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ABsTRACT

In this paper functions, self reciprocal for Hankel Transforms have been found out in the
form of Hypergeometric functions.

1. The object of this paper is to find out a few self reciprocal functions involving
hypergeometric functions. Following the notation of Hardy and Titchmarsh
(1930) I denote a function f(z) as R, if it is self reciprocal for Hankel Transforms
of order pu, so that it is given by

f(x)=J Ju@nf e zy dy, .. .. .. (1.1
0

where J,(z) is a Bessel function of order p. For u = } and —14, f(z) is denoted by
B, and R, respectively. If, however, f(2) is replaced by —f(z) on the left hand side
of (1.1), then f(z) is said to be skew reciprocal for Hankel Transforms of order u
and in this case it is denoted by —R,,.

2. Meijer (1936) has shown that

1 x)““
Jo@)Ju(x) = Ta+w) 1+ (i
1+p+v 24p+v —?
X oF'g 2 2 . T - @l
1+F’, 1+V, 1+,,L+V;
Hence
Ju(@) ) _ ! S

@ttt T PA4p) (1) 2600 4 /5

1 2
XzFa( +g+v, +g+v; 14p, 14v, 14p+v; —x2). (2.2)

I have shown in a previous paper (Rao, 1957) that

J J, o Jp(ay,
F(alj“ﬁ??). +k+&k(a 2 ’ e . - @3)

where a;+ag+ . .. +a, is finite, and ay, ay, etc., are all +ve, is Bj.
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Putting a; = a; = 1, and taking n = 2 in (2.3) we find that

Ju(@)(z)

ezl (24)

is Rl'
Hence, from (2.4) and (2.2) it follows that

1 F(1+y+v 24pty
243

T4p, 14y, l4pts; —xz), 2.5)

Ve 2 2
is By. In particular, putting p = » in (2.5) we find that
1
:\7; 1F2 (ll+% 3 1+V, 1+2V N —-'.'E2) 5 v . (26)

is Rl‘

3. Ramanujan (Hardy, 1940) has shown that

© F(s+a+b)
J J (o) B)ts=D) dey = 2 b
$ s a
0 F(b+l)F(1—§)P(l—§-—é—§)
s+a+b s—a—b B2
x2F1( 2’ 2 a2>, .. (8.1
b+1;
where 0<B<a and —(a+bd)<s<<2

Hence

r (s+a+b) gra-t

5
A

F(b+1)1‘(1—g) F(l—g—%— g)

: b s—a~b 2
X2F1 (Q+;+ B 5 ; 5 b+]., gz*) . (32)

attt

j Teely o(B) (B)" A =
0

putting » = 1, and @y = & in (2.3) we find that
J (o)

el (3.3)
is Ry, if « is positive and finite.
Brij Mohan (1942) has shown that the Kernel
' 22T, 40(2), . . . .. (34)
transforms Ry into R,
Hence putting }2=—v) = s+a—1,
and 14-2) = b, 1
Hl+ (3.5)
we find that b+ats=2, ;
and = 2p—1.
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Applying the results of (3.3), (3.4) and (3.5) to (3.2), we find that the function

-4 BB g 2P
x 22F1 (l, ]2‘—(1— E’ §+%, &—2)
where a+g+% >0,and 0 < z < a, is By.

4. Tt has been shown by Whittaker and Watson (1915) that

® r-1
- - (o) 2
JoegOTyr(tA/ )P dt =
JO a-gtWy-1(tV/ @) T BrA—BIT)
X oFy (“’5; x)
Putting #2 for z and adjusting a little, we find that
i () T2t
(*-8) 20— Y+ (x)a
Jy_1(at) (xt dt =
J N () () 2% Br(1—B)[(¥)

y Py
X oFy (“ f; ) :
Putting («a—pB) for in (3.3) we find that

T (@)

P IE R
is Rl'
Brij Mohan (1942) has shown that the Kernel

1 4

22 J3040)(@),
transforms B, into R,.

Also putting %'_V = 2u—Y+1,
d Y ey

an 5 Y—1,

we find that ve=20—1,

and at+l=1y.

Hence, applying the results of (4.3), (4.4), and (4.5) to (4.2) we find that

o2 -4 F (o, B Y 22),
is Rogy1, if a1 =7.

In other words putting %+1} for « we find that

at il (§+%, Bi 5+ x=) :
i8 Ry, if B < a1,

(3.6)

4.1)

4.2)

(4.3)

(4.5)

(4.6)

4.7)



INVOLVING HYPERGEOMETRIC FUNOTIONS 179

5. Bailey (1928) has shown that

a, a—b+1; x’) ’
1 28, . . .
tarony (0595 2) = oy (24504 G.)
Putting b = a+4, and multiplying (5.1) throughout by 224t we find that
x2-t a,0; a2
— g2} » Vs — g2-}
Tz (“ whbi 2ol ) whly ( a+1; ) 7 (6.2)
Again, putting § = 0, and «<+1 for ¥ in (4.6) we find that
22%~YF(a, 0; a+1; 22) = 22%-1 .. .. (5.3)
is R2u+1.
Hence, from (5.3) and (5.2) we conclude that
it © 4z
(1+ )#+12 1( 2)2+1 +2, 1+x2), A A (5‘4)
is By,
6. Puttinga=1in (3.6) we find that
i-
P 2F1 (1 }—a— g,g+%;x2), N (B}
is By, if 2a4+p+1>0,and 0 <z < 1.
Puttinga = 1, §—b = }— ’-; in (5.1) we find that g = 2b—3. . (62)
Multiplying (5.1) throughout by 252-% we find that
22 b (1,026 ) = e boFy(1, §=b; b+1; a2) (6.3)
f2- ,3-b; jx . .
(1+)o21( 1+) 2l1(d, % :
Now, from (6.1) and (6.2) we conclude that
B B (L S—b; b} 2?) (6.4)
1, 2—0;b43; . ‘e .. .
(1+x)22 1( s 2 2
is sz_3.
Hence, from (6.4) and (6.3) we further conclude that
2t b;2b; ) 6.5
(1+x)22F1 (1 1+ .. .. . e (_‘-))
is Rop_3. In other words, putting g+g for b we find that
2t ] 3 4
z
S 3; . .. .. (6.6
5o Fl( +2’”+%’1+x2)’ (0

is B, if0<z <1

7. Bailey (1935) has shown that

Fyla, B;7, a+B—7+1; 2(1—2), 2(1—2)]
= oF\(a, B;V; 2)oFy(a, B V; a+p—=7+152) .. (7.1)
where F4 is Appelle’s function.
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Putting ¥ = , we find that

a+p+1
2

Fy, [oc, B; oc+§+1 , a+§+l ; 2(1—x), x(l—x)]

=[2F1( ,3,“+’3+1,x)]2 . (12)

Further, on writing 22 for #, and putting g+12~ for « and B = 2, we obtain that

1 o, 3 a, 3
oY T 2] —22), 22(] —22
F4[2+2 2545, 545 21—ad), 21 x)]
[F (°‘+1 2; %43, 2) 2
=12l 219! 12 2,(17 ’
so that
) « 1 o, 3 a, 63
ey [§+é’ 2; ‘:’+§ , §+2 ; 23(1—a2), x2(1_.x2)]
a 1 o 3 2
= [xa+é2pl (§+§, 2;5+55 xz)] o (13)

Putting 8 = 2 in (4.7) we find that

a 1 o, 3
a*+y, I, (5_’_5’ 2: 2+2 2) (7.4)
is Ry, if @ > 1. Hence, from (7.3) and (7.4) we find that
1 « 3 o, 3
+1 Xyt 9. %42 & 2 2) 22(] — 2
z* \/F4[2+2,2,2+2,2+2,x(1 x2), z2(1 x)] .. (7.5)
where o > 1, is Ry.
8. Ragab (1957) has shown that
® b
f oY oPy(o, B 73 =) Py (857 = ) do
0
T a~PIE-IV7 5 (2a-—1,2ﬂ—-1; _w;) 8D
L) (B (v—1) 2y—1;
where B(a) > §, R(B) > 3, and b is real and +-ve.
Putting 11; for b we find that
" 1
f x-*2F1(°€,}9;7; —x) oF'y (a,ﬁ;)’; - E&) dz
0
- 1
Ia=Hlp=hva o (*—LP-1i-==) . (89
= o Vb
(B (r—13) 2y—1;
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Putting x4 for z, and b4 for b in (8.2), we find that

*4 1
J, 52F1<“”3;“‘”4““(“”3”;“@)‘h

_ IIa—T \/ﬂF<2a—1,2ﬁ—1; 1)
(a)F(ﬁ —5) L

50 that

" 1 1
- . PR 4 o . v o
JO \/;2F1(aaﬁ:‘y> xt) o 1y (05,18,')’, b4x4) —_\/I)—xdx

I~ DIE=DV/7 o (2a—1 28— bl—z) (8.3)
2y—1;

in+5HrI'(3 3 1
= 5( +?72" 1(4) -oF; (1,§;n+1;—b—2) . .. .. (84)
()
Again, in one of my papers (Rao, in press) we find that
1 3 1 .
W2F1(1,§;n+l,-—;‘—2), . .. o (8-))
is Ry. Hence, it follows from (8.5) and (8.4), that the function
1 5 n !
— - ¢ rd
,\/;2F1(1,4’2+1, x), ’ e . . (86)
is transformed by the Kernel function,
1 5 n 1 -
7;:2F1<1,:1,‘§+1,—§;), .o . . e (8()

into an B, function,

9. Brij Mohan (1939) has shown that, if

floyis R, .. .. .. . .. (9.1
and
. c+ion
P(z) = é;zf A(s)x (9.2)
where A(s) = A(l—s),

and 0<e<,
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theng(x)=ff(xy)};(y)dy R O )
0 .

is By.
Also, Ragab (1957) has shown that

F(a) F(b) ’ v ne T 1) 45—
—F(c-)——f02F1(a,b, c: l—t)t( D g

_TI'(s)I'a—s) I'(b—») a—s,b—s;2
- F(C—S) 2F1 c—s; 3 (94)
where 0 << R(s) < R(a) < R(b)
Putting z =1, b = 1, and ¢ = 2a, we find that
T(a) ') f"" og - TF) -1
—T(QT) 02F1(a,1,2a,1—t)t dt
_I's) I'(a—s) I'(1—s) PO Kt 1—s;1
o I'(2a—s) 21 20—s; /)’
_ I'(s) ia—s) I'1—s) I'a—14s5) ' 9.5)

I'a) I'(2a—1)
Hence, applying Mellin’s Inversion formula (Hardy, 1918) we obtain that

1 I'(2a)

oF1(a 13205 1=) = o i PR S Fion 1)

X J‘P - I'(s) T(a—s8) I'(1—~8) T'a—14+s8)t~"ds, (9.6)

p-1C0

where 0 < p < 1.
Hence, from (9.2) and (9.6) we conclude that

P(x) = oF, (a,1; 2a; 1—x). . . .97
if R(a) < 1.
Thus, from (9.7) and (9.3) it follows that
0
glx) = f oF1(a, 1; 205 T—y) fzy) dy, ce .. (98)

0

where R(a) < 1, represents a function in Ry, if f(z) is Bj,.
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