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ABSTRACT

The specific heat and thermal expansion coefficient of fluorspar have been calculated from
an approximate vibration spectrum derived from a model of this crystal employed in calculat-
ing its elastic constants. The theoretically calculated values are in fair agreement with the ex-
perimentally observed values. In particular the Griineisen constants for the frequencies in
fluorspar lattice vary by a factor of eight-—which certainly expiains why Griineisen’s equation
for the thermal expansion of fluorspar does not agree with the experimental values over the
entire temperature range from 90-910°K,

INTRODUCTION

The purpose of the present investigation is to calculate the specific heat and
thermal expansion of fluorspar from an approximate vibration spectrum using a
model employed by Srinivasan (1958) to evaluate its elastic constants. Caleium
fluoride exhibits the 7'3 dependence of specific heat at low temperatures; but the
value of the Debye temperature, deduced from the 7'8 law, is smaller than the value
calculated from elastic constants, This is due to the polyatomic character of the
CaF, lattice and the theory of Debye does not hold rigorously here. Griineisen
(1926) found that his law of expansion fitted the observations of Valentiner and
Wallott (1915) ; but Griineisen’s theory assumes the vibration spectrum of Debye ;
and for a polyatomic crystal the validity of Griineisen’s lJaw implies that the fre-
quencies of the lattice exhibit the same dependence on volume. Work on the
expansion of fluorspar above room temperature (Sharma, 1950) has clearly shown
the inapplicability of Griineisen’s theory. The present calculation shows clearly
the great disparity exhibited by various frequencies of the fluorspar lattice in their
dependence on volume.

THEORY

Fluorspar is a diagonal lattice. The unit cell can be chosen with the basis

- - — .

vectors a; = 75(0,1,1); ag = r4(1,0, 1) ; ag = ro(1,1,0) where ro is half the lattice
- - - 3 3 3 -

constant and a,, as, ag are referred to an orthogonal coordinate system coinciding with

the cube edges. The position vector of particle ‘K’ in the basis cell is given by

> K-l
7‘K=7° 3

(1,1, 1)
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where
K = 1 denotes a calcium atom
K = 2 denotes the fluorine atom F!
K = 4 denotes the fluorine atom F2
- - 7
Therefore g1 = — Fyg = 5" 1,1,1)
> -> 3r
o= — Ty = —2-9 1,1,1)
and
-> ->
Tgo = — Ty =1y (1’ 1’ 1)

—_
where rxx’ denotes the vector distance between the atoms K and K’ in the basis

cell.
The lattice vector

—-> - —-> ->
0’ = a; + gy +lsag = ro(le, 1, 1) Zl = even

The vectors
> > >
o= @' 4rg = 7o(Ng, My, M) 5 T = lo4-} ete.
- - >

’ril = a’l+r4l = 9'O(p:::s py>pz) 3Py = l:+g' ete.

—»l —>l -
Tao = @ Fr4o = To(my my, m,); Z m, = odd
x
and m, are integral.
The reciprocal lattice basis vectors are

B= L (=1,1,1
1=270(_’1)’

> 1
b2 =2_T(.) (11 _'1:1):

> 1
bg = 3rg (1,1,-1).
A reciprocal lattice vector
-> -> - ->
b, = hyby+hobg+hgby = (hm g e

where h,, k,, b, are all even or all odd.

zs Vys

On Born’s lattice dynamics, the equations of motion of the atoms in the crystal

Aqu+ZZ;KK’}uK,y=O R ¢

lattice are given by
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-
where u,, represents the normalised displacement vector of the K* atom ;
A = 4752 ; y = frequency of vibration and
{KKq__ 1 [KK]
zy _(meK,)i x Yy

N .. .. 2)

m is the mass of the K™ atom and

KR oo ani(E )

[zy]=’sl(¢K’K)xye KK .. . (3).
8, indicates summation over the cell index ‘I’ and qblK,K is the potential energy of
interaction of the K™ atom in the basis cell with the K’ atom in the I cell ;

l — ﬁ_ 1 Ly M - .
(¢ K)ty = [axay (¢x K)J L, %' is the wave vector of the progressive wave and it

K'K

is represented by the reciprocal lattice vector
— - - -
k = q1b14 9902+ gsbs

1
= ZTO (qm dys ‘h)

where
9. = g2 +93—%
9y = g3+91—q2
9. = q1-+92—43

the ‘q’’s are fractional indices.
We assume with Kellerman (1940) that the coupling coeflicients can be split

into two parts
KK\ _¢ KK’]+R KK’]
[zy ~[xy zy

The first represents the Coulomb part and the second the repulsive part which is
also assumed to be central.

Expressions have been derived for the coupling coefficients (Srinivasan, 1958)
and they are given below.

(i} Coulomb part :

We have two cases (i) k = 0 and (2) —]: # 0. For the first case
CrK K’ drr

& [z]=r
[ T Y Vg

ex Cx Ozy
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For the second case the following expressions are obtained :

Cri K- ! 3
N Il CE VL Y
eK ry l (l) 3 ot
o, °112 .

G (= | D= =6+,
e (xy T )
Vg ¢ 24 24
e_-; [ - ]}= —G'”1‘+H=y
284 |x Y (m)
where
- (1_1> _>|)2
- (h:+qa)(hy+(1y) —4_62 e
GﬁK =dp > Y
T (Jhtyl)?
.- (Fhegi)?
Gi: = dg z (@i_gw o 1€? X cos "(k:+’l,,+k,)
' o (lh+4ql)?
: (g 1? T (gt byt
-— q _1'_5 et +1:)
Gi?=4wzm—f“+—_q,ﬂ_h%i_q—y)€ i xe 27
(6) / o (lh+g])2
lz[ - —
Hoy=2 3 | =t 5] cos 1
( 7 M
H, =2 Z [—f(m)S,y+g(m) T;:L;] cos 7 (g .m)
(m) m
nzn irr_-).::
Hﬂ'!l =2 z [_‘f(n)sry'l'Q(n) W] 2 @m
(%) ”
2 e -y Hell])
Here fi) = —\Z; Wﬁ e +W

4 -2 12
2 3. 121

\w

gy = 3f()+

Vn
and ¢ is an arbitrary number to ensure rapid convergence of the series.
volume of the unit cell and e, the charge on the K" atom.

I
H(x)=1——__J e i
0

(il) The Repulsive part :

V. is the

For the repulsive part we assume a potential energy ¢,(r) between every calcium
atom and each of its four nearest neighbour fluorine atoms of one type and a
potential energy $2o(ro) between any fluorine atom and its nearest neighbour fluorine
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atom of the other type. From these potential energies of interaction the following
constants were derived (Srinivasan, 1958).

K, = e [rar é(r )] —1-979
3
_ 0, 0%y(n) _ 1515 - V3 =70
ez dr?
¢ = electronic
— . h .
K3 62 [T aT ¢2 ] - -0 156 ¢ ange
K,="a o 171
=22 or ar2 2o

/
/

The potential energy of interaction éa(rp) is small and is approximated by the

expression 10 (Srmlvasan 1958). The constants K, K, and A,, (from which K3

and K, are derwed) are obtained from the equilibrium condition, the compressibility
and the principal Raman frequency of vibration of the ﬁuorspat lattice. Using
these constants the repulsive parts of the coupling coeflicients are found to be

117 5, 8
[ ~ = —§[2K1+K2]3:y

2y ] e?
R 22— ¢, R 4:4 I”a. s4 ZK K -
wlee ™ lay - § 1+ K2)+2(2K3+Ky) gb,y
kriz v, 4 ..., T ™
2 ot = §(2A1+K2) [cos 5 4= €08 5 ¢y COS 5 q,
-—iéinf 7 sin T g, sin =
a .. 9= S5 0y SN 5 2
kriz v, 4 . .
- 2= 3 (Ae—Kj) [—sm 592 80 5 q cos 5 g,

41 cos—q, cos — g sinzq,
2 2 2

24
[m’] = 2K, cos mg.+2Ky(cos gy +c0s 7q,)

\[2:] ="

The following relations hold between the coupling coefficients
[KK’] [KK'] K’K]*
vy | Ly | | oy

mEw)
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THE FREQUENCIES OF THE CALOIOM FLUORIDE LATTICE

From equation (1) we find that the frequencies of the calcium fluoride lattice
are obtained by solving the determinant of the form

(s A5 o i O o v O
O O O s
5 O v v
i O ot S o Ot R o O
e R v o ot ¢
[ v L O O
Ot ot O O 0 e
O e o O S ot ot R
Ottt ot T o o S

=
This determinant is difficult to solve for the most general value of % (i.e.) for a
general point in the reciprocal unit cell. But for the following eight points in the
reciprocal lattice, namely

7 92 93 s 9y q, Set
0 0 0 0 0 I
3 3 0 0 1

3 0 3 1 0 II
0 3 1 0 0 1

3 Y 0 -3 3 %l

0 3 0 i -3 } I
0 0 3 3 i -3 I

3 3 3 3 t $

the determinant factorises out and the solutions are easily obtained. Born (1926) in
his ‘Atomtheorie des festen zustandes’ evaluated the determinant only for the point
(0, 0, 0) in the reciprocal lattice and approximated the vibration spectrum to the
frequencies so obtained. Qur step is a better approximation to the vibration spec-
trum and, as we shall see later on, it produces the course of experimentally observed
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specific heat quite well. We should mention here, that if the Raman’s theory of
lattice dynamics is correct, the vibration spectrum we derive should be the exact
vibration spectrum of the crysta.l

The 8 reciprocal points can be grouped into three sets. The vibrational
frequencies (and the coupling coefficients) are the same for every point in each set.
So it is enough if we evaluate the coupling coefficients for the three points namely
(0 0, 0); (1, 0, 0) and (3, %, 3). The coulomb part of the coupling coefficients

¢

[KK] and [24] can be taken from Kellerman (1940) making allowance for the
zY zy _
fact that the charges on the fluorine atoms 2 and 4 are of the same sign. The
other coupling coeflicients are evaluated from equation (6).

EvVALUATION OF THE FREQUENCIES

. KK’
Case () q’=q”=q‘=0[xy =0 when z %y
. 11 5 %22} %12
writing a={xz} = Va c= xx}
24
and = ; % the determinant
zx
reduces to

WA +atb+g)3(A+b—g) =0
which has the roots
A = 0 (elastic branch)
e 1

4
=== T [5 (2K1+K2)+4(K4+2K3)]
al gy

10(a)

¢ 8
= ottt = o [+ | [ K K-

Case (i1) &=1;,9,=0;¢,=0.
From the expression

! 1 ins
[ 2y ] = St(¢K'K),y e * (where s, =l , m,,n, or p,) we see that

12 KK’
[ ]=Oand[ = 0 when x # y.
xx xy

In this case we have

c C ¢rK
% [KK] ~ —4330; 2 [KK] =2 [ K] = 2160
ey Lax ex Lyy] e |2

cra4 LC[24] o, C[24
% [ ]:—15-043; = [ =" [ ]=7-520
e rr 22
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Taking the appropriate values from equation (7) for the repulsive parts of the
coupling coefficients and putting

SN
L
xz zT vy

S P LR R P

it is easily seen that the determinant (8) factorises to

(@+Mb+1)2—g2)(d+A)2[(e+A)2—hE]2 = 0

So
2
e 1 — oy B -
A3= — = UaMH ;_1: [11 3ZU+§(2A1+K2)]
A o= 5 L[ _10msatex +K,)+8K
4= — +g——’UaMH ‘41-‘[ +3(~ 1 2)+8K3
e 1 . , .
/\5 = —b—q = vaMH —1‘ [19 3/()+ (2A]+A2)+4A4]
A= —d= 2 X [BloK 4Ky —s620
T _v"MH A(a 3 !
10(b)
Ay = he S Y [sse0st ok, 4K +4(K3+K,)
7—f‘?f _%MHZ;: 5 3 (81 2) s+ K,
dg = —e—h = —f; 41 [ — 9680+ f)K1+Kn)+4K3]
Case (i11)
Ge=qy=q. =%
Since
E&S ; S g+ Sy+S) T
]_Sl(‘ﬁK’K)xye e
KK’ 'KKJ [KK']
- xy Tl 17| 2r
[KK' 'KK' KK']
. Yy | =
and
24 [24
xy |z =0
[KK] =0; [KK] e = —3.615
Ty
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c 12 va 12
e = e
= [—0°64432940-644562)(1 —i]
= 0:000223 [1—1)

¢ 12 v, 12
[x?/] ey —ny +H(:{

= [—0-645535—4-284775){1 —1]
= —4930310[1—1]

Taking the appropriate values for the repulsive parts of the coupling coefficients
from equation (7) and writing

11 22 12 11 22
o= {m) e e e e - -
xy T T xy zy
and b = {12} we see that
zy

the determinant factorises out to

a42f+A c+2h c*+4-2h* ' ia+A—-f c—h c*—h* |2
c*42h*  b42g4A 0 : i c*¥—h*  b—g4A 0 =0
| 2h4c 0 b+294+X ' c—=h 0 b—g4A
This gives
e2 1 4 ]
- - = L 1361545 2K 4+ Ky +22K;+K
Ag = —b+2g . AF[ +3( 1+ K3)+2(2K3 4)_

A0, A11 are solutions of the quadratic

X4 M@+ 2f +b+2g)+ (a+2f)(b+29) — (64 2h)2 = 0
10(c)

2 4
by = =) = i [~3015+5 K+ Ko 420K+ K

A1s, A14 Bre solutions of the quadratic
2+Ma—f+b—g)+@—f)b—g)—2lc—h2 =0

Here
e 1 [8
a=— 2 2K, +K )]
v M, A, [3 1T 5

b= — 2 L% ok 4 K)+20K,+EK,)

= - oMy 1, [3 1 2 3 ¢

= -2 1=i)[—0000446+ 2. L ok, +Ky)| x —L—
°= ”aMH( ) [— g BT X (dcAp)

e [14-46
f=- v, M, | A

Ca
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g=— e? [3-615]
v M| Ag

e2 1 4

h= 1—3 . 9861 — —— (Ky—K
”aMH[ ](ACaAF)z [ 3X2i( : 1)]

Here M,, = mass of the hydrogen atom and 4, = the atomic weight of the atom K.

Using these equations the fourteen vibrational frequencies have been worked
out. The elastic spectrum (corresponding to } = 0 in the above frequencies) has a
Debye frequency v, given by

1) 5 = (
Yo = Terd
D 16y,

011-—0“)% 1
p 47 % 12300

where C;; and O,y are the elastic constants (values taken from Bhagavantam, 1955)
and p is the density. This result was arrived at using Hopf and Lechner’s (1914)
procedure.

The following table gives the designation, description, value and degeneracy for
these frequencies of the CaF, lattice.

TABLE 1
Value
Designation Description Degeneracy
Cm.-1 °K
YD Elastic spectrum of Debye 120 173 3
™ Vibrations of the fluorine lattices 322 463 3
against each other calcium atom
| atrest
vy | Vibrations of the calcium lattice 254 362 3
. against the F, lattice as a whole.
vg ! Vibrations of calcium atom normal 334 480 3
to cube planes.
v } Coupled vibrations of the two fluorine 456 655 3
v lattices normal to cube planes ; Ca 231 332 3
! atoms at rest.
ve Vibration of Ca atoms tangential 224 322 6
to cube planes; F atoms at rest. '
v7} Coupled vibrations of ¥ atoms tan- 239 366 6
vy . gential to cube planes; Ca at 153 219 6
i rest.
v Vibrations of fluorine lattices nor- 355 510 4
mal to octahedral planes.
V10 Coupled vibrations of Ca and F 442 635 4
V11 atoms normal to octahedral 267 384 4
planes.
vig Vibrations of F atoms tangential to 265 ! 381 8
octahedral planes. |
an} Coupled vibrations of Ca and F 289 : 416 8
via atoms tangential to octahedral 156 ; 224 8
planes. l

t
The frequency v, is the Raman active frequency and has been used in deriving
the constants K, K, and 4,4 of the repulsive potentials,
5B
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The frequency v, is the infrared active frequency of CaF,. Kellner (1929) has
observed a reflection maximum for calcium fluoride at 32-8u. Using the equation

(Born and Huang, 1954)
= 1
Ve — €g—€x |2
f'o - (1+ 6€w—4)

and taking e, = 8:43 (static dielectric constant) e, = n2 = (1'65)2 (square of the
refractive index). We obtain 7y = 252 cm.~1 which agrees well with the caleulated
value of 254 em.™1. ‘ - ' '

Using these frequencies as an approximation to the vibration spectrum, we can
calculate the Molar specific heat from the equation

C,= 5 [i ol (HT) +3C (%g)]

i=1

20%
where - H(z) = (—::gij—l—e)z

3 xde?
[4

The specific heat of calcium fluoride has been measured by Eucken and Schwers
(1913), from 17-5° to 90°K ; by Todd (1949) from 53°K to 300°K ; and by Naylor
{1945) above room temperature. In the following table the theoretically calculated
specific heat values are compared with the experimental data.

TABLE 2

Specific heat of fluorspar

T; C (Calc.) C (Obs.) Author
175 0-0639 0-0639 ]

256 . . :

32-8 8333 82(15;8; Eucken and Schwers (1913)
452 1-405 1-221

57-6 2:525 2-309

71-4 3-971 3-758 )

95-0 6-351 6-316

1144 8149 8-226

1355 10-137 9-99 ,

1556 11-08 11-31 :

175-7 12-12 12-40 . Todd (1949)
195-9 12:98 13-23 ‘
216-4 13-68 13-96

236-4 1423 1452

256-3 1469 14:97

276-0 15-06 15-32

2965 15-40 15-60

360-0 1612 16-71

413-5 16-51 16-90

464-0 16:78 17-11

511-3 16-96 17-30 \  Naylor (1945)
559-0 1710 1750 -

612-1 17-22 17-73

6373 1727 17-83
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Considering the fact that the vibration spectrum is an approximation the agreement
is fair. This indicates that our approximation of the vibration spectrum is not
very wrong.

To calculate the thermal expansion we have to evaluate the Griineisen constant

9 log v,
Y =

~ 7 T dlogy
for the various frequencies.
Since we can write the coupling coefficients as

[K K’] C[K K’] R[K K’]
= +
zy Ty zy

and
Tl
a-—-
xy Va
-2
oo Loy )™ Tro Loy

The repulsive part of the coupling coefficients can in general be written as

"[EE 194 aqsl 1 3¢, a2¢2]
[zy] [01 or +Ce 55+ 0 7o Org ar. T O oro2

where C;, C3, C3 and C, are constants. Following Dayal (1944) we assume that

% 53] -2

we define p, such that 20 = 70
P

$1(r)ae P where

K
Sopo= —(f;) o = — 765 ro
taking the values of K, and K, from equation (7). Remembering that

by = —— we obtain

2 F[KK’ o2
e | 2y |~ vre (C1(Ep—K;)—T'85 CyKo+-Cy(Ky—K3)— 12 C(K ¢}
Using these relations we calculate the Griineisen constants for the various frequen-
cies. For the Debye frequency, the Griineisen constant is calculated from equation
(11) and the following theoretical expressions for Cyy and Cy, (Srinivasan, 1958).

3:276 e?
Cn =—'2"'r—0-4— . € +8T—~;1 [2K1+K2]
20%
044 = 012—' _b—

e2
012 = - 2',04 . ez+67To—i [K2—K1]
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2:519 e?
C = ’r05 .e2— 6_7‘—; [KZ_KI]
p=_%2° K\+E
_—.—ETG 6"'6[2 1+ 2]

The following table gives the ¥; values for all the frequencies.

TaBLE 3

Griineisen constant for the frequencies of the CaF'g laitice

Frequency Ccm.~! Griineiseyn const.
D 120 1:83
vy 322 1:43
ve 254 2:13
vy 336 095
ve 456 1-01
V5 122 3-47
vg 225 1-51
vy 366 1-26
ve 153 2-61
ve 355 1-20

Y10 442 050
viy 267 2:28
vie 265 155
Y13 289 2:03
¥Yie 156 043

We see that the ¥ values for the different frequencies vary widely (i.e.) by a
factor of eight and it is therefore not surprising the Griineisen’s original equation
does not fit the expansion data over the whole range of temperatures from 90°K to
910°K.

The temperature variation of the Raman line 322 em.~1 has been studied by
Press (1950) who finds a ‘¥’ value for this line of 1'7 as compared with the value
1-43 derived from theory.

The thermal expansion of calcium fluoride has been studied from 90° to 300°K
by Valentiner and Wallott (1915) and from room temperature to 910°K by Sharma
(1950). The linear expansion coefficient can be calculated theoretically from the

formula
14
]S ) st
5470 [Z Y‘o,-H(T +37,0 7
= i Exod 0 ]
0
{ 24VO[ZY E( )+3y D(T)]}
Here
E(z) = 3RT e,f_l

z3dx
D(a:)—3RT J o1
0
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Xo = Compressibility = 1-135 x 1012 (Bhagavantam, 1955)

Vo = Molar volume = 78-08/3-18 c.c.

J = Mechanical equivalent of heat

and K is a constant chosen to be equal to 7'4. In the following table, the linear
expansion coefficient values calculated theoretically are compared with the experi-
mentally observed values.

TABLE 4

Thermal expansion coefficient of Auorspar

T°K Cal. Obs.

94-4 7-12 717
1249 10-02 10-26
157-3 12-40 13-02
186-9 14-04 14-73
209-8 15-10 15-87
231-4 15-96 16-78
255-6 16-80 17-66
2786 17-58 18-42
316-0 18-59 19-36
3735 2018 20-00
427-6 21-42 2] 54
478-4 22-66 22:31
526-7 23-79 23-66
633-0 25-14 24-73
686-5 28-22 28-59
736-9 29-89 29-80
784-3 31-38 31-86
832-0 33-08 33-30
885-1 35-10 36-03
910-3 36-18 36-75

Thus we see that the calcula*ed values are in good agreement with the experiment-
ally observed values of a over the entire temperature range.
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Notz add:d in Proof.

The theoretical expression for Cy4 of Calcium fluoride is

202
044 = 012"‘ m

2
where D’ = [iﬂ and not Cyy = Cyo— gg- as given in this paper. Since the Debye

temperature has been calculated from the experimentally observed elastic constants,
this error in the theoretical expression causes only a very slight alteration in ths
theoretical valus of ¥p which does not affect the results significantly. The authors
are grateful to Mr. A. K. Rajagopal for pointing out this discrepancy.



