in the case
of long wavelength limit of fundamental absorption band and the variation of
electrical conductivity with temperature. In a three-dimensional crystal, the diffi-
culty arises because the lattice gives symmetry along planes. The potential due to
the lattice contributes, in addition to this, another symmetry of approximately
spherical in nature. The latter type of symmetry is due to atomic or ionic sites.
This necessitates a matching of plane and spherical waves over a large number of
boundaries distributed according to the lattice (Slater, 1953a and 1953b). It is very
difficult to incorporate the effect of lattice imperfections in such a three-dimensional
representation. However, in some cases of regular imperfections, a one-dimensional
representation can be utilized with profit. In this paper, we give the shift of long
wavelength limit of faundamental absorption band (v) and the change of electrical
conductivity with vacancy concentration for a one-dimensional crystal. The method
is based on a straightforward perturbation theory with the use of a &-function
potential at each lattice point.

THE UNPERTURBED PROBLEM

We take the unperturbed energy states and wave functions as corresponding to
the perfect crystal. Figure 1 shows the idealized square type potential in such a
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Fra. 1. Idealized potential in & perfeot one-dimensional crystal.
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cage according to Kronig and Penny (1931). The part shown with dotted rectangle
represents a typical unit cell with lattice constant equal to a. V is the height and
b is the width of the potential hump. The situation ean be farther idealized by
supposing that 5— 0 and Vo— o with ¥y b= A = constant. This reduces the
potential to a number of §-functions of strength 4 spaced regularly at distance a.
The eigenvalue equation for unperturbed electronic energy can be simply
written as (Kittel, 1954)
a.’ilz—é‘+cos¢=cos)«, R )

where 8 = maA[h2, m = mass of the electron; % = Planck’s constant/2w, ¢ = aux,

a = J(2mW)/k, W = electronic energy, A = ak, k = 27g/Na, N = total number of
lattice points in the crystaland g =0, 1, 2,3,.... N—1.
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Fia. 2. Allowed energy states of the ideal crystal (Kramers, 1935).

In Figure 2, the allowed electronic energy values are given by values of ¢
within the shaded region. The minimum permissible energy is
Wo = heg’ / (2mas).

Energy at the top of the valence band is

Wy =R /@ma®), .. .. .. .. (@
and that at the bottom of the conduction band is
Wy=he;/@ma?). .. .. .. .. (3)

The unperturbed value of v is given by
v;°’ = (Wa—Wy)/h = h($; —45)/(8n®mat) . N ()]
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From the graph of Figure 2, ¢; = ». Let ¢g = #(148). If the crystal has a band
gap of n electron-volts, it is easily seen that

w8 & (0-3n)/27.

For most semiconductors » is between 0-2 and 2'0 so that =8 is small compared
to unity. Substituting the value of ¢, in equation (1) and equating the right hand
side to —1, we get

88 |
5= {"1"'»\/1"'172'(”'0/3)}/{2(1+0/3)} .. (5a)
Better approximation to the root by the Newton-Raphson method gives a correction
—4-05875¢ .
AS = 058754(1 +0-268) )

{6—35(6+9-8696) —5%(3-03486+4-0348) + 55(3-934864-21-170) }

Generally both 8 and 8 are small compared to unity, so that the correction given by
equation (bb) is usually ms,lgmﬁca.nt By substituting the values of ¢; and ¢, in
equation (4), we have

vf={h8(2+8)}/{8ma’-}, .. .. .. (6

where 3 is given by equation (5a).
The wave function of the electron in the assumed perfect lattice is a plane
wave with constants characteristic to each unit cell, viz.

ba(@) = A, ¢4 Bye=i=, . .. .. .. (T)

where x is the distance meagured from the origin (Figure 1), and A4, and B, are
constants for a particular cell, say the nth, at which the value of the wave function
is sought. By Floquet’s theorem, these are related to the constants of the cell
containing the.origin as

{- inacx+2m'n/N}

A, = Age ; .. .. .. (8a)
and
B, = Byl et imnin} .. .. 8y
Normalization of the unperturbed wave function gives
N-1

(n+1)a
> J d(@n(@) de = 1,
0 Yo

which by equation (7) reduces to

N=1 (n+1)a B2 B B‘
2 I Wt PO - 2O MY 77 =1 .. ..
> A”J [1+A2+A,e +ie }dx 1 (9a)
n=0 na ” n
Now :
B’l BO M BO 2m¢
Ao =7 .. . . .. (9))
and the continmity of the wave functlon gives
By [1—eiw-ha) [1—efé—N]

Ao [1 __e-'(a+k)¢] [1 _,e-—i(¢+:\)] (9¢)
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Hence by equations (9a), (956) and (9¢), we obtain .

Sl 1, 'St
4.1 {14———} a—2(sind/a) . ——— | = 1.
"= singAT? sin A H¢
2 2
Again, from (8a), Ai = Ag . Therefore,
Ao = (114N {1/Jf, N}, . o .. (10a)

where

81 '—2- 8s1mn )

THE PERTURBED ENERGY STATES

The perturbed potential in a erystal with vacant lattice sites can be represented
as in Figure 3. This corresponds to the potential of a perfect crystal with a nega-
tive potential at each vacancy of height — V and width 2{ such that

2VL = A.
=] N
N N Lo_L__
oﬁq«m
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Fia. 3. Idealized potential for vacancy in a one-dimensional crystal.

Let the concentration of vacancies be 1 in 8, supposed regular. Then the
matrix element of the perturbing potential becomes

NiS Sta+l ) _ )
(4] Vperturbing | $')==V ZJ (A'ﬁ, Sﬁe_w"'B'ﬁ,Spew)(A'ﬁ', Spem x+B¢',5pe_w’)dx
=0, Spa
NJIS Spa
f— V Z J (Aé, sp—le—tﬂx_'_ Bé' SP__lew)(A*,' Sp—le“ x+B¢I, Sﬁ_le“a ’)d-z
$=0J Spa-{
Substituting the values of 4’s and B’s from equations (8), (9) and (10), we then have
- V r ’ * F’
Sy 1/, V¢, 0}

(¢' Vpel’turbing I¢l) =
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where the factor F is given by
X —&
_ (e—-ika_e~im)(ei(a+m')§_1)(1+e€(a+a’) . (a—L))
i(e“"'ik“——ei“a)(a-i-u')
(eilc’a__eiot’a)(e*i(u-ka’)(_1)(1+e—-'i(u+a’)(a-§))
{eho—e—t2e L { _i(gta’)}
(e~ika_e*vha)(eik’a_eia’a)(ei(a—ot’)L__1)(1 +ei(a—a’)(a—§) )]

(e-ika_eiaa)( ez’k’a_eia'a)(i(a —tz'))

+

In the limiting case of a 8-perturbing potential with L —0, V- o but 2V{= 4 =
constant, we have

(] V perturbing | ')
4 ey (
= — 1449 —9))
2SI NI X)) [( )
(1—e—iX = $))(1 4= H6+4)
- (1—e— "0 +97)

(1465A—B)(1— =¥ —$))(1 4 66— $))
(1— i+ )1 —e— iV F 1)

l—e"'(*—'*)) ) (1+ei(¢+ #7)
(1—etA+4))

.. (lla)

From equation (11a), we get the diagonal term, after algebraic simplification, as
A sin? ¢

(] V pertusting |$) = — : . (118)
Sf(¢, A) sine A+é
2
Therefore, the first order corrected energy is
in2 242 in2
WO — W 4 sin? ¢ h2d A sin? ¢ (12)

TEHEN e dtd T ma T SEN At e
2 2

It can be shown that higher order energy corrections are usually negligible.
From equation (12) it follows that the effect of vacancy is always to lower the
energy level. It is possible, however, that a level higher than another may
actually become lower due to perturbation. There will also be levels that are
undisturbed. One such is at the top of the valence band (¢; = A; = m), where the

value of the fraction
{sint ¢} / fome 2441
is given by
. . £+t
EI::JO{smg (w+£)}/{sm2 (w+——-§—)}, .. .. .. (13a)

e—>0



ORYSTAL WITH VACANT LATTICE SITES 293

where £ denotes a small- change in ¢ near » due to a small change e in A near .
£ and e are related through the eigenvalue equation (1), viz

sin(m+£)
(m+8)

Expanding both sides of equation (13b), it can be shown that ¢ is a second order
infinitesimal in € and hence the limit of expression (13a) is zero. However,
f (1, A1) # 0 so that the energy at the top of valence band is unchanged due to
perturbation, viz.

] +cos {(m+4€) = cos (m4e€). .. . .. (13b)

W = (B2n2)/Cma?). .. .. .. .. (l4a)
At the bottom of the conduction band, we have
sin? ¢, sin? 7 (14 8)
= == 4(1 —7252/4). .. .. (145
e bl T () (1—m2%[4) (149)
2 2
Again from equation (105),
. 2 sin 178]
, A 2 148—32-—0'644933). .. (14¢
fibo 2 = |24 2804 ) (140

Substituting equations (14b) and (14¢) in equation (12) and simplifying, we get the
first order corrected energy at the bottom of conduction band as
Ren2(149)2 24
. 2 (1—85—0-4685240-11358
W' = St Sa (1—38—0-4685240-11338). .. .. (144)
The perturbed band gap £ = W;l)—- W;” and v, are obtained from (14a) and (14d)
respectively as follows :

E = h23(2+35)/(8ma2) —24(1—35—0-46852+01135%) [Sa .. (15a)
and
wo
v, = .._2_];._1_ = h3(2+38)/(8ma?)—24(1—8—046852+0°11333) [Sak
= ") —24(1 —5—0-46852+4-0-11358)/Sah. O 0 1 1))

Hence the long wavelength limit of the fundamental absorption band shifts to the
longer wavelength side. Since & is small, the percentage shift is given approxi-
mately by

2004/Sak v\ % ~ 2000/7288 % ~ (100/8)% .. .. (16)
which is obtained from equations (1), (52) and (6).

.. The electrical conductivity of a semi-conductor at an absolute temperature 7'
is given by a formula of the type

oy = oe~ERT, O | )

where o is a certain constant, ¥ = band gap, and k = Boltzmann’s constant.
If the band gap decreases by an amount AE due to vacancy, the percentage
inerease in conductivity is given by

100A 0 /o, % = 100(eAEIkT—1)/ N ()
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Now from equation (16) AE/E = Av/v, ~ 1/8, so that AE s E[S. The percentage
increase in conductivity can, therefore, be put as as 100(e®/S*T—1) % or approxi-
mately by 100 E/SkT 9, unless the temperature is very low or the vacancy concen-
tration is very high.

DiscussioNn

The fractional change in », equal to 1/8 is a result that is expected semi-

classically, the reason being that this indicates the fractional fall of average potential
throughout the lattice.
For a vacancy of 1 in 104 atoms, the value of v, decreases by about (1/100) %,

which is near the limit of accuracy of an ordinary good optical spectroscope. Vacan-
cies rarer than this will be difficult to detect optically although the range will be
extended if the v, of the crystal falls in red or infra-red region.

The electrical conductivity change is much more due to the exponential nature
of variation. Most semi-conductors have £ value between 0'2 and 20 electron-
volts, so that the percentage increase of conductivity at room temperature is between
(800/8) 9% and (8000/8) 9,. With a vacancy concentration of 1 in 104, this comes
out as between 0°08 %, to 0'8 9,, a change that can be precisely measured by
accurate electrical methods. At lower temperature, the percentage increase will be
more,

The percentage shift in », is the same for all crystals having the same vacancy

concentration. The percentage change in electrical conductivity, on the other hand,
depends on £ and S both. Knowing the value of £ from fundamental absorption
data, 8 can be calculated from the increase in electrical conductivity.
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