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ABSTRACT

The regular Euler methods E(p), Taylor methods 7'(p), the Meyer-Kénig or Laurent method
L(p) and the Valiron method ¥, form a family of related methods of summability. In this

note we ghow that all functions 2(n) = o(n*), and only these functions, are summability
functions of the first and second kind for these methods, for 0 << p < 1, @ << 0. As interesting
applications are proved: (i) the analogues for these methods of the well-knmown Tauberian
theorem which asserts that if the (C, 1)-transforms of a sequence converge, speaking roughly, as

rapidly as n‘*, then the sequence is E(p)-summable for every 0 << p < 1; and (ii) the absolute
regularity of the methods T(p), L(p) and F, for all sequences o = o(n*) f0<p<l,a>0.

INTRODUOCTION

Let the matrix 4 = (@.z), 7, k=0, 1, 2, ... define a method of summability by
means of the transformation
= amor (r=0,1,2..) .. .. .. ()
kZO

of the sequence o = {o,} into the sequence r = {r,} . The transformation (1), or
the method A, is said to be regular if

lim o, =1 implies lim 7, =1,

H =0 n—>0
i.e. 4 sums all convergent sequences to their limits. G. G. Lorentz (1946, 1948,
1949) has drawn attention to the question whether there are more extensive classes
of sequences summable by all regular methods (1) satisfying some additional simple
conditions. (Obviously some condition in addition to regularity is necessary, as
evidenced by the regular methods of Mercerian type, which sum no divergent
sequences.) In other words, the problem is to determine pairs (T, X), where T
is a class of summability methods and X is a class of sequences for which

A e T implies that Ao is convergent for all ¢ € X.

Lorentz (1946, 1948, 1949, 1951, 1953) and Lorentz and Macphail (1953) hav_e
considered questions of this type for ordinary and absolute summability. In this
note we confine ourselves to ordinary summability only, and extend the results
obtained by Lorentz (1949, 1953) for the Euler methods to all members of the
circle family of methods (assumed to be strictly stronger than convergence).

* Junior Research Fellow of the National Institute of Sciences of India.

VOL. 25, A, No. 3. 2



172 M. R. PARAMESWARAN ! ON SUMMABILITY FUNOTIONS

SoME DEFINITIONS AND NOTATIONS

The classes Oy(R), Co(£2). The counting function, or characteristic function,
w(n) of a finite or infinite sequence ny < n; < my < ... < ... of positive integers
is defined, for all » > 0, as the number of n, satisfying the inequality n, < n. Let
(n) denote (throughout this paper) a positive non-decreasing function defined for
n > 0 and tending to 400 with n. For any such function Q(n), we define the
classes of sequences (1(2) and Cy(£2) as follows :—

o= {o,} €Cy(Q) if and only if ¢ is a bounded sequence and the sequence of
integers {5} corresponding to the non-zero elements o, of {o,} has a
characteristic function w(n) < £2(n).

o € Co(Q) if and only if gg+o14 ... 40, = O(Q2(n)).

Now, let A be any given method of summability. Then Q(n) is called a
summability function of the first kind or of the second kind for the method A, if every
member of C(2) or C5(£2) respectively is A-summable (Lorentz, 1949). It is
easy to see that every summability function of the second kind is also a summabi-
lity function of the first kind, since C(2) € C4(82) for every function £2(n).

The circle family of methods. We use this phrase to denote collectively the
family consisting of the four sub-families: the Euler methods E(p), the Taylor
methods 7(p), the Meyer-Konig or Laurent-series methods L(p) and the Valiron or
‘(e,c)’-methods, here denoted by F . For definition of the F or (ec)-methods,
see, c¢.g. Hardy (1949) or Zeller (1958); the Euler, Taylor and Laurent-series
methcds are (matrix) methods whose sequence-to-scquence form is given by the
matrices whose nth row-kth column element is given by

E(p): (Z) P (a=p) " (n,k=0,1,2,...)
. k n+1 Ak—=n . 9
T(p): )P (1—p) (n,k=0,1,2,...)

L(p): ("}:’”) P A=p)" (mk=0,1,2,...)

respectively.

It may be noted that these methods have been variously called by earlier
authors. In particular, the methods 7'(p), L(p) of the present note are the same
as the methods 7'y_,, S;_,, respectively of Meyer-Konig (1949a, b), which have been
called T,, S, respectivelgr by Zeller (1958); also Hardy (1949), Vermes (1949,
1950) and others have used still different notations. The notation adopted in the
present note appears to be the best.

The circle family of methods (Zeller (1958) uses the word ° Kreisverfahren ’)
forms a family of methods closely related to each other and also to the Borel method;
for details see the papers of Hardy and Littlewood (1916), Meyer-Koénig (1949a, b)
and Faulhaber (1956) in particular, or Hardy (1949) and Zeller (1958). In what
follows, we shall denote by ¥ the class of methods £(p), T(p), L(p) and ¥y where
0< p< 1, a>0;itis well known that each member of the class € is regular and,
besides, strictly stronger than convergence.

SumMABILITY FUNCTIONS FOR THE CLASS ¥

Lorentz (1949) has proved the following result for Euler methods :—

Lemma 1. AU functions Q2(n) = o(n?), and only these, are summability functions
of the first kind (second kind) for the methods E(p), 0 < p < 1.

2B
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More precisely, £2(n) = o(n?) is a summability function of both first and second
kind for all methods E(p), 0 << p < 1; and for any given E(p), every summability
function is of the form 2(n) = o(nt).

Ramanujan (1957) proved that the functions Q(n) = o(n!) are summability
functions of the first kind for all strongly regular quasi-Hausdorff methods, and hence
in particular for all Taylor methods 7'(p) with 0 << p < 1; we now extend this result
in a more complete form to the methods of the class €.

TarorEM 1. Al functions 2(n) = o(nt) are summability functions of the first kind
and of the second kind for the class €, i.c. for the methods E(p), T(p), L{p) and Fy, with
O<p<l,a>0.

Proof. As far as the Euler methods are concerned, the result is already known,
being given by Lemma 1 above,
By definition of summability functions of the second kind, we have to prove that

op+014 ... o, =o(nt) .. . .. o (2)
implies
{¢.} is summable by every member of the class € .. &)
It is sufficient to prove this, since every summability function of the second kind is
also a summability function of the first kind, for every method 4.

Now let {o,} satisfy the condition (2). Then obviously o, = o(n}), and hence
the T'(p)-transforms of {e,} certainly exist for every 0 < p < 1 (Meyer-Konig, 19494 ;
Zeller, 1958) ; and it is also known that then

T(p)-summability of {o,} implies 7(g)-summability of {c,}

forallp >¢ > 0. .. .. . o3
It is further known that

T(p)-summability implies L{p)-summability .. .. (5

(e.g. Zeller, 1958, p. 143).
Also, for sequences o, = o(n!)—indeed, for all ¢, = o(n*), k < o0, as recently
proved by Faulhaber (1956)—we have:

T(B) is equivalent to F,,, v = Z—BE:i 0<B<])
1 (6)
A 3 al _— 1 1
F, is equivalent to Ela), a=1 37 r>1%
so that also
. . 2y
F,, is equivalent to 7'(3), &= ity >4 -. . .. M

For the method 7(p), in view of (4), if (2) implics (3) for all p > 3, then (1) implies
(2) forall0 < p < 1. Now B > } implies ¥ > } in (6), so that, when

<<,

we have for all sequences o, = o(nl), L 21

T(B) and E(a) are equivalent, a=1—gz = —2-5- . .. (8)
It follows from Lemma 1 that (1) implies 7'(8)-summability of {o,}. Since the
choice of B in (4, 1) is arbitrary, we see from (4) that all functions Q(n) = o(nt) are
summability functions of the second kind (and hence also of the first kind) for the
Taylor methods 7'(p), 0 < p < 1.
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The conditions (5) and (7) together with the last result yield the same result
for the methods L(p) and Fo (0 < p < 1, o > 0) also.
This proves the theorem.

THEOREM 2. Let A belong to the class € of methods. Then every summability
Sfunction for the method A is of the form Q(n) = o(nt).

Proof. Since every summability function of the second kind is also a sum-
mability function of the first kind, it is enough to prove the theorem for summability
functions of the first kind ; but these involve only bounded sequences and it is well
known that, for bounded sequences, all members of the class & are equivalent to
one another (and to the Borel method) (Meyer-Konig, 1949a ; Satz 25). Hence it
is enough to prove the result for any one of these methods and we have already the
known result for Euler methods given as Lemma 1 above. This proves the theorem.

APPLICATIONS

We give now a few applications of Theorems 1 and 2. We first need a definition.
A regular method 4 = (a.z) is said to be absolutely regular (in the sense of Cooke,
1950) for a sequence o = {0, } if

- P
im \r,—7,) =lim \r,~7,] =0,
"> N0 o>

where
o

-] - -+ -
T, == Z AntOL, Ty = Z AniOk+1 and Ty = z AprOr -1
k=0 k=0 k=0
(g_4 arbitrary).

THEOREM 3. Let 4 be a member of the class € of summability methods. Then A
is absolutely regular for all sequences @ = {a,} for which o, = o(n?).

Proof. Lorentz (1949) has proved that a function Q(n) is a summability func-
tion of the second kind for any regular matrix method 4 if and only if

lim Q(’C)‘ a”k——a",]”.]_l =0 . .. . (9)

k=0
Theorem 1 shows that the method 4 of the theorem satisfies (9) for every function
2(n) = o(n}). But Cooke (1950) has proved that (9) is the necessary and sufficient

condition that the method 4 be absolutely regular for every sequence o = {o,} for
which || < Q(k), it being assumed that the series

o0 @
> a, Q0+ and > a, . Q0k+1)
k=0 k=0
are convergent for each =0, 1,2, ..., a condition which is certainly satisfied

by the method A of the theorem for all Q{n) = o(nt). This yields the required
result.

Remark. A weaker form of Theorem 3 for the Taylor methods T(p), (0 < p

<< 1) has been used by me elsewhere (Parameswaran, 1958) to prove that for a
certain class of sequences,

im {7, (p;0)=Tus(p;0)} =0 .. .. .. (10

n—>m
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where {T,(p; o)} is the 7(p)-transform of o = {o,}. Theorem 3 enables us to
prove (10) for all o, = o(n?) ; for it can be easily verified that
1 -
Tap;0)=Taa(p;0) = ;Tu(p;0=0) (n>1) .. .. (1)
-
Wwhere 0, = 0,_1. For each fixed ¢ in (0, 1) and for ¢, = o(nt), the right-hand side

of (11) tends to 0, by Theorem 3, and hence (10) stands proved.
Finally, we state a Tauberian theorem.

TuroreM 4. If {0,} is a sequence for which
optoi+ ... +
n+1

then {o,} is summable to | by every member of the class €.

Further, the function o(n~t) cannot be replaced by any function $(n) 7 o(n™t) for
any member of the class €.

I = I4o(n-¥), (I finite), e e (12)

Proof. The first part is obvious from Theorem 1, since by (12),
{o,=1} ¢ 02(2), 2(n) = o(m3).

For the Euler methods, the theorem is known (Knopp, 1923 ; Hardy, 1949; and
Lorentz, 1951). It is given here as Lemma 1.

To see the truth of the second part of the theorem, let us assume that the
theorem holds with some function ¢(n) instead of o(n=?) in (12). This is equi-
valent to ng(n) being a summability function of the second kind for the method 4.
Theorem 2 shows that we must then have nd(n) = o(nt), i.e. $(n) = o(n-1).

This completes the proof of the theorem.
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