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ABSTRACT

It is shown that the efficiency of BAN (best asymptotically normal) estimates which in-
volve computation in terms of a doubly truncated or censored probability law is, in general,
necessarily less than the efficiency of BAN estimates based on the original (untruncated or un-
censored) proba.bilij;y law and, further, that t?e elﬂ‘zciency increases, i.e. the loss of information
decreases 8s &<z, or x, — b where x; and x, (‘”0 < :1:0) are the points of truncation. This is
established for estimates of a single parameter and, also, for joint estimates of several para-
meters involved in & continuous probability distribution. In the case of & doubly censored dis-
tribution, it is shown that certain amount of information is lost due to not knowing the
number of migsing obgervations separately for each ¢ tail’. Thus our regults indicate that in any
case of regular estimation, the use of a truncated or censored probability law should always be
accompanied by an investigation into the loss of efficiency.

1. INTRODUCTION

The problem of estimating the parameters of a distribution from iruncated and
censored samples, assuming various forms of truncation, has been treated by several
authors, Cohen (1950), Gupta (1952, and the references cited therein) among others.
Populations can be singly or doubly truncated, but samples can be censored in two
different ways: (1) Observations below or above a known point may be censored, and
(2) Out of a sample of size r4-n-s, the first  and the last s observations may be
censored. According to terminology which has recently come into popular usage,
truncated samples are understood to be those from which the number of observations
eliminated by the restricting process is unknown, and the censored samples are
those in which the total number of specimens is known, but measurements on some
known number of these are lacking.

BAN estimates are defined by Neyman (1949) as those functions of the observed
sample values which (i) are consistent, (ii) are asymptotically normally distributed
and (iii) are asymptotically efficient. It thus becomes important to know the
answers to some of the questions in this direction : if a random sample of size  is
drawn from & population involving an unknown parameter 8, then Fisher’s infor-
mation index n I(0), defined in the usual way, measures the amount of information
about @ obtainable from the sample or the reciprocal of the asymptotic variance of
the BAN (best asymptotically normal) estimate of #. Similarly, if a random sample
of the same size is drawn from a doubly truncated or censored population, the points

.

of truncation being 2o and zg (=0 < 2g), can anything be said as to whether there is
loss or gain of information due to truncation or censoring? In other words, does
the efficiency of the BAN estimate of # which involves computation in terms of a
truncated or censored sample depend essentially upon the points of truncation ?
Does the knowledge of the number of missing observations in the regions of trunca-
tion improve or weaken the position ¢ The present paper contains some information
regarding the relative merits of these estimates based on doubly truncated and
censored samples,

Vol. 24, A, No. 6.



B. RAJA RAOQ: ON THE RELATIVE EFFICIENCIES OF BAN ESTIMATES 367

We shall treat the three cases, when the number of missing observations is (1)
unknown for each tail, (2) known jointly for the two tails, and (3} known separately
for each tail. The first characterizes a doubly truncated sample and the last two a
doubly censored sample. The corresponding results for the singly truncated
samples follow as special cases.

2. REeLATIVE EFFICIENCY

Let f(z) be the probability law of a continuously distributed random variable Z,
involving an unknown parameter ), over the range a < z < b, where @ and b
are independent of 6. Rao (1945) and simultaneously Cramér (1946) have shown
that, under certain mild restrictions on f(z), the variance of an unbiased estimate
0% = 6%z, 2, ..., 2,), of the parameter 8, where z,, 2y, ..., 2, are the observed
sample, satisfies the following inequality for fixed n :

Varo* >——+ = {al(9)} ", DR

0
nk ( p olog f)
where n I(8) is Fisher’s index of information about @ in the sample, the lower bound
being attained only by ‘efficient > estimates.
When the distribution is truncated or censored, we shall replace Z by X and
denote respectively by z and zj the minimum and the maximum values of X that
can be observed. [, and ] are assumed to be known in advance. Then (a, %) and

(:1:8, b) respectively form the left and right tails. If @, %5, ..., %, is a random
sample from this incomplete population, we shall define n Ir;(6) = Fisher’s index of
information about § in the truncated sample characterized by case (i), ¢t =1, 2, 3.
The BAN estimate of 8 in a complete population has minimum variance given
by {nI(6)} ' and similarly the variance of the BAN estimate of § calculated from

the incomplete population is given by {n I7;(8)} '. This suggests that the optimum

variances of the estimates in the two populations in samples of the same size n may

differ and, further, # Ir; (§) may depend essentially upon the choice of # and =
The information lost due to truncation and censoring may conveniently be

measured in terms of Fisher’s indices of information. We may consider the quantity
May, zg) =In®)/I0) .. .. .. .. (2

as a measure of the relative precision attainable in the estimation of the parameter
of the truncated probability law in the case (¢), =1, 2, 3. We shall show that
only in the cases (2) and (3), when the number of eliminated observations is known
jointly and geparately for the two tails, A (:co, xo) < 1 for all £y and x; and that A -1

”

as @ <z, and &) > b. Because of the nature of the results obtained, it is convenient

to consider the loss function
1 ;. )
;ZLM(%, z,) = I(0)—Ir(0), i=1,23... .. N E )

In the case of functions depending upon several parameters, f(%/61, 8y, ..., 65),
and unbiased estimates, 0: w=1, 2,...,8), which are functions of the observed
sample values, with non-singular covariance matrix || Az ||, Cramér (loc. cit.) showed
that the fixed ellipsoid

s s
nz zagﬂ‘tk=8+2, .. .. .. .. 4)

i=1hk=1
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' a 0
where S;k—-E%a—B‘logf.%logf}
lies wholly within the concentration ellipsoid
s s
zzl‘kt,tk=.s+2, e e )
t=1k=1

where || A" | = | 4ix|"1. The two ellipsoids will coincide if, and only if, the 6 are
jointly efficient for the #,. Thus the covariance matrix of a set of jointly efficient
estimates is ||#di [["1. In this ease, we may define separately the relative efficiency
with respect to each of the parameters as in (2), or we may congider the set of es-
timates for one function to possess greater concentration than the set for the other
function if the fixed ellipsoid (4) for the first lies wholly within the similar ellipsoid
for the second function. 'We shall adopt the latter procedure in § 4.

3. ESTIMATION OF A SINGLE PARAMETER

The Cramér-Rao inequality (1) holds under the regularity conditions which

involve the existence of 2 f () for all zin @ < z < b and the absolute convergence of

the integral f f dz. We may assume that we have a regular estimation case in

Cramér’s sense so that these conditions hold. The variable of integration in each of
the following integrals being z, it may be omitted, where no confusion seems likely
to occur, for the sake of convenience,

CasE (1): Number of missing observations unknown for each tatl.

In this case, X has a density, say g(x), which is the conditional density of Z
given that :v;) < Z < z; thus

*o
g(z) = f(x) J f (wm<z<a). .. .. (6)

Here

om0

By actually computmg the loss function (3), it will be seen that it is not possible to
determine the sign of Lm (xo, 0) in general. It follows, therefore, that whether

there is loss or gain of information due to truncation in this case cannot be said
definitely but depends upon the particular density function at hand.
It is interesting to note, however, that

. x(') . z;) b ’8 g 5:)
o) [+ @ [
N ' 5 % %

~1

a

is positive for all 2, and z. This is true even when a < x; or z; — b, separately.
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CasE (2): Number of unmeasured observations known jointly for the two tails.

Here when :v(; KZ<z,X=17Z; when Z < z or Z > z, the only information
obtained about X is simply that X < #j or X >#;. Thus X can be regarded as
having a density, say g(z) when z) < z < ;

g9(z) = f(x) (:c;) Lz < z”)

. b
Prob(X<:c;),orX>z('))=J.°f+f'f. .. .. . .. oo (0
a %o

In this case the loss function becomes

” ”, 2 -1
b x AL b ,.xo nb
Loz~ | 1(af\2 [ °1(af\? 0 of af
_n—(xo: zo)—J f(é'o) - 17 28] — 80+ , 00 f+J .f
a %, va "xo va z,
’ ’ 2 ’ -1
x b n T b ,.I ab
°1 /3f\* 1 (3f\* o3 [ of 0
-| 7(#) +J.f(%)— at) w( )] ).
Ja z ¢, Jz vga v
0 0
s0 that
z b € b
L 0 0 1 afz
o] mes {360
a T a 4’70

where

‘ , ’ 2
z, n:ol af2 :voaf
-] -7 4) >

a

b 6 Lo\ b o 2
2
Kz:(j .f)J.f(éé) "(J.a—o) >0
% % %o

by Schwartz’s inequality for integrals. Thus it is apparently not possible to deter-
msine the sign of 12-,2 in st cage also. But it is shown in CasE (3) below that

10)—Iry(6) >0
and in § 5 that Iry(8)—Iry(0) > 0. Combining these two results, it follows that
lL‘-,g = I(6)~—1Ir,(6) > 0, s0 that in the above case, there is some loss of informa-
n

tion. We shall now establish some monotonicity properties of Lys. For, we note
that
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ool e
0 0

0Ly 0. 0
=U_ =2V = 0
a , 2 ax"] IO $0+Ux, U:c' >
n Eéf(xo 0 0
and that
. a:‘; b 2
P .
fa f “’of s _ o B o (Tz(’)’—-Wz‘;)z -,
0 w2 - % & T T, ’
axo x x
n 5—éf(a:0) 0 0
where
‘mtl) rd -1 f‘zt; et -1
, . , of of 2 ,
Umo=§ f+ ’fE{f(xO)} ) Vz0=§ 55+ '—T)%{é‘éf(zo)}
va vz va vz
, o , 0 . (7b)
"zo pd -1 "zo r® -1
. " . of of 2 "
Tzo—'{d f+4 zﬂf%{f(“’o)} ,Wzo'—g .4 3_9+J 3’79 {ggf(xo)}

0

It follows, therefore, that Log is monotone increasing in z, when z is fixed, and

is monotone decreasing in z; when z is fixed, so that when a <z, Los (2, %)
decreases monotonically to L(z;), which is the Joss function due to truncation at
x, and when zj — b, Log (%, %,) decreases monotonically to L (%), which represents
the loss function due to truncation at x").

CASE (3): Number of eliminated observations known separately for each tail.
In this case, X can be regarded as having the density

Prob (X < 7)) = Jd:)f
g(x) =f(a:),:c;<x<x;, B ()
Prob (X > z,) = f f
and the loss function becomes 0

L ..
—7‘:—3 (2, , %) = 1()—Ir,(6)

—z{,}gz— ZE)?_J_‘E < blafﬂ bg, Y
._Lf(aa) Jaao) Lf"'f.'f(ﬁ)—(j,;aﬂ Lf 9)
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1 . Ly, -
=3I +26)

go that

1 of (o \ 7 AN
;L03= K] (f f) +K: (f ,f) ,
a *0
where’ K%, and K% are the same as those defined in (7a). It follows that
Log (%, 7;) >0, since the right member is non-negative, Equality holds if, and
only if, % is proportional to f(z) for all x < z and z > .

In such & case,
fl) =6 e,

where © is a constant depending only on 6. If now () is a constant, f(z) is a
rectangular probability density function. On the other hand, if »(x) is not a con-
stant, two cases arise, namely

@ flo) =00, a<z<h, }

Q1
®) f@) = 0w, 2z, z>7. (10)

b -1
In the first case, & = fe”(’)dz) and is independent of 8. Thus f(z) does not

contain 6, so that we do not have a case of estimation at all. 1In the second case, f(z)
is known to within a multiplicative constant depending upon 6 and, hence, no essen-
tial information is lost in truncation. Thus exeept in these trivial cases, the relative
efficiency is less than unity.

It then appears that, in every case of regular estimation, the variance of the
BAN estimate of the parameter 8 of the truncated distribution (8) is greater than
the corresponding variance for the complete population. Thus it follows that the
maximum likelihood estimate (m.l.e.) 8 of 8 in the complete population is asympto-
tically more efficient than the m.l.e. b7 of @ for fixed n.

1t is curious to note that the total loss function

Ly(z,) +L2(x<:)
n n

1 ’ L4
,',LOS (= %) =

is the sum of the loss functions due to truncation on the left at z = z, and on the

right at z = z;. For the monotonicity properties of Log (%, #;) we note that

,’ -1 P I_Q ’ 2
10Ly 1 d ’_%i ,}2 0 (Pe )
;"5;% = " iz, Ly(z)) = 30 F (=) f T >0,

a 0

and
b -1 R —s ,)2

laLos_li :_—{2 '}2 J (10 9:0 <O,
v ret SO EACH U N SR

where
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P, = (E‘;f){f(x(’))}-l, o - (régg) ?-a%f(x;)}—ﬂ
ot ) 4wl |

w-(]. |

Observe that R~ is the Mills’ ratio for the distribution with the density f(x) and
(i
8, can be regarded as the Mills’ ratio for the distribution with the density == const.

®

It follows, therefore, that Ly (x(;, x;) is increasing in x(; whatever be x; and is

.. (10a)

, (@ <2 <b). [See Raja Rao (in press)].

. . ~ ’ ’ » mon z ”
decreasing in z, whatever be z,, so that Ly (z,, z,) —> 0 asa < z,, and z;— b.

mon ,
In other words, ) (x(;, x;) < 1 for all 2, and z, and /\(9:0, a:o) —> lasa <z, and
xS—» b. Thus the variance of the BAN estimate of the parameter § of the truncated

distribution (8) depends essentially upon the points of truncation and decreases
monotonically to the variance of the BAN estimate of the parameter in a complete
population.

Note that (9) may be written as

1. ([ 2 “\)
;LOS(xO’ x0)= j f zgx’ %log f JA f +

0

b 5 b 2
(g~ -
,,; z}mo z,

which means that the loss of information due to truncation is equal to

’,

T
0
(‘[ f) times the amount of information obtainable from a sample of size n from

b

the left tail, together with ( J f) times that obtainable from a sample of the same

T
0

size from the right tail.

4. ESTIMATION OF SEVERAL PARAMETERS

Consider the probability law f(z/0;, 65, ..., 8,) depending upon s unknown
parameters with ellipsoid of concentration for a set of jointly efficient estimates given
by (4). For brevity we shall treat only the CAs®m (3), so that the probability law (8)
has the corresponding ellipsoid of concentration

nz zs;,‘z,z,.-.-u,z, 4 1 )

f=1lk=1
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where

S e e e [
5, = L,}(f»fk)"'(L f;)(L fk/L f)"‘(L,fi)(L,fk/L,f) ,

(G, k=1,2,...8)

and f; = %and o= % . We shall show in this section that the ellipsoid (4) lies

entirely within (11); to this end, it is enough if it is shown that the left member of
(4) is uniformly greater than the left member of (11), for every choice of the ¢,
1=1,2 ..., 8 By direct substitution we obtain

1 - .
oL (@ %) = Zk (B3t

% %\ [P\ P
=ZU §(ka>—([ f)(f f/j f)+f,}(fjk>
' b b b
_(J f)(] 'f,/f 'f)}t,tk .o (12)

Terms in the rectangular brackets may be written as

(- (7 o) (e

A

- This again can be written as

AL -] Tl el )
AL TN L L) )

0
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Thus the loss function can be written as

l ’ ’ ”~
;zL(a:o,a:;)=Zk(e‘.k+¢'.k) PN )

where
:c(’) :c('] :cl z(') a;("

.2 - e o
a ”<w0 a / a a a

and

:c' ﬂ7>m x' m' zl .’I’,"
0 0 () () 0

0

where E denotes mathematical expectation over the set z < 2’g. Finally, since

L
the (finite) s':lm of the expected values is equal to the expected value of the sum,

we have
z 3 z z 2
0 s f¢ J~ 0 j 0 ) ] ,
fl E LyF— fi f >0 .. (14)
Ja )z<x(') L'.Zl {f ( a a
%o [ . 5 x(’) 2
fl E p b 53‘108 f J f
nb s f‘. b b
fl] E Lg% — i
Ja )z}z’[i=1 if (J;’f Jm'f)}]
(i} () o
pd s b 2
=( 'f) E'[ t‘{—a%‘log(f J- f)” >0
z =c>:c0 i=1 ,(’)

4

z b .
It follows that since (J‘ f) and (J‘ ,f) are positive, L (z,, z)) > 0. We
a &
0

>0
and
2
>0 (14")
0

’
€
Wk
.
Z €ir
iR

<
|
<

e

need only note that L(:c(',, :c;) = 0 only if the linear form in each of the equations
(14') and (14") is identically zero, i.e. if each coefficient of ¢, vanishes. This can
happen only in the trivial cases analogous to those described in § 3.

Thus it is shown that the ellipsoid of concentration of a set of jointly efficient
estimates of the parameters of a complete population lies wholly within the corre-
sponding ellipsoid for the truncated population. Therefore, the best procedure for
estimating the parameters of a truncated population cannot attain the precision of
an efficient procedure for estimating those of a complete population. Note that with

¢;, and ¢;, as defined in (13a) and (13b)
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z’
(n " Of) Z Z E;ktl'tk =842,
v [
b
(n f) Z Z e:kt,-t;, = g42
K z(’) [ k

are respectively the ellipsoids of concentration of a set of jointly efficient estimates of

’

T

()
the parameters of the density functions of the left tail, l(x) = f J fie<e< a:;)

b
and the right tail, ¥(z) = f / J f (g, <z <b).
zl!

0

To complete the argument for the multiparametric case, we shall show that
L(x('), :v;) — 0 monotonically when a < a:; and a:; — b. This follows if it is shown that

’ L] . . ’ ” . . ” ’
L(z,, x,) is increasing in x; whatever be z; and decreasing in z,, whatever be z,.

From (13), we have, with notation f; = 20-f(zr), f; = 5o f(a5).

e Sl ([ )] -
12— 1) [zt L (jf jfm@

0

and

which proves the assertion. Thus the BAN estimates of the parameters 6, (v =1,
2,...,8) of the truncated population are asymptotically jointly less efficient than
the corresponding estimates for the complete population and the efficiency of the

former set increases monotonically to that of the latter as g <« x;, x; —b.

5. Information lost due to not knowing the number of missing observations
separately for each tail can conveniently be measured. Denoting respectively by
nl 74(f) and nlrg(6) the amounts of information about the parameter 6 in the cases

(2) and (3), we observe that, defining I(z;, 2,) = nl 1,(0)—nlp,(6),

v (a5, (1 N (T o o]
o
a a ) 0 @

0
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» \¥q%
fx’
0
z 13 -1

0
X Jf+Jf >0.

0

zl i » 2'

x(')af b 0 af 0
J a0 ) -3
a 270 a a:o a

Thus we find that some amount of information is lost due to not knowing the
number of missing observations separately for each tail. Further, since when

a+ x(; or x('; — b, CASE (2) coincides with Case (3) thus resulting in singly censored

samples, the above loss of information must tend to zero when either a<—a:(') or

‘”;—-> b, the other point of truncation remaining fixed. We note, however, that

2 ‘V , 2 Q , 2
1 ’ a ’ - al _ wO ZO
- f (=) {@f(%)} 5 -(7;(—,)—1 - EZ-—I .. (15)
and
- W 2 S V2
1 r a ». 2 al zO xo
P ACY) {gpf(%)} o~ T\ T -1+ z ) (16)

where the various quantities are defined in § 4. It has not been possible to deter-
mine the signs of the expressions in (15) and (16).
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