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ABSTRACT

n
With the hypothesis that Zn = X !aa—c:‘_ 1! is asymptotic to log (n-+1), where {cg}

r=1 v
denotes the n-th Cesaro-mean of order o (o >> 0) of a given series, Sunouchi obtained the summa-
bility factors to make the factored series summable | ¢, @ |, and with the help of this theorem he
extended a result of Cheng on factored Fourier series, Here the author considers the more
general case when the asymptotic order of Z's is determined by a positive monotonic non-decreasing
function, and with the help of this result he extends the scope of some of the known results
on factored Fourier series, given by Prasad and Bhatt.

1. NoTATIONS AND DEFINITIONS

"
1.1. Let Zu, be a given series. We write o, = z uy, and denote by o-i the
yv=1
n-th Cesaro-mean of order o (« > —1) of the series Zu,, so that

where A7 is given by the identity

3]

> A% =(1—2)" (Jz]<1);

n=0

A%‘:l,AT1=0;AO_1=1 and A;1=0 forn=1,2,....
We have, for a > —1,
Aa= n+a ~ n*
" n I (a41)’

as n—» o0, and
-1 @ @+l
A:“A:_1 =AY, nd] = (x+1)4;7 ;.
For any sequence {2, }, we define

ApAn = A;P—l ’\n+'n:
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whenever this series is convergent, and write

Aol\n = /\m A/\n = /\n'—/\n+1'
When p is a positive integer, we get

P
Afd= D AP

m=0
If » and k are positive integers, we also have the formulae
Ao} = a0,
and
> (h
k -
A (/\nP'n) = SZO (s) As/\nAh sP’n+s.
Further, for a sequence {6, ,} , we write
An9V> n = 911, n—el’: n41-

The series Zu, (or the sequence o,) is said to be absolutely summable (C, a), or
summable |C, a|, if the sequence {o7} is of bounded variation, that is to say, the

infinite series
o o
Z 101;—0”-1'
is convergent (Fekete, 1911 ; Kogbetliantz, 1925).
1.2. Let f(t) be a periodic function with period 2= and integrable L(—m, m).

Without any loss of generality we can assume that the constant term in the Fourier
series of f(?) is zero, so that

J ftydt=o,

and
f@) ~ (a, cos ni4b, sin nt) = A,(2).
nzl nzl
We assume throughout that ¢ > 0, and write
$() = 3 { flett)+fz—0)},
' t
_ 1 a1
¢a(t) - 1'! (a) JO (t u) ¢(u) d’ll«, o> O:
Dy(t) = 4()
and

du(t) = I (a+1)t-2By(t), & > 0.

We write T% and 87 for the n-th Cesaro-means of order « of the sequence
{mnd,@)} and the series Z4,(t) respectively,
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2. INTRODUCTION

By definition, the series Zu, is summable {C, «| if the sequence { U:} is of
bounded variation, In case {0':} is not of bounded variation, but

n

2= 3 [ =t

v=1
behaves asymptotically in some cerfain regular manner, then, although the series
Zu, itself is not summable |C, a], it may be possible to choose a suitable type

of sequence of factors {A,} so that ZXu, becomes summable |C, a]. A theorem
which provides such summability factors has been supplied by the following result
of Sunouchi (1954).

TueorEM A. If « >0, and

”

Z""Z

y=1

oy —o%_, | = O{log (n+1)},

v

as n — o0, then the series Zu,{log (n+1)} 17 ¢ > 0, is summable |1C, al

For a Fourier series, Cheng proved the following summability factor theorem.

TerorEM B. (Cheng, 1948.) If ¢,(t) € BV(0, w), 0 < « < 1, then the series
ZA4,){log n4+1)} 717 € >0, at ¢ = z, is summable |C, al
Sunouchi (1954) extended the above theorem to the case of & > 0. Recently

Prasad and Bhatt (1957) have extended it in another direction. They have
proved

TaeoreM C. If {A,} is a convex sequence such that Zn~1A, is convergent,
and if ¢x(t) e BV(0, 7), 0 < & < 1, then the series ZA,(f)A,, at ¢ = x, is summable
{0, «|.

Concerning the |C|-summability factors of Z4,(f) Prasad and Bhatt (1957)
gave also the following results.

TreorEM D. If {},} is a convex sequence such that Zrn~IA, is convergent and
ifforo<a<l,

11

f u]dda(u)] = O(F), 0 < t < m,
0

then the series XA, 4.(t), at ¢{ =z, is summable | C, 8| for every 8 > «, and the
series Z{log (n+1)} “1 0, A4.(), at t = &, is summable | C, /.

The main object of this paper is to cbtain a theorem which effects improvement
over the theorem of Sunouchi (Theorem A) in two ways. Instead of taking the
agymptotic behaviour of 2, to be of the type 0{log (n+1)}, we take it to be of a
more general type, namely, of the type O{#,}, where {u,} is a positive monotonic
non-decreasing sequence. Secondly, corresponding to the sequence {p,}, we
determine a general type of sequence of factors {A.} which makes the factored



194 @. D. DIRSHIT: ON THE ABSOLUTE SUMMABILITY FACTORS OF INFINITE SERIES

series summable |C, «|. Later on, we deduce from our theorem a few corollaries
relating to summability factors of Fourier series, which extend the above noted
theorems (Theorems C and D) of Prasad and Bhatt.

3.1. We establish the following theorem,

THEOREM. Let aff denote the n-th Cesdro-mean of order a > 0, of the series Zu,.

If

n

2

v=1

aa—a:,z_l ] = O{F'n} 5

14

where {Ha} is a positive monotonic non-decreasing sequence, then Zu,\, is summable
(C, a|, where {)\,} and {p,} are such that

(1) #ad, = 0(1),
(ii) Zniue, | APIA ] < 0,

. denoting the least integer not less than «, and when o 1s non-integral,

(iii) | AA,|is monotonic non-decreasing.

3.2, We shall require the following lemmas to prove our theorem.

Lemma 1. (Andersen, 1928.) If A, = O(1), then for 83 >h >—1and 8 > 0,

3/\ = Z Ah 3 Ah+1/\
Lemma 2. (Chow, 1954.) Ifo >—1and 0—38 > 0, then

AS
Z F,AGIS 1

= n

Lemma 3. If p >0, {#,} is a positive monotonic non-decreasing sequence and
the sequence {2, } is such that

Zntp,| AT, < o0,
then
() Zn'r, | AN < 0
and
Gi) 2w, AT, > 0, as n—> 0,

Jor every q satisfying p > q >0
y

Proor or LEmMMa 3. Since A: ~ ﬁ;l—) , to prove (i) under the hypothesis of

g+1
n

the lemma, is the same thing as to prove that (i)’ Z4, | A

condition Zn’x, | AT\, | < o is replaced by ZA:#,, artia, , < 00,
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Let 0 < p < pand ¢ = p—p. We have, by Lemma 1,

2"

w

AN o

n=0

< Z A2, Z A7 | AP,

m=n

= Z'AP-H[’\ IS‘AP pAm nftn

m=0

NS

o m

< 3t S

= n=0

=S atw]

m=0

This proves the first part of the lemma. Also, since > 4%t | A%, | < o,

by a well-known theorem of Abel, we have N4, l AT, ]—» 0, and this completes
the proof of the lemma.

3.3. ProOF OF THE THEOREM.

Let
n
(v -1 (o4
t, = ZA”_vvuvand T, = "E Z 5oy, A
v=0 n y=0
Then
13 oL
o % 1 A% Ly
9, o—l—nAa noy V¥ = Aa'
ﬁv=0 7. n
Now

=’\_a Z * u+——— ZAn (A=A, %

v=0 n v=0

= 541, sa

Therefore, to prove the theorem, we have to show that

(3.31) Zl

and

(3.32) >

Proor oF (3.31).

A «
ff:= :4—0( z Ai—vup= Anan’
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and

b =My~ )+ T p1 Mu—Aag1) -

Therefore
Zag <2z

A

|80 +2] o, || 8,

Since

n n
[+ 2 [+ 2 o o [ 3 o
0, 0= Z(ay—-qv—l)< Z'ay—av-l

v=1 v=1

by the hypothesis of the theorem we have

o, =0{p.},
and thus by Lemma 3,

2I°f+1||13"n

<EKZp|ar|<o*,
where K is some fixed number. Also,

. i{/\vi’Ao:l<”§:l A/\vl(zv: ‘Aoz])+
vl me=1

v=1

A

v=1
<K1 { Zi AAV ]I'LV}+K2F'1|’\M

v=1
where K’s are absolute constants, and therefore again, by Lemma 3,

2, || ad% < .

This proves (3.31).
Proor oF (3.32).

1 _
=0 =—5 > A¥vu(d—=2,)

[« 4 N
nA‘n v=0 Y
1 < -1
(3.33) = vu,.nyn , say,
nAn v=0
where

Applying 7 times Abel’s transformation we have

n

”
-1 ko k=1
Z vu,ﬂin = Z thvov,n 4

v=1 v=1

* Throughout the paper, K denotes an absolute constant, not necessarily the same at each
occurrence.

4B
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where
k-1
Rpot—~1 -1 h—] ®-1
(3.34) Avaf:." = Z (J) vAn v O A"*‘J-l_(A“--'A")AvAn v
“~

Therefore, by virtue of (3.33) and (3.34), to show that

Il o< w,
we have to prove that

(3.35) i

and

(3.36) S, = i

n

Z ] A" hs| ATA% < 00, 0 <G <h—1L,

39

X

Z £l =2 || 6747} < .

(l 1
Proor or (3.35).
Since
111: i-— AT i ! we have
h -1 h— h-j |
Z tv Von-—y l A Jl\le = Z A ]/\v+1|
va=1 v=1

Therefore

2.4“-3‘1“ HA -]AV+Ji
1212 3

l :l l Ah-j’\vﬂ‘l —jl;-, by Lemma 2,
V.

1 4

I
MB u[\/]s uMs

<
I
-

I
s

—i 1
{”A:[":—":-JL{ | &% 0] } i

o
<K D> a
VZI ’ l

K VZI (v et Pae W EYOR ) L WXy WISV

<
1
—_

g G’h 1
v v-1

+ lim Nh_jAh—j/\NMN

N-o>w

< o, by Lemma 3.

197
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Proor oF (3.36).

Case (i), when o is an inieger.
In this case « = k, and therefore

A BANT = (=204

Vv n=v?
and this vanishes for every n > », therefore
Sz =0.

Case (i), when o is non-integral.
Since, in this case, | A A,| is monotonic non-increasing, we have

IAV—_AnI = IAV"'AV+1+AV+1_ ces +An—1_Anl
<lad|+]akul+ ... +]0d]
< (n—”)l Al\vl

Therefore
—_— N 1 S h —
82_;1"‘42:::21 tVHI\v .
) 1 i .
<3 L3 anlomna
R a-h
<K”21nA:v=1,tVI l AA {A” e
© 0 -k
3 . n=p=1
N K VZ] ’ tVI ] AAV I nzv nA:
=Kv21|tﬁ|]AA,,| Ah 1,byLemma2 smceA =0,

<K > {|ar]+v1a23,] b+ 00 N Ak,

v=1

< oc, by Lemma 3.

This proves the theorem completely.

4.1. Wae state below a few additional lemmas with the help of which some new
results pertaining to factored Fourier series can be obtained.
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Lemma 4. (Prasad and Bhatt, 1957.) If a > 0 and ¢(t)eBV(0, 7), then
T = 0(1),

as n—> Q.

Levma 5. If « >0, and

then for every B > a,

and
Ti =0O{log n}.

The first part of this lemma is due to Bosanquet (1936) and the second part is
given by Prasad and Bhatt (1957).

4,2. With the application of the above lemmas, the following new results,
which we state in shape of corollaries, can be easily deduced.
COROLLARY 1. If for o > 0, ¢y (t) € BV (0, n) and the sequence { )\, } is such that
(1) log = A, = O(1),
(iiy Znrlogn| A1 A, < oo,
where h is the least integer not less than a, and when a is non-iniegral,
(iii) | A A, | is monotonic non-increasing,

then the series T, A,(t), at t = a, is summable |C, a].

COROLLARY 2. Iffora >0

:
J uldg,(u)| = 0(), 0 <t <7,

0
and the sequence {),} is such that
(i) log » A, = O(1),
(ii) »* logn | AR, | < o0,
where k 13 the least integer greater than o, and when o is non-integral,
(iii) | A Axl| s monotonic non-inereasing,

then the series T A, A, (1), ot t = z, is summable | C, B| for every B > o.

CoroLLARY 3. If for a > 0,

j uldg ()| =0(), O0<t<m,

0]
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and if the sequence {A,} is such that
(i) (log n)2 A, = O(1),
(i) Txn'(log n)2| AM+1A,] < o0,

where b is the lerst integer not less than o, and when « is non-integral

’

(i) | & A, | is monotonic non-increasing,

then the series A, A, (t) at t = x, is summable | C, o,
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