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ABSTRACT

In the present paper, we have shown that for plane flows, the cross-viscosity term does not
affect the equation for vorticity, superposability condition, condition for circulation-preservation
and the possibility of the use of inverse methods even when we take variation in the coefficient
of cross-viscosity into account. We have also shown that Taylor’s results for the rotation of an

infinite rigid cylinder in & non-viscous liquid continue to hold for the most general non-
Newtonian liquid.

1. INTRODUCTION

Reiner (1945) and Rivlin (1948) have established that for an isotropic fluid the

most general relation between the stress-tensor #; and the rate-of-deformation
tensor d;; has the form

b= ——pSij-i-Z;Ldij-{-Qp.cdikdkj, .. .. (D
where
dij=%[vi’j+vj’i]’dii=0’ .. .. @
p is an arbitrary hydrostatic pressure and a comma denotes differentiation with
respect to one of the coordinates x;. Also the coefficient of viscosity u and the
coefficient of cross-viscosity p, depend on some material constants, and also on the
tnvariants I, and Ig defined by

I,

ddd,, Iy = %dijdjkdki .. .. . )]
Bhatnagar and Lakshman Rao (1957) recently gave some general considerations
regarding the behaviour of those non-Newtonian liquids for which p and p, may be

assumed constant. In particular they established some important results regarding
vorticity, superposability, preservation of circulation and use of inverse and semi-
inverse methods for plane flows of such liquids. It would be interesting to know if
these results would remain true in the more general case when p and p_ are not
constant, We find in section 3 that all these results for plane flows remain true if
we assume p to be constant, but allow u_to be any function of the invariants. If,
however, u is variable then none of these results would hold for this general class of
non-Newtonian liquids. The case where p is constant is however of some practical
interest and has been discussed in the literature (Green and Rivlin, 1956 ; Rivlin,
1957), specially when the effect of cross-viscosity is regarded as that of a perturba-
tion on a Newtonian liquid.

In section 4, we have shown that Taylor’s (1916) results for the two-dimensional
motion of an infinite rigid cylinder in a rotating inviscid liquid continue to hold for
the non-Newtonian liquid with p and u variable. This result for the case p and p,

constant was earlier established by Jain (1955), who extended an earlier similar
result of Dean (1954) for a Newtonian viscous liquid.
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2. THE GENERAL EQUATIONS OF MOTION

The effect of variations of p and p, is that the following additional terms occur
on the R.H.S. of (1.1) or (1.3) of Bhatnagar (1957).

3
o | oudl, ou 0w\ oI, jou ow\ ol
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where the partial derivatives of I, and I3 are obtained from (2) and (3). Itis
obvious that the complete equations would be enormously more complicated than
the equations given in Bhatnagar (1957). It is however remarkable that these
equations are considerably simplified in the case of plane flows, which case we con-
sider in the next section,

3. PLANE FLOWS

For plane flows, the equations of motion may be written :

ou _ a{ p 1 1 au)2 du av)z]}
At = Rl it E A [4(a—x oyt e

Pt | 9%u ou dv 01, | {ou av) v oI, <
+V(é§:§+ )+ 558_1—25;_*-(5@_*-8—3: ey (5)
and
ov 0 1 ou av) }
— —_ 2 .
a T ay{Q+ +50 [4 (ay) + ( o
920 621)) ou av) v al, |, 3v dv 3,
+V(87:2+8_y—2. +(ég‘,+5y} o, 5 Tloyal, oy - )
Here 9 is the force-potential, and
" _Ov  Ou B K
92=u2+v’ l_-é?—/—gé, V-—--;), DC-__—‘—)- .. .. (7)

and
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Case I: p = const. p_variable. In this case
(#) From (5) and (6)
o a; %y o _ ( Ca s
at . ay oz oyt
and this is identical with the correspondmg equation in the plane motions of ordi-
nary viscous liquids. The cross-viscosity term does not affect this equation.
(¢2) The condition for superposability is easily seen to be

(9)

2 (uabartuady) + a(vlczwc]) o

which is the same as for ordinary viscous liquids.
(ii¢) The circulation will be preserved if the vorticity is a harmonic function.
(iv) By cross-differentiation, we can eliminate the pressure term to get

8 a4, Al,ll
Al,b .y

=vA DY, e 0!

and we find that the cross-viscosity term also drops and thus we find that all the
four important results for plane flows established by Bhatnagar (1957) continue to
hold for the more general case when p_ is variable.

Case I1I: p variable, p variable.

By gomg through the arguments used in deriving the above four results, we
find that in general all these break down and so none of the above results holds for
plane motions of general non-Newtonian liquids.

4., MOTION OF AN INFINITE CYLINDER IN A ROTATING NON-NEWTONIAN LIQUID

In the absence of body-forces, (5) and (6) may be written in the alternative form.

_ap 02u | 0%u du 92u (au av) (ﬂ Qﬁ)]
A==t ('a?szaTJz)*“r [4a—xa—mz+ oyt o) \awoy "o

o (2, 00
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* In the particular case when p and p_ are constant, the underlined factor appears to have
been omitted in Jain (1955). Fortunately this omission does not affect the results there.

+2

and
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Let uy, 1, _pl,fl, g, refer to the first motion and ug, vs, ps, fa, ¢o refer to the second
motion derived from the first by superposing on the whole system a rotation about
0 with constant angular velocity w, so that *

Ug = Uy—awy , Vg = V;F wZ. . .. .. (13)

Juy w1 vy Om

or oxr’ oy oy (14)

% ?__1)2__5%1 a’l)l
oy T = oy T

_ 1 auz 2 auz 802 2
i, = s (G2) -+ (G 52

1 u\2 (o v\ 2 '
=§[4('£)+(73%1+%)]=[12]1 .. (15)

Since p and p, are functions of I5 only,

(o= (k) We= (W1 +» -« .. (16)

0 0
55(112—1’1) = —p(fu—f1) ?aTJ‘(Pz"'Ih) = —plga—g1) -. - (17

Also the components of the stress are:

0 ‘ou\? 1(0 ov\*®
e = —I’+2F£+2#g [(5;) +Z(5§+ 52) }

\

du . o | \
ty=p[§g}+é;] .. . (18)

ST T
so that using (14), (15) and (16)
(t#5)p=(t**); = —(pe—p1) = (¥)e—(E¥)1
EDe = ()1, .0 e e e .. {19)

so that the difference between the two stress systems arise solely from the difference
between the mean pressures. Since the results of the earlier papers (Taylor, 1916
Jain, 1955 ; and Dean, 1954) are based on (17) and (19), all these results would con-
tinue to hold for the most general non-Newtonian liquids. '
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