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ABSTRACT

In this paper the surface displacement due to an extended two-dimensional source inside a
homogeneous, semi-infinite isotropic elastic medium has been calculated in terms of d-finite
integrals. The body force producing the disturbance has also been obtained,

INTRODUCTION

The disturbance produced in a homogeneous, semi-infinite, isotropic elastic
medium by the sudden creation at a certain depth belocw the free surface of a dilata-
tional line source has been considered by Nakano (1925), Lapwood (1949) and
Garvin (1956). Garvin, making use of the method of Cagniard (1939), obtained the
displacement ccmponents at the free surface in exact terms. In the present paper,
the corresponding problem is solved for an extended, buried, two-dimensicnal
source by similar methods. The displacement components at the free surface have
been obtained in the form of definite integrals. It is seen that the displacement
changes continuously. Finally, expressions are obtained for the body forces which
produce the disturbance. v

Problem : It has been shown in a previous paper (Mitra, in gress) that the
wave functicn ¢y used by Garvin (1956) to represent the disturbance due to an im-
pulsive line-source situated at the crigin of co-ordinates in an infinite, homogenecus,
isotropic elastic medium is the solution of the differential equation

1 92
Vo~ 23 S0 = —mad(e) Sy) H()
with initial conditions ¢, = —aaé;’ =0 at ¢t = 0, where 8(z), §(y) are Dirac’s delta func-

tions of arguments «, y, H(t) is Heaviside’s unit function, « is the compressional
wave velocity in the medium and @ is a constant.
If the above equation is replaced by

1 92
VZQSO—-&—z—a—;éQ:q(x,y)H(t) . . .o (D
with the same initial conditicns, the solution of this equation may be considered to
represent the disturbance due to an extended source if ¢(x, y) is non-zero over a
finite range.
The surface displacement due to such a scurce situated within a hom¢geneous,
semi-infinite, isotropic elastic medium will now be obtained, taking

q(x, y) = 0, if |x| >a or |[y—h|>b }

. 2)
=1,if [2|<a, and |y—R]| < b.
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where the z-axis is taken along the free surface and the y-axis normally into the
medium. The appropriate boundary conditions are (i) the stress-components

vanish at the free surface (y = 0) ; (ii) the displacements are bounded at infinity.

Solution : The Laplace transform f(x, y, p) for real values of p of the function

f(x, y, t) is defined by the relation
f, g, p) = f e " fw y 1) d.
0
Hence $, satisfies the differential equation

2 b = 'zc_y)
v ¢0 az ¢ P
Let

+x +x
;0 — j j eHExtny) 4 (£, n, p) d¢ dy

+ +x
qx, y) = f f MExTY) 4, (¢, ) dE dn.
[ o] -

+x g
1 _ sin o sin nb
L + [P i
A1 (6, 1) = 4”2-{4 [_L e~ EHM) g(z, y) de dy = g g

and

It is easily seen that if

/ ])2. All
— 2+ 2+_, =1
(f TI 2) ‘4' p B

- I A L R At S R nb i
z.e.¢0=—n7p PR ; .dédn
497+
- -0 rd
the differential equation (3) is satisfied.
On integrating with respect to n, one obtains
- Lrmply—h! b (5.)
¢0=__1_(~ Slnf(ZSlnl(n,,) dt, |y—h|>b,
wp M 3 M

P

—np(y—F)
i.e. J); = j‘ ?——————F(f, p)eos éx dé, 0 <y <h—b
0

where

- _ _2_smh (ngb )sm ¢a
F(, p) P M, § ’

and

=~/£2+§'

(3)

e-—-n]h
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In order to obtain a solution which satisfies the boundary conditions, it is
necessary to consider the wave functions ¢; and iy satistying the dlfferentlal
equations

1 92
19y
v2¢“,§‘2_at21 .. .. .. .. (5)

respectively, where 8 is the shear wave velocity in the medium. The displacement
and stress-components are given by

9 ’ b oY

+8J T Ty oz

— du ov — 3u dv
— + — 2__9432 +4 2__.

U =

where ¢ = ¢y+ ¢, ¥ = ¢; and p is the density of the medium.
Particular solutions of (4) and (5) which are finite at infinity and which with
their time derivatives vanish at ¢ = 0 have the Laplace transforms

¢, = f B(&)e Y cos Exdt
0

gy = f C (&) e s sin ¢x de

0
where 7, =+/£24-p2/B% and B(¢), C(¢) are functions of £ which are to be determined.

@z, ¥, p)=J [‘fFff 1) o= =9 4 eBig e y”v—mome'y”s]sinfxdg
0 r

_ * —(h—
iz, y, p) = f [ =P p)e™ "7 dop, Blg)e™ M — g0()e™ "] cos o de
0
Since ;;; and yy vanish at y = 0 and therefore their Laplace transforms also,
the boundary conditions (i) are satisfied if

(260, 82)B(¢) — (12 2£282)C(£) = 2682F(£, ple

2.1 98242 _
— @+ 2B+ 26000 = T B, e
P
Solving for B(¢) and C(£), substituting in the expressions for 4(z, y, p) and
o(x, y, p) and putting y = 0 one gets

@ —
i(z, 0, p) = 41)2J F(gg))(ggzme psin Ex dE
0

oz, 0, p) = —2 J P&, p)e™" cos gz dé
. 0 )
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® £282( p2+2B262—2p% 7
+4JOF(§, P) ( NG ) cos fx d§
= I,+1,, say,
where A (£2) = (p24-2 5252)2"-452/347)?7)5‘

The inverse Laplace transforms of these integrals will now be obtained either
directly or by the method used by Garvin.

8p [~ Bne™™™
iz, 0, p) =— — j 7;5(_&27 sin ¢a sinh (bn,) sin txdf
0

- g}_)re Bon d¢ . hl-r]p—L,r]_i_ —kgﬂp-l.f.”(‘z_e——k:i'r]p‘l,f:ﬂa_e—’Z4T]p~L§CE4
T, AEY

where hy=rhy=h—b, hy = hy = h+b,
@) =2y =2+a>0, 2, =23 =2r—a >0, say,

and re [c4ud] = ¢, im [c+d] = d, ¢, d being real quantities.
B §u

Putting v = 2= v one obtains
_ 2v ” [ p — )
Wz, 0, p) ==re | Fy(» 2)|exp - —Z(hA/1+22+wz,)-
wp [« J
0 .

+exp

QI‘E

— ( L
(( (kﬂ\/lﬂz“'r‘”z)}-mp -‘{—g(hs\/1+22+m3)}
(

)
—exp ‘( g( RVAEREENE 1’4)’ dz
where
Fiv,2)= M—
’ V1+22A (v, 22)
and
Ay, 22) = (1420222)7 — 498224/ T 22/ 1+ 0222 .
Let
\/h‘f)-{—x? _—
t‘ = —_t s z,‘(t) = in [—int+}1i\/12—f?]
« at; ’
and

Fiy(t) =0, 0 <t <t;

=re [Fl{v, z(t)} 7 ] <t

where ¢ can have the values 1, 2, 3, 4.
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Using the notation f(z, ¥, p) C flz, », t) and applying the same procedure as
Garvin, it is seen that

712 ,
’;, (x, 0, p) C Fyy(t)+ Fya(t)— Fis(t)— Fy(t).

2

Since —15 C t, one obtains by the product theorem for Laplace transforms that
28 ('
u(z, 0, 1) = - J (=D [F 11N +F12(d) — F13(0) — F14(A)] dA.
0
Similarly it can be shown that

ni

-) "
NS J [Far )+ Pag() —Fos(0) = Fey()] dA

0
where
’ Fo(t) =0, 0 <t <,
=im [F2 {v, z:(t)} di;ft)}, <t
and
Fov, 2) = ZV2(1+2V222—2V'\/1+Zz’\/l+V222)
Z(v: ~) — A(V, 22) .
Now
I, = LJ —l—g [ sin &z, 4e "2 sin ézg—e™ "8 sin gay—e "4
ke
vl
sin £z, | d¢
(0,0<t <t
e‘hmf’ ! > o
c- o 3
M ((ZJQ(f\/OLZi2—7l?), ?é< ¢
and .
- (Erdelyi, 1954)
[ a-]o(g\/oﬂtz—h;) gm;x' dé = %ﬂ = <t <t
Yo
.
= g sin~1 : , i<
* \/0_2,;2_;b?
o} 1 i
[ — e~ sin Ex;dé C f(t),
7,8
v o
where .
qn=qo<t<i
o ; :
=, S<t<1
2’ u < !
= ocsm'l——x——— f, <t
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Since ;) c H(t), it follows that

Ic- J[m VN =, =f, (V] dA,

and
At

v(z, 0, 1) J [fl Y42F o ( )+f2<’\)+2F22(’\)“f:j(/\)—QF%(,\)
0
~f4(0) = 2F24(N)] dA.
The functions f,(A) are finite while the functions F,;(}) have singularities at

A =t, of the type ——1_—_— . Hence the above integral expressions for u(z, 0, ¢) and

\/:\2—t?

v(z, 0, t) are finite ; it can be shown that they tend to finite limits as ¢ - 400,
It is expected that w(z, 0, ¢) and v(z, 0, £} will be zero for ¢ < t;, where #; is the
least of the t;. This is directly shown as F,;(t) = 0, for 0 < t < {; and so

w(z, 0, 1) = 0,

v, 0, 1) =

N +LN—=F 0=, (0] dA

al

t nt at i
1
=1 j %”dHJ ‘?dA—J ‘%”dA—[ "
bed P — — -
1 ]12 ]?3 1714

=

o o o %

= O, as hl = }23, h_r == h4.

The herizontal displacement has been calculated ‘numerieally in the initial
stages only, for the case # = 120, h = b5a, a = b, v = 4/3, y = 0.
The values are given in the following table.

: .
t |
2111705 | 12205 | 12705 | 13:205 | 13705 | 14205
l i
| 1 i
= 0 | 000 0100 | 0130 | 0163 | 0-140
i i ! i :

Finally, the body force components (X, ¥) per unit mass necessary to produce
the disturbance are obtained. The equations of motion are

d2u L
pX 4P = Fr (1\+;1.)5;+;1.V2u

2

0% a6
g = WHp) 5 +uvi
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where A, p are the Lamé’s elastic constants of the medium and 6 = %4—% .

‘.—X=—a2%[v2¢ 1 82¢]+526%[v2¢— 1 a2¢]

T2 or B2 a2

0 1 o2
_aza_x[v2¢0_ ¢O]

o2 02

If

= —u2H{ 99(x, y)
Similarly it can be shown that

99(z, y)
—F = —g2H@p) S
05
Using the expressions (2) it is seen that

—X=0y|>0

= a?H()[8(x—a)—3(x+a)], |[y—h| <D
—~Y=0,]z|>a

= w2 H@)[By—b)—8(y+Db)], |z| < a.

The derivatives a_q%gi) , aq(a%/_) are to be taken in the distributional sense,
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