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ABSTRACT

Discussion and tabulation of those limitations regarding the arbitrary choice of threo
structure amplitudes which are introduced by the utilization in the direct methods of analysis
of another symmetry, besides the inversion.

The possibility of an arbitrary choice of signs of structure amplitudes (in
centrosymmetrical structures) acquires particular prominence due to the appliance
of direct methods of solving in the structural analysis. Hauptman and Karle (1953)
discuss the theoretical aspect of the question. Lonsdale and Grenville-Wells (1954)
offer practical recipes for choosing signs. However Hauptman and Karle (1953)
are confined to E. Fedorov groups with the Bravais primitive lattice and are not
concerned with the centred lattice groups which retain their peculiarities and after
the conversion to an artificially chosen primitive lattice (which is not expressed
with sufficient clarity in Hauptman and Karle, 1953). Though Lonsdale and
Grenville-Wells (1953) refer to the theory of Hauptman and Karle, they follow their
own way of study and seem to contradict the latter. Namely, according to
Lonsdale and Grenville-Wells (1954), in any Fedorov group signs ean be chosen for
three structure amplitudes, while theory of Hauptman and Karle stipulates that the
number of arbitrarily chosen signs is subject to the ‘ number of equivalent centres of
symmetry ’, characteristic of each Bravais lattice, and in any hexagonal group, for
instance, a sign can be arbitrarily chosen for one structure amplitude only.

The seeming contradiction between the two results disappears only when each
of them is discussed in greater detail. If we use the direct methods (Harker-Kasper
inequalities (1948), Zachariasen’s (1952) and Rumanova’s (1954) statistical methods)
and if we do not take into consideration any other relations between the signs of
structure amplitudes, which are created by other symmetry elements, besides the
inversion centres (#7; = 4 Fju in the case of different symmetry planes, Fuy = Fin
in the case of threefold axis, etc.), then the rules (Lonsdale and Grenville-Wells,
1954) for the choice of arbitrary signs for three amplitudes are fully valid for all the
cases. If in the determination of the sign relations (which is the essence of the
Harker and Kasper, 1948 ; Zachariasen, 1952; Rumanova, 1954 methods) we, as
usually, employ also the relations between the amplitude signs, which are a result of
some other symmetry besides the inversion, then we have to restrict the number of
arbitrarily chosen signs according to Hauptman and Karle, 1953, for the (centro-
symmetrical) groups with the Bravais primitive lattice, and according to the rules,
that follow, for the groups with centred lattices.

This restriction, however, is fully valid only for the highly symmetrical groups,
more exactly for groups governed by Bravais lattices with higher symmetry. Thus,
if we concern ourselves with the monoclinic and orthorhombic groups with the
primitive Bravais lattice (there are only the inversion centres in the triclinic P1), we
shall see in the corresponding diagrams (International Tables, 1952, and also Buerger,-
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1956) that arrangement of symmetry elements around any of the translationally
non-identical inversion centres is absolutely the same *

Thereby the shape of the structure factor (determining the above said
relations betwcen F,,) is independent of the choice of the origin in any of the

8 symmetry centres, and we may always use all the symmetry dependencies and
nevertheless arbitrarily choose signs for the three structure amplitudes (with the
usual reservations about ¢ absolute invariance’ (Hauptman and Karle, 1953) of the
amplitudes with A = 2n, k = 2n and 1 = 2n and about ‘linear independence’ of
1kl of three chosen amplitudes (Hauptman and Karle, 1953; Lonsdale and
Grenville-Wells, 1954)),

The equivalence of all translationally independent inversion centres (i.e. within
the primitive cell boundaries) disappears in the monoclinic and orthorhombic groups
with the centred Bravais lattices, as is shown by the corresponding diagrams,
some of which we reproduce in this paper. Thus, the inversion centre 000 in the
Fedorov group Cmmm (Fig. 1) is the crossing point of the horizontal mirror plane
and of two mirror vertical ones (symmetry mmm), whereas the (translationally
independent) inversion centre 1/4 1/4 0 presents the crossing of a horizontal plane
with two vertical glide planes (b am).

| 1
T R T

With the origin at 000 the structure factor shape is (comp. International Tables,

1952; Belov, 1951) A = 16 cos 2zhx cos 2nky cos 2alz and F,, = F;, = F; =

F,., whereas after the transfer of the origin to 1/4 1/4 0 the structure factor
becomes A = 16 cos 2nhx cos 2wky cos 2wlz with h=2n, k = 2n, and 4 = —16
sin 2nhz sin 2nky cos 2nlz when b =2n+1, k = 2n+1. 'Thus, whenh = 2n, k = 2n
there remains the dependence (4) F,,, = ¥;, = F 5 = F,;, whereas with h =2n+1,

k= 2n+1it alters, and ¥,,, = —F;, = —F 5, = +F,; (B).

* This is a sequence of the fact that all the symmetry elements (the planes and the axes)
in these groups are situated either parallel or perpendicular to the main translations and the
derivative symmetry elements, therefore, also retain the same nature (Belov, 1951).
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It follows from the diagram that the initial symmetry mmm in the Cmmm
group is distinctive for the positions (inversion centres) 000, 001/2, 1/2 00, 1/2 0 1/2,
whereas the initial symmetry bam displays in the positions 1/41/4 0, 1/4 1/4 1/2,
2/31/4 0, 3/41/41/2 (B).

Thus the eight centres of inversion, belonging to each primitive (centrosym-
metrical) cell are divided into two ‘groups of four’ of ‘equivalent centres’ with
the same reaction to the transfer of the origin.

If the (4) dependence has been used, then we have already fixed the origin
in one of the centres of the (4) group of four; if the (B) dependence has been used,
the origin is fixed in one of the (B) group of four. In both cases we are allowed
to choose arbitrarily only two signs, not three. The tables usually list structure
factors for only one type of inversion centres, for instance, in the case of the
Cmmm group in accordance with (4) and therefore it is only natural to use the
corresponding symmetrical dependencies, i.e. to have in mind the four (4) centres
only.

Now, if we take up the Immm body-centred group (Fig. 2) we shall find that
in the ‘group of four’ (translationally independent) positions 000, 1/2 00, 0 1/2 0,
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00 1/2 (C) there will be the mmm symmetry, while the 1/4 1/4 1/4, 3/4 1/4 1/4,
1/4 3/4 1/4, 1/4 1/4 3/4 (D) will have the nnn symmetry. If the origin is in one
of the centres of the first group of four the structure factor is

A = 16 cos 2rxhx cos 2nky cos 2xlz
and

Fru=Fsy=Fg=F,;.

If the origin is in one of the centres of the second group of four; and % = 2n,
k=2nl=2n

A =16 cos 2nhx cos 2mky cos 2mlz; F,, =F; =F 3 =F
h=2nk=2n+411=2n+1

heT 3
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m=—F

A = —16 cos 2zhz sin 2zky sin 271z ; F.., =+ Fry=—F
h=2n4+1,k=2n1l=2n+1

o

hil

4 = — 16 sin 27hx cos 2nky sin 2nlz ; F=—Fy =Fz=—F
h=2n+41,k=2n+41,1=2n
A = —16 sin 2xhz sin 27ky cos 2niz; FW =—Fy = —F=+7F,;

The utilization of the (C) dependencies is naturally more advantageous, since
they correspond to the tabular (International Tables, 1952) expression of the
structure factor. However, irrespective of which dependence we use (C) or (D) (it
would be strange not to use these dependencies in the analysis), we restrict our
range of arbitrary choice to two amplitudes only.

As an example we have taken the simplest C and I-groups with mirror planes,
normal to each of co-ordinate axes. Naturally, the same division of centres, sur-
rounded by differing symmetries into two groups of four is characteristic also of
other groups with the same Bravais lattice: we shall find that in the Cecm two
types of centres have the ccm and num symmetries, while in the I bca we will find
the bca and the cab. One of these groups is obtained from the other by the sym-
bolic multiplication of its symmetry elements by the characteristic translations
(Belov, 1951) which may be expressed with the symbolic equality : ccm x C = nnm,
etc. In the case of the F-lattice, the eight (translationally independent) symmetry
centres fall into four pairs, each with a different symmetry around it. Thus F mmm
group has at 000~mmm, at 01/4 1/4—mca, at 1/4 01/4—cma, at 1/4 1/40—ccm,
with corresponding different shapes of the structure factor, and with respectively
different dependencies between Fy with the same absolute values of A, k, 1.
When these dependencies are used (the simplest is to use those following from the
tabular structure factor) the arbitrariness in the choice of signs is reduced to one
amplitude only.

In the tetragonal system the eight centres of inversion in the groups with pri-
mitive Bravais lattice are already divided into two groups of four. In the simplest
cases the 4-fold axes pass through the centres of one of the group of four but are
non-existent in the centres of the other four. Thus in the P4/mmm group (Fig. 3)
in the

000,00 1/2,1/21/20,1/21/2 1/2

we have the 4/mmm symmetry, whereas in
1/200,1/201/2,01/20,01/21/2

there is only the mmm symmetry. In the other tetragonal groups with the primi-
tive Bravais lattice, the arrangement of the diagonal planes of symmetry, or of the
various axes around one group of four centres is a mirror image of their arrange-
ment around the centres of the second group of four. It may be easily shown that
in all the cases the transfer of the origin from the inversion centre of one group of
four to the centre of another group of four alters the shape of the structure factor
and gives a respectively differing dependence between Fp (Fiu = 4+ Fiy, etc.,
for the planes connected by the 4-fold axis).

As a result, one degree of freedom disappears in the Fedorov groups with the
primitive Bravais tetragonal lattice and only two signs of structure amplitudes may
be arbitrarily chosen. In the groups with a centred Bravais lattice the eight
(translationally independent) inversion centres are now divided into four pairs. The
simplest case is presented by the group 14/mmm (Fig. 4), where the (translationally)
independent centres with 4-fold axes, passing through them, fall into two pairs: for
one are characteristic the rotation axes 4, which pass through them, and for the
other the screw axes 4, ; passing through the two pairs of the other centres are only
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the two-fold screw axes 2;. A respectively different shape of the structure factor
reduces the possibility of the arbitrary choice in the groups with the body centred
tetragonal Bravais lattice to one sign only.
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The same is true for the (centrosymmetrical) groups with a hexagonal (P)
Bravais lattice, where the 6-fold axis always passes only through two inversion
centres (one above the other along the 6-fold axis), i.e. there always takes place the
division of the eight centres into four pairs. If the main axis is the 3-fold one, then
though it does give two derivative 3-fold axes, but (in the centrosymmetrical groups),
only one of these three 3-fold axes has two inversion centres at once, i.e. the eight
centres again are divided into four pairs (group P3m, see Fig. 5) and there remains
only one degree of freedom.

PSEI.
m

Fi1a. 5.

The same situation is true for the R lattice, where the derivative axes from 3
are screw axes 3; and 3,, on which the inversion centre is impossible, while the 3-
fold axes do not pass through the other three pairs of inversion centres.

Since the cubic primitive lattice P is a special case of the R lattice, only one
sign can be arbitrarily chosen for the primitive cubic groups.

Not a single sign can be arbitrarily chosen for the body-centred (I) cubic
groups: every one of the (translationally independent) eight inversion centres en-
joys its own different symmetry. Group Im3 offers the simplest example. Fig. 6
shows that out of the eight (translationally independent) inversion centres :

000, 1/200, 01/20, 001/2, 1/4 1/4 1/4, 3/4 1/4 1/4, 1/4 3/4 1/4, 1/4 1/4 3/4

the entire group of four three-fold axes passes only through the 000, while only one
such axis of different direction passes through each of the centres with the  fourths’.
The shape of the structure factor changes respectively for each of these cases.

The absence of the degrees of freedom in the body-centred cubic groups is a
sequence. of translation identity of the 000 and 1/2 1/2 1/2 points. This does not
happen in face-centred groups (F), for which one degree of frecdom is retained, as
can be easily visualized by the NaCl structure.

It is well known from practical application of direct methods and from simple
theory, that signs cannot be chosen in the primitive monoclinic and orthorhombic
groups for the amplitudes with every index being an even one: k = 2n, k = 2n,
l=2n; corresponding signs do not depend on the choice of the origin in one or
another inversion centre : they are invariant. In the body-centred (I) cubic groups—
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when their full symmetry is utilized—all amplitudes are invariant, i.e. with a suffi-
cient number of determinating (5) inequalities or equalities all amplitudes should
receive a fully determined sign corresponding to the solely possible origin (Fig. 6),
which, for instance, in the case of Im 3 (Fig. 6) will be 000. If in the analysis of
sign relations we shall confine ourselves only to the mmm symmetry, then the
possible centres will include: 000, 1/2 00, 0 1/2 0, 00 1/2, i.e. we return to two
degrees of freedom.

I 1
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The division of the (translationally independent) eight centres of inversion into
equivalent groups for the (centrosymmetrical) groups with primitive Bravais lattices
is reproduced in Hauptman and Karle (1953). Our Table 1 shows the division of
the ‘ primitive’ eight centres into the groups of equivalent inversion centres for all
crystallographic systems and for all the Bravais lattices possible in them.

Table 1 shows for the centred lattices only one variant of choosing transla-
tionally independent inversion centres ; all other variants bring us to the same rules
of sign choosing.

In practice, the most convenient group of equivalent centres is surely the one
for which the structure factor shape (and consecutive dependencies between Fjy; for
different kkl, connected by symmetry elements) corresponds to the ¢ International
Tables’ (1952).

Table 2 presents (for 14 Bravais lattices) data on the number of arbitrarily
chosen signs, and also the groups of amplitudes classified according to their index
types, for which (one for each group with the total number not exceeding the
above said) this choice is possible. The main principle of distinguishing these
groups in the analysis—is the absence of (of amplitudes from different groups)
linear relations A;+ho+hs = 2n; ki+ks+ks = 2n; L1+ Ly+ Ly = 2n, because in
such cases the change of the sign of the two amplitudes (in the case of the transfer
of the origin) already determines the change of the sign of the third amplitude.
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Though Table 2 gives only one—standard according to International Tables
(1952)—group of equivalent centres for every Bravais lattice, it may be easily
shown that within the {ramework of the given Bravais lattice the rules of sign
choosing remain valid for any group of equivalent centres, with any shape of the
structure factor, irrespective of its coincidence with the tabulated form.

This theory is easily extended to the projections and first of all to the two-
dimensional ones built with the reflexions of one crystallographic zone. In a general
case corresponding to Lonsdale and Grenville-Wells (1954), i.e. when the analysis
considers only the centrosymmetrical dependencies between the signs (and those
dependencies, which remain valid for any of the inversion centres), the number of
freedom degrees drops by 1 since the number of the translationally independent
inversion centres is 4.

If we use the relations between Fyy, due to other symmetry elements, then the
number of freedom degrees might drop to zero.

The projections of all space groups are subject to 17 plane symmetry groups, of
which 10 are centrosymmetrical. The rules of sign choosing for them are presented
in Table 3 in the supposition that every projection is considered separately from the
other two-dimensional (zonal) projections of the same three-dimensional structure.
Apparently, the choosing of signs for two and three zones can no longer remain in-
dependent, since the reflexions common for two zones must be given the same sign.
We may even confront a case when the number of freedom degrees in different pro-
jections is not the same because the non-equivalent inversion centres overlap each
other. Most striking is the case with hexagonal groups, for which, as has been said
before, the equivalent groups contain, in space, only two inversion centres each and
the corresponding number of freedom degrees is 1. The overlapping of these pairs
decreases the number of freedom degrees to zero in the basal projection, while in the
side projection where the difference between the axes 6 and 2 disappears, the sym-
metry becomes a primitive orthorhombic (rectangular) one and the number of the
equivalent centres increases to 4, i.e. we have two degrees of freedom. Apparently,
this number will drop to 1 as soon as one of the amplitudes of the side projection
receives ‘ an invariant ’ sign from the basal projection.
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TABLE 2

Rules for allotting signs
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Crystallographic| Equivalent centres be‘ﬁ;} ﬂTypes Of;"‘?'
~ system for tabular shape. | Groups of reflexions | arbi. | Se¥ions which
Lattice of structure factor trary | cannot have
signs | arbitrary signs
000, 00, 040, 00%; |2n.2n.2n;2n412n41,2n4t on. 2n. 2n*
C e s 2n41.2n2n; 202041 2001 3 n, &N, an
Triclinic P { g v,0ti 120, iatia | 20,2020 20 41,2n.20 0t Three lineary
2n.2n.2n41; Zn41.2n41,2n independent
000, '/,00, 04,0, 0Oy 2n,21.2n; 2n41.2n41 2n4t
.. 2n41.2n0n; 2nln4i2n4il 3 Three lineary
1 . :
Monoclinic P 10 s O U0, Tty | 20201205 20 41,20 2041 independent
2n.2n.2n417 Indt 201,20
000, 00/, In2n2n; 20412041204 ¢ e e
C{4, B) 11,00, 110%) In2ndl2ndl; Sngt2nog 2 2n. 2n, In¢
000, 1,00, 0,0, ', 2n,2n 2n; 204126 1 204§ 2n, 2n, 2n *
. In4t2n2n; 20 2u4t.2ny 3 Three lineary
Orthorhombic P Oty Ml Vi0. Tistiehel 2n 201,20 2neet 20 2uet independent
2n2nlndl; Ind 2l ln
000, Wiy, U020 208 24l i1 201 o .
C(4, B) 3100, 4,00, 2nln+1.2n41; 2n +1.2n.2n 2 In, 2n, 20
000, 330 2n.2n.2n; 20,2n4+1,204-1 o ® -
1 U0, 00 Oned.20, 2k L0+, 2 am, 2u, In
In41.2n
2n.2n2n .
F o, i’,.l{!I{. Znitometinit i 2n, 2n, 2a
00} 0091, Abhmin, (=in
-? «'ln®
Tetragona! “""'2"'“2”:" 2 hthe2n, T=ln
O, alledie h4k=2ndt, t=2n
hyhagn i), ledndt
009, 00%, Ahaln, leln leint
1 Athendd, fm2n bt 1| Mhein
Hexngonal 053, 00 M3n, Akdnt ! Mz
AEL .
. (11 ORRIRIAN Aheinla .
Cubic P coen Mbhbiwin | t ArhH=zn
1 &9 [¥Y] 0 L1
. A+A+1- 2n T e
F €83, Moivta h+t+T o+ 1 1 Aot om

* Amplitudes of this kind cannot be given the signs as they do not change
with the transfer of origin within given group of equivalent centres



TaBLE 1

Groups of equivalent centres

00 'z,

Lo la 0

Crystallo Type of lattice
graphic
system P CA4.B) 7 F
000, oY Y2
Ly s 100, 0ifz Yo
Triclinic 0420, Y2 O - - -
002, Y2100
000, i Y%t 000, 00 '
. 1h00, 0y 1 200, 'k Ol
Monoclinic 0120, Y OV — -
20. Y2 Ol Wk 0, Yl
002, Y2420 g 0, Mk Ya
Yo Yo L
000, 00 ': 000 00'% 000, Y2 Yo Yo
000, 12 U2 Yo 1500, Y O 1,00, 0120 ‘
s k 0 ligla, intals
Orthorhem- 1500, Ol Ya
M 1 I 1
bic 0120, Y2 0% e O s, 1alals
00, R0 Ul 0, Lalgts Yaligla, Ya'iga -
ba O 3uigls aYa s, Yadigls
el 0 ke el Wl L0, lallh
T . o
000, 00 Yz ! | oo D
Ve o G, Lo !
H
Tetragonai — , —
P latd 1 )ig 3,
1500, ta Gle TR .4 44
15 i La
000, 00
Hexagonal —_ - —
Cgbi(‘ . —_ are non-
0%20, s 0l equivalent

Vils 0, Watigl

Framed are the groups

of equivalent centres of symmetry
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TABLE 3

Rules for allotting signs in plane groups

i i

Number of Types of reflexions

Plane groups Equivalent centres ' Groups of reflexions | arbitrary |{which cannot have
i : signs arbitrary signs
P2, pmm 00, 1/ 1/, 2n, 2n; 2n--1, 2n--1 5 2. 9n
pmg, pgg 1,0, 0 1y 2n+1, 2n; 2n, 2n+1 < ’
|
cim | 00, 150 2n, 2n; 201, 241 1 2n, 2n

4, pim, pdy | 00, 1/, 1/,

1 ht+k = 2n

75, pbm 00 ; hk 0 hk
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