GENERALIZED AFFINITY AND A CLASS OF DISTANCE FUNCTIONS

by S. R. ApEE, Depariment of Mathematics and Statistics, University of Poona,
Poona 7

{Communicated by V. S. Huzurbazar, F.N.1.)

(Received December 9, 1958 ; read January 20, 1959)

ABSTRACT

This paper generalizes the concept of affinity between two laws of probability, introduced
in Statistics by Bhattacharya (1943). A related class of distance functions is examined in the
light of some desirable properties which a distance function should possess (Adhikari and
Joshi, 1956).

1. INTRODUCTION

The concept of affinity between two laws of probability was introduced by
Bhattacharya (1943), to discuss a generalization of the distance between two multi-
variate normal distributions, as defined by Mahalanobis (1936). In a recent
investigation Adhikari and Joshi {1956) have discussed the properties of Bhatta-
charya’s affinity and the distance functions associated with it. In this paper we
generalize the definition of affinity and consider the properties of a class of distance
functions associated with the generalized affinity.

2. GENERALIZED AFFINITY

Throughout this paper we use measure-theoretic terms and notation as employed
by Halmos and Savage (1949).

Let (X, 8) denote a measurable space X on which is defined the o-algebra § of
subsets of X. Let M be a class of probability measures dominated on § and
denoted by Xy the measure with respect to which M is absolutely continuous on
(X, 8). Suppose further that pe M and v e M are two measures on (X, 8) such that

dp = fu (@) dho (2)
dv = [, (x) dXo (2)
where dp/d), and dv/d), are the Radon-Nikodym derivatives of u and ». We
introduce the function

Pl ¥|p @) = Jf{j(x)fﬁ(x) (@)

where 0 < p << 1,0 < ¢ < 1, p+¢g = 1, and the integration is over the entire space.
It will be assumed hereafter, that whenever Jimits of integration are not indicated,
the integration extends over the entire space. We shall call p(g, v|p, q) the
generalizled affinity between u and ». Bhattacharya’s affinity (1943) in our notation
is p(p, v| %, ).
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3. PROPERTIES OF p(u, v|p, Q).
(i) It is easy to see that, ‘
(@) plp, »|, 9) = p(v, #|q, D),
®) 0<p(p,v|p,9) <1,
© plp, vlp, @) =1ifp=y,
@) p(u, v|p, 9) =0if pis

singular with respect to v.
(ii) LeMma : For every set X ¢ S, we have

jfﬁ(m) £(@) dho(z) < pP(E)A(E)

E

The above follows easily in view of the Holder’s inequality :

Lo 1
f|f|9dko Jlglqdz\o
E E

where p+4-q = 1, by puttingf:fﬁ(:c) and g = f¥(x).
(iii) TeEOREM: Let T be a measurable transformation of (X, S) on to (Y, Z)
and suppose that gF(y) and g,(y) are functions defined by

duT1 = g (y) AT
dvT 1 =g, (y) dA T2

q

J. [fgld2 <
E

We define
P;r(”'» 4 Ip: q) = P(F’T_l, % i 'p, Q)

= f 9h) i) AT (9)
Y
We have to show that
Plp,v| P, Q) <Py, v] D, D).
Proof: We have

pT(l"'s L4 (P: q)

= f 75 @)gi(y) AT ™' (9)
Y

= f [?#(y)/gv(y)]ﬁw-l(y)

Y

=f[g,.[T(z)]/g,[T(x)]]”dv(z) N ()

X
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where 9, [T'(z)] and g [T ()] are measurable T' '1(2.‘) The last step follows in view of
lemma 3 of Halmos and Savage (1949).

Put
9(@) = g,T(z)/g,T(z)
dup [ dv
d)‘o/d/\0 R )
and let
" k+1
6= {z:3 Y <<
k=0,1,2,...
Then
Ve '(Z) and ga};" = X.
Lot
0 0]
=S E o
_’Z 5 v(G’ )
Therefore
lim S,,=J.gf’(x)dv(x) . . .. e (8)
n-—>» 0 x
Moreover for every z ¢ G\ we have
kI/P k 11/1’
o < 9@ 2 <! +,./2
2
. E? k+1 .
ie. E,.—/;,V(G(k)) <J g(@)dv(z) < ( + ) WG
e
. E? g,[T(2)] &+D
1.e. W’ V(G it ) << —[—TTC—)] dll(x) < 2”/1, Gk
G(”)
3

It follows using (2), that

" o kD"
L <io[op1 < HE”

or kf2r <[w(@?)/v (@D} < (k+1)/2"

Now consider

n—> 0

fg’(a:)dv(x) = lim 8§,
X
= Jlim > [W@)/MENT A6%)
= lim Z[,,(d;))]”[v(a‘;))]f e @
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But 0= [ 12016 doto

< lim > AEPET].. . )

n >0 %

This follows by virtue of our lemma 3 (i1). From (1), (2), (4) and (5) it is evident
that

P(F’y V!.p’ Q) <p1-(f"') l’l_’p, Q)
which proves the theorem.

(iv) Invariance under transformations induced by sufficient statistics :

(a) Halmos and Savage (1949) have shown that if 7' is sufficient for M, then
for every p e M,

f(@) = g,(T()) [A]

where 9,) is the conditional mathematical expectation of f.(x) with respect to y.

From this it is evident that p(u, v|p, ¢) is invariant under sufficient transformations.
(b) Let us limit ourselves to the case when X coincides with the Euclidean
space R, of n dimensions and § is the Borel field defined on R,.
If f(zy, g, ..., 7,|6) represents the density function where 6 is the parameter
and z,, zy, .. ., z, are the observations and if we have a statistic 7' sufficient for 8,
then it is well known that

f(xl, 2:2’ ey Ty l 6) = ¢(T: 0)‘[’(11: Zoy .oy xn)

where Y(z;, Zs,..., 2,) does not contain §. Now consider two probability laws
admitting sufficient statistics with identical functional forms, differing only in the
values of the parameters involved. Then we have

f](xl; Tg, ..., Ty I 01) = ¢(T7 01)([’(1‘1, Tgy o e 2:,.)
and

fg(zla Toyevo, T ] 02) = ¢(T, 02)¢(£L‘1, Loy ..oy 23,,)

With a slight and obvious change of notation, we have

plf, folp, dl = Jffﬁdzldxg ...dz,

= J¢p(T’ 0l)¢q(T: 02)¢($1, Tg, o nvy xw) dxl e d‘tn
Integration over surfaces of constant T' yields
P(fp lep, q) = J ¢p(T) 61)¢4(T: 05) dT

The above result shows that affinity remains invariant if we replace the
observations by a statistic that is sufficient for the parameter involved. The
generalization of the above to the multiparametric case is obvious.
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(v) Affinity and the number of observations :

(@) Let [X®X, S®S] denote the product space of (X, 8) with itself. Let uQpu
and »&®v be the product measures corresponding to . and v respectively. Then it is
eagy to see that

PLu®, v® | p, ] = Plp®u, v@v| p, 9]

= {P([l,, vl P, Q)}z
Continuing in this manner, we have

L, v | p, a1 = {elw, v p, 21"

Thus if p(g, v| p, ¢) < 1, we find that as n tends to be infinite, affinity approaches

Zero.
(b) Corresponding to case (b) of 3 (iv) we have the affinity for » independent
observations as

f < f [fixy) .. ~fl(xn)]p[f2(xl) .- ‘fﬂ(xn)]qul .. dzy,
= {pUl:fZI P, Q]}”

where f; and [, are the two probability density functions under consideration.
It may also be remarked that log P(u, v| p, ¢) is additive for independent obser-
vations.

(vi) Affinity and error of discrimination :
To obtain the relationship between the affinity and the error of discrimination
consider the following division of the space (X, S):
R={2: [ >[@)}
B={z: [, <[)}
This division renders minimum the total probability of misclassification, i.e. it
minimizes the expression
p(E)+v(E) Ee8
Now consider
pm,v|p 9

[0t [ 15200

J 3 v+ [ 11, 15,7 amo

> WR)+#(R) = «
the probability of error.

4. TaE Distance FuNCTION

We now propose to discuss the properties of a distance function associated with
generalized affinity that we have introduced in this paper. In a survey of the prop-
erties of the existing distance functions, Adhikari and Joshi (1956) have suggested
that a distance function, to be useful in statistical applications, should possess the
following properties.
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It should (i) be a finite metric,

(ii) be maximum for measures which are singular with respect to
each other,

(iii) not increase under measurable transformations and perhaps
remain invariant under transformations induced by sufficient
statistics,

(iv) increase with sample size,

(v) be inversely related to error of discrimination.

We define the distance d,, (g, v) on (X, 8) between probability measures x and v
by

. 1/m
du(p,v) = [ f =5 ’"dxou)]

where for convenience we take m to be a positive integer.

Jeffreys (1948) has employed I, =d,, in his studies on invariant functions
useful in stating a priori probabilities. The most useful case, from a statistical
viewpoint, studied in detail is that of I, = d;. [ef. Adke (1958), Matusita (1955)].

We shall now examine d(u, v) in the light of above remarks.

5. PROPERTIES OF d, (i, v)
(1) It is easy to see that
(@) o <da(u, v) <2'7,
®) da(p,v) =0 if p=wv,
(€) dn(n, v) = 2"" if p is singular with respect to v,
(d) da(p, v) = du(v, p),
(e) dalp, v)+da(v, §) > du(p, £).
The last one follows by virtue of the Minkowski inequality :

{ f]:v—{—yl’dt}up <{ f|x|9dt}]/p+ { flylf’dt}w
forp > 0.

From the above it is evident that dg(u, v) satisfies 4 (i) and (ii).
For the remainder of this paper we shall take m to be an even integer.

(ii) For m even, we have
1/m
r m—r
o )} . (3]

o (m
d = —1)r
(it ) { > (r)( ) P(#, v
By the theorem of 3 (iii), under measurable transformations 7,

r=0

p(p, v|r/m, (m—r)/m) < p,(u, v|r/m, (m—r)/m)

However in view of the ulternate positive and negative signs in (6), no definite
relationship can le stated between the values of d,(s, v) before and after a
measurable transformation, Nevertheless in view of 3 (iv) we can state that
du(p, v) is invariant under transformations induced by sufficient statistics.
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(iii) It is evident that

m-1 1/m
dulier ) = {2+§ (7)ot sisim, <m—r)/m>} .
r=1

If p(u, v|r/m, m—rjm) <1 for every r/m, then as n the number of observations
increases, by 3 (v) we find that

da (4, ) > 27,

Thus, under the conditions stated above, d,(u®, v™) attains its maximum
value, as n increases.

(iv) We have
m-1
T =24 (’f)(—l)fpm, v {rpm, (m—r)fm).
r=1

To obtain a relation between the error of discrimination and d.(p, v) we
substitute the lower bound « for P(u, v|r/m, (m—r) /m) when 7 is odd and the upper
bound of unity for p(u, v|7/m, (m—r)/m) when r is even. One has then

an(u, ) < 2427 1-2)—27~1q

. 1
ie. %< l—z—m:id'"m(y, v).

It follows, therefore, that the distance function is inversely related to the error
of discrimination.
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