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o0

1. Let f(2) = Z a.2% |2| < B, 0 < R < oo, be an admissible function in the

0 ..
sense of Hayman (1956, p. 68).* Let M(r) = M(r, f) =lmax |f2) |, and MY(r) = max
Z|l=7r

. lsi=7r
| f9z)], where fY(2) is the j-th derivative of f(z), j =1, 2,.... Further we define
ofr) = dlog M(r)jd(logr), r>ry,. .. . oD

Then since for admissible functions we have M(r) = f(r) for r > r (Ha.yina.n, 1956,
p- 68), we can write the above definition as

alr) = T () () = of () = L) 7 >

Also if N(r) denotes the central index of the maximum term m(r) of f(z) for |z| =7,
then according to Hayman (1956, p. 69, cor. III) or Valiron (1949, p. 103) we have

forr< R
N(r) ~ a(r). .. )

Now in view of the agymptotic relation (2) we find that a result, due to Valiron
(1949, p. 105), on the growth of derivatives of integral functions reduces in the case
of admissible functions to

THEOREM 1. If f(2) is admissible in |2| << R, then for a sequence of values r < R
and any fived positive integer § we have

MOy~ M) {a()r} asr—>0. .. .. .. (3

We note that on account of M(r) = f(r) this theorem coincides with a theorem

of Hayman (1956, p. 76, theorem III) on the growth of derivatives of admissible
functions for all values of r,

Further, the relation (3) means
{afrPHE 1—¢(n) < MO0) < {ar VUG A+e0) .. @
with 0 € €;(r) — 0 for r - 0. We shall now prove :

0

THEOREM 2. Let f(2) = Z a,2" be admissible in |2| < R. Then for a sequence
of values r < R and any fived p%sitive tnleger § we have
720) = {an)fr Vi) A +a,r) asr—> oo, N ()
with n(r) = O{a(r)}**}, ¢ >0. ‘

* With Hayman’s definition of admissibility of f(z) in |z | < R the condition ax > 0 is not
necessary to show that M(r) = f(r).
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2. Proof of theorem 2. We write

0

rifi(r) = Zn(n——l) . (n—ftVag,

0
so that according to Hayman (1956, p. 77)
[rifD () =fr N a(n)) | < ef(r)(alr)), >0,

which leads easily to

| (r/a(n))f ) —f(r) | < &fr), €>0. .. r .. (6)
Further, we find from (2) and Valiron (1949, p. 106) on account of M(r) = f(r) that
f(r) < m(r){a(r) }**}, so that on account of m(r) < M(r) = f(r) we have from (6)

| (rjam)f D) —fr) | < em){an) )7 < efinfair) )
thus finally
| (rfaf o) fr)~1] < ela} T, >0,

which completes the proof.

Corollary 1. Since M(r) = f(r) for admissible functions, we obtain from (4)
and (5) :

M) < {afr YO {140} =F90). .. .. . (D

Corollary 2. If «li)(r) denotes the j-th derivative of «(r), then by successive
differentiation on both sides of (1) we obtain

ar) = a()l+nr) .. .. . .. (8
with 7,(r) = O{a(r) }¢+, €>0.
Corollary 3. In view of the asymptotic relation (2) and the result (8) we have
NON(r) ~ alid(r). .. .. .. )
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