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ABSTRACT

Not many Tauberian results are known for the Nérlund methods of summability. In this
paper are proved, for Norlund methods, certain Tauberian theorems which are striet analogues of
results for Abel summability contained in & recent paper by Jakimovski and Parameswaran
(1958). In fact, it is an essential step in the proof of each of the theorems given below that,
under the (Tauberian) conditions of the theorem, summability by the Nérlund method implies
summability by the Abel method and the conclusion of the theorem follows from the correspond-
ing theorem for Abel summability. Some results which have been earlier obtained by Agnew
(1946) and Jakimovski (1952) are seen to be corollaries of the results proved here.

INTRODUCTION

Let s = {s,}, n=0,1,2,...be a real sequence. (In this note, we shall be

concerned with real sequences only.) Let {p,} be a sequence of real numbers and
let

P, =po+pi+ ... +p,7%0 for any n. .. R )
If
Uy = pn80+pn—13]P+ e +p08n (n — O, 1’ 2’ . ) .. (2)
and
U, =1 as m— 0, .. .. .. .. 3

then we say that s is summable by the Noérlund method (N, p,) to the value .
(Throughout this paper ! will denote a finite number.) 'The method (¥, p,) isTegular,
i.e. 8, —» I implies u, — I if and only if

pa=0(P.) and Y |pi|=0(P).
$=0

In particular, it is not necessary that p, > 0. The infinite system of equations (2)
can be written for short as

u=Ns .. e e e @

where u = {u,} and s = {s,} are column-vectors and N is the matrix of the Nérlund
method (¥, p,), i.e. of the transformation (2).
For every real number «, let the Hélder transform of order a be defined by

H% =t={t,},
where
A'to = (n+1)-aA”80» Als, = 8y —8n41» Aosn = 8.

Then the Holder method H* is regular for a > 0.
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If v ={v,} is any real sequence, we write also, for the sake of convenience :

(i) v—1for lim v, =1,

L X )
(i) v = 0(1) for v, == O(1) a8 n —+ 0,
(ii) v = O, ()[O0(1)] for v, = O, ()[O(1)] a5 n— o0,
(iv) v < K for v, < K for all large n

and similarly v > K, etc., in other cases,
We first give two known Tauberian results for Norlund summability and show
how they are included in the results of this paper.

THEOREM A. (Agnew, 1946.) Let (N, p,) be a regular Norlund method with
P20 If
(i) Ns—>1,
and (i) nlsa—8a_1) = O(1),
then s, —1.

Agnew gives the condition (ii) in a slightly different form which implies (ii),
and he uses (ii) in the proof. Theorem A is included in the following result due to
Jakimovwski (1952).

TrEOREM B. Same as Theorem A, but with (it) replaced by

(i)’ lim lim max |$m—8a|=0.
A>140 nooo nmLAn

Theorem B is itself contained in Theorem 4 of this paper. For, by a result of
Szdsz (1929, Satz a), the condition (ii)’ implies

sotsit .+, _
sy L = 0() B ()

i.e. ) (Ho—H1)s = 0(1) .. .. .. .. (6)
80 that we may apply Theorem 4 with &« = ¢ = 0 and get that
Hig— |, .. .. .. .M

It is a olassical result that (7) and (ii)’ imply convergence of s, to ! and thus
Theorem B is proved.

Both Agnew (1946) and Jakimovski (1952) state their results for Norlund
methods (N, p,) with p, >0, but this restriction is not essential. Agnew states
also, without proof, that, if in Theorem A we have merely that

n(8,—3,-1) =0r(1) .. . .. .. (8)
then we could conclude : 7 ,
His 1, .. .. .. 9

In the proof of the results of this paper, we shall need in particular the notion
of quasi-monotone sequences and Tauberian theorems for Abel summability, contained
in a recent paper by Jakimovski and Parameswaran (1958; Lemmas 1, 2) and
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a result of Jurkat and Peyerimhoff (1955 ; Lemma 3) extending a well-known result
(Hardy, 1949 ; Theorem 18), besides other classical results.

Lemma 1. If the real sequence s = {s,} satisfies the condition

(H™'—c+1HO)s <0 for some real number c .. .. (10)

then {s,} is ¢ quasi-monotone decreasing’ in the sense that it will satisfy the condition
¢

§u+1(1— m) < 8, (n 2 my(c)), - .. (1D

or the equivalent condition that there exists a real number d, of the same sign as ¢ and
such that

d
Sap1 < (1 +7—L)s, n>nd) .. .. .. (12)
which necessarily implies that s, is ultimalely of the same sign.

Lemma 2. If the real sequence s = {s,} is Abel-summable to | and if there exist
real numbers «, ¢, K such that

t=(H*—c+1H*)s< K . . .. (13)
then
H**ls >, . . .. .. (14)

If, instead of (18), t = O(1) [or t is convergent], then H* €51 for every ¢ > 0
[or H*s > 1].

Levmva 3. If s = {s,} is summable to I by the regular (N, p,) method, then the
series (1—2) Z 8,2" has a positive radius of convergence and defines an anolytic func-

n=0_0
tion o(z) which has at most poles in |z|< 1. Furthermore, o(z) is regular for
l—e <z < 1 with some 0 < e < 1, and o(z) > | when 2 > 1—0.

THROREM 1. Let s = {s5,} be a real sequence summable by the regular Norlund
method (N, p,) to the value l. Let there exist real numbers «, K, ¢, A, L such that

(H*—c+1H*)s <K, .. .. .. .. (16)

Hs>L. .. .. .. .. (16)
Then H*'s—1,
Proof. Writing = H**'s, we have from (15)

(H'—cF1HY)»<K. .. .. .. .. (I

Case (@): ¢ =0. Now (17) means that _
(n+1)(Tap1~Ta) —CTay1 < K, .. .. .. (18)

o that when ¢ = 0 we have, writing 7, = to4t;+ . . . +tu,

(w41}, <K, or t, < K/(n+1),
and hence
o= to+ti+ ... +t, = Or(logn). .. .. .. (19)
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If now B is any positive integer such that

B>max(\ a+l), .. .. .. .. (20)
then (16) and (19) give L < HBs = Ox(log n),
i.e. HPs = OQlogm) =o(m), .. .. .. .. (2

go that, by a familiar argument (cf. Hardy, 1949 ; Theorem 39) we have
8 = o(nPt?). .. e (22

It follows from (22) that the series Zs,2" converges for [z]| << 1 and hence Abel’s

method is applicable to the sequence 5. Let f(z) = Zs,2" for |2| << 1. The applica-

tion of Lemma 3 shows that lim (1—=2)f(z) exists and equals ! ; that is, the sequence
x=»1-0

s is Abel-summable to 7. It now follows from Lemma 2 that H* s » I.
Case (b): ¢ 0. Let the number 8 be defined as in (20); we have then, from (17)
and (18):

(H°1_mH°)(HBs+I§)<o. .. .. .. (23)

Let us write ¢ == Hﬁs+—§ . Then (23) and Lemma 1 give

¢ d
Optl (1— m) < Ty Opgd < (1+ﬁ) Oy, . .. (24)

so that ultimately (i.e. for all large n)
either o > 0 or o < (. - .. .. .. (2b)

There are three possibilities : (i) ¢ > 0, o > 0, (ii) ¢ > 0, 6 < 0, and (iii) ¢ < 0;
we shall deal with these cases separately.

(i) Let ¢ >0, 0 >0. By aresult of Szisz (1944b) I'(n)o,/I'(n+-¢) is decreas-
ing, 8o that o = O(nf), or s = O(n’+5), which, together with the Norlund summabi-
lity of s, gives, in view of Lemma 3, the Abel-summability of s. The required
conclusion follows immediately from Lemma 2.

(i) Letc>0, o <0. It follows from (24) that o, is monotone decreasing. Since
HPs > L and hence o, > L+ K/c this means that o (and therefore HBs) is convergent
or that s is Abel-summable ; Lemma 2 applied to the sequence s yields the required
result.

(iii) Letc< 0. We consider again various possibilities separately: ¢ = —1,
c<X~land -1<e<O.

If ¢ = —1, then the conditions (15) and (16) give
' HBs = 0(1) or s = O(xP).

The required conclusion follows now as in Case (i) above.
If ¢ < —1, we can write (15) and (16) as

(HP—c+1 HFY)s < K,
(c+1) HfF s < (c+1)L,

80 that, adding, we get L < HPs < K+(c+1)L. We have then s = O(nf) and the
proof is again completed as in Case (i).
6
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Finally, if -1 <c¢ <0 so that ¢+1>0 and |c+1]< 1, we have from an
earlier result of the author (Parameswaran, 1952) that

T= (Ho—m H1) has a positive regular inverse 71, or 77! = T-1 T = HO,
Now since T'(HFs) < K and 7T-1 is regular and positive we have:

T-1 THPs = HBs <« K

(multiplication being associative, since we are concerned with only lower-semi-
matrices). From (16) and the last step we get HPs = O(1), or s = O(nP), when the
required conclusion follows-again as in Case (i).

This completes the proof of Theorem 1.

The special case of Theorem 1, when = —1, ¢>0, A=K =L =0 and
P. =1 has been proved by Szdsz (1944b). (See also remark after corollary to
Theorem 3.)

THEOREM 2. Let s be a real sequence summable to | by the regular Nérlund
method (N, p,) and let

(i) (H°—c+1 HY) s < K for some real number ¢ > 0.

(ii) p, = 0.
Then Hls — 1.

Proof. Asin the proof of Theorem 1, we have that the sequence o = // 1-.s'+—If

i1s quasi-monotone decreasing and satisfies (24) and (25). If the first alternative in
(25), viz. ¢ > 0 is true, then Theorem 1 is applicable and we get that Hls — .

Let now the second alternative in (25) hold, i.e. 0 < 0. Since ¢ > 0, and hence
d >0 in (24), we see that o, is monotone decreasing. Therefore, either o, — [,
(finite), or ¢, > — 0w as n->c0. Ifg,—>1; then the conclusion of the theorem
follows immediately. We shall now show that we can rule out the possibility that
g, — — oo since it leads to a contradiction.
For, if 0, - — o0 then

8y = (n+1)(an—0n—l)+0n—1 - — ©
since ¢, i8 monotone decreasing. But the Norlund method N is positive and
regular and hence by a well-known theorem (Hardy, 1949; Theorem 9) is ‘ totally
regular’, i.e. preserves infinite limits also. Hence o, —+ — 00 and Ns->1# — oo

are incompatible.
- This completes the proof of the theorem.

THEOREM 3. Let s be a real sequence summable to 1 by the regular Nirlund
method (N, p,), and let
(i) (H®—c+1H)s < O for some real number ¢ > 0,
(i) p.>0.
Then Hls — 1.

Proor. The case ¢ > 0 being included in Theorem 2 proved above, we may
agsume now that ¢ = 0. Writing ¢{g+4 4 ... +1t, = a,, ¢ = Hls we have ;

(H'=H% <0, ie (n+1), <0

and hence t, < 0. The sequence o, is therefore monotone decreasing and either

tends to a finite limit or ¢, &+ — o0 as n—+ 0. The second possibility is ruled out

as in the proof of Theorem 2, and the theorem stands proved. ' o
6B
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CorOLLARY. Let 8 be a quasi-monotone decreasing sequence and hence satisfying
the condition (11); let also ¢ > 0 in (11). Then the existence of & regular Norlund
method (N, p,) with p, > 0 which sums s implies that s — 1.

The above corollary is a generalization of a result due to Szész (1944a; Lemma 5)
where he takes, in effect, the Nérlund method to be the Hl-method.

THEOREM 4. Let N = (N, p,) be any regular Norlund method and s any real
sequence summable by N to l.  If there exist real numbers a, ¢ such that

(H*—c+1 H* ')s = 01) .. .. .. (26)
then H* s — | for every € > 0.

Proor. Cuse (a): Let ¢ < 0. Then, by a result already used in the proof of
Theorem 1, we see that (H®—c+1 H!) has an inverse 7! which is a regular method,
so that

H* =T YH°—c+1 HY)H"s = 0(1),

and hence there follow successively : s = O(n%*), Zs,2" converges for |z| < 1, Abel’s
method is applicable to s and (from Lemma 1) s is Abel-summable. Hence the
second part of Lemma 2 (for Abel-summability) proved by Jakimovski and
Parameswaran (1958) gives H**s — [,

Case (b): Let c = 0. Writing » = H**'s, (26) becomes
(H'—el")r = O(1), i.e. (n41)(rpyy—7,) = O(1).

Hence 7, == O(log ») and therefore s = o(n***). 'This leads as in Case {(a) again to the
Abel-summability of s and the result follows as before from the classical Tauberian
theorem for Abel-summability.

Case (¢): Let ¢ > 0. It follows from (26) that there exists a number K > 0
such that
—K < (H*—c+1 H*")s < K.

We note that if we write { —s,} for {s,}, the above inequalities are not changed.
From the inequalities we get that both

Ha“s-{—lg and —H’H‘s-{—%

are quasi-monotone decreasing. Of the two, at least one must be ultimately positive;
for we have K/c > 0 and if

H**%4+K/c <0 then —H**'s+K/c> 0.

The required result follows immediately from Theorem 1. This completes the proof
of Theorem 4.

CoRrOLLARIES: 1. If we had o(1) instead of O(1) in (26), then the conclusion
becomes H*s — 1.

2. If s is a bounded sequence summable by a regular Norlund method to the value
I, then H's converges to 1 for every ¢ > 0. :

The proof of the first statement is obvious (e.g. from Theorem 4 and Lemma 2)
while the second is got as a special case of Theorem 4 by taking « =0, c = —1.
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Remarks: 1. It may be noted that the conditions (156) and (16) of Theorem 1
do not imply the condition (26) of Theorem 4. To see this, take s, =n, ¢ > 1.

Then s >0 and (H*—c+1 H**')s > —co for every @ >0 and further lim (H*—

¢+1 H**')s = —co for every « ; so that again, (H*—c+1 H**')s 3 L for any «, L.

2. In Theorems 2 and 3, the condition p, > 0 cannot be omitted from the
hypothesis. For, taking s = { —2"}, pp = — 1%, p; =%, p, =0 >1), we have
Ns = 0 but Hls - — oo and the theorem fails.
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