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ABSTRACT

Analytical expressions for p and ¢ are obtained from the graphical representation of Bailey
as applied to the Appleton-Hartree formulae and these expressions are shown to be identical
with the expressions obtained from the wave-theory equations of Saha, Banerjea and Guha
(1947, 1951). Expressions for obtaining electron-density and electron collisional frequency
from the polarization parameters, p and ¢, are developed and they are shown to be the same
as those given by Roy and Verma. It is concluded that the polarization curves of 6 and ¢
drawn, for different values of collisional frequencies and electron-densities, by using Bailey’s
graphical method are identical with those drawn by using the expressions given by Saha,
Banerjea and Guha.

INTRODUCTION

The polarization of an electro-magnetic wave propagated through the iono-
sphere is caused by the earth’s magnetic fleld and is usually represented by p and
¢, where p gives the ratio of the normal to the abrormal component of the magnetic
vector and ¢ the phase-difference between them. If the wave-propagation is in the
positive direction of the X-axis of a right-handed co-ordinate system and the earth’s
magnetic field is assumed to be in the X Z-plane, the magnetic north being the
positive direclion of the Z-axis, then the state of polarization of the wave can also

be represented by 6 and ¢, where tan 6 = —1 (%), h, and %, being the magnetic

vectors of the wave along the Y- and Z-axes, and ¢ is the tilt of the major-axis
of the polarization ellipse, measured anti-clockwise with respect to the Z-axis on
looking towards the direction of propagation. The parameters 6 and i are related
to the parameters p and ¢ by

2p cos ¢

tan 2 = T—p2 .. .. .. o (D)

and
(14-p2) sin 244+ 2p cos ¢ ;
(14+p2) sin 2¢y — 2p cos ¢ . .. @

Theoretical expressions for the study of propagation of electro-magnetic waves
through the ionosphere in the presence of the earth’s magnetic field were given, on
ray considerations, by Appleton (1927) and Hartree (1929). Equations were also
developed, on wave considerations, by Hartree (1931}, Epstein (1930), Forsterling
(1942), Saha and Rai (1937), Rawer (1939), Rydbeck (1942, 1944, 1950), B. K.
Banerjea (1947), Saha, Banerjea and Guha (1947, 1951) and others.

It was Mary Taylor (1933, 1934) who first obtained the polarization curves
from the Appleton-Hartree formulae. Bailey (1934) also gave a graphical method
to obtain the values of p and ¢. Saha, Banerjea and Guha, on the other hand,
obtained analytical expressions for the polarizatign parameters, p and ¢, following
wave theory. In the present communication, the analytical expressions for p and

tan2 f =
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¢, are obtained from the graphical representation of Bailey as applied to the
Appleton-Hartree formulae and these expressions are shown to be identical with
the wave-theory equations of Saha, Banerjea and Guha. Roy and Verma (1955)
derived some expressions from the wave equations of Saha ef al. from which the
electron-density N and the electron collisional frequency v could be obtained.
These expressions are also shown to follow from the ray-theory formulae.

EXPRESSIONS FOR P AND ¢ FROM BAILEY’S GRAPHICAL REPRESENTATION

Bailey’s method of conformal representation as applied to the Appleton-
Hartree formulae for determining p and ¢ was discussed by Bailey (1934), Martyn
(1935), Ghosh (1938), Singh and Murty (1958¢, b) and others. Only a brief outline
is given here for the derivation of the polarization characteristics from Bailey’s
representation.

The polarization R, as given by %‘- in the Appleton-Hartree formulae, is taken
3 ¥y
as BR=p ¢ ** by Bailey. Then, representing the polarization constants for the

ordinary and the extraordinary components by the subscripts o and x, it has
been shown

2
R°+R’—a:_-l:Tg/ (3)
and B,.R =1 .. .. . . .. o4
where v=2 5)
Pu
2
a.p(l—?—)—g)
p
= .. .. .. .. .. (6)
Yy o (
2 cos &'
and U——;n'z—y- (7)

#’ = angle between the positive direction of the earth’s
magnetic field and the direction of propagation,

v == electron collisional frequency,
p == angular frequency of the wave,

eH

Py= = gyromagnetic frequency of the electron
about the earth’s magnetic field H,
g 4mNe?

, N being the electron-density, and ¢ and

po -
m, the charge and mass of an electron.

In Bailey’s method, two circles of diameters 1 and y~! passing through the
origin and having their centres on the axes of £ and 5 are drawn as shown in Fig. 1.
The point of intersection of the two circles as denoted by P is also the point of
intersection of the confocal ellipses and the hyperbolae with their foci on the £-axis
at £= 1. If PL is drawn parallel to the 5-axis cutting the asymptote to the
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Fia. 1. ILLUSTRATING P AND ¢

IN BAILEY'S METHOD.
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hyperbola on the auxiliary circle of the ellipse at L, and PM is drawn parallel to

the ¢-axis, then according to Bailey, LM = p and the angle LMP = ¢.

If we now put 271 = d; and y~1 =d,, it can be shown that

p=“a [I-Z——;cot:ﬁ]

For the ordinary component; where, according to Bailey, p < 1, we get

Pp=a [J—é cot 950]
L T d,

and for the extraordinary component, where ¢_ = —dy, we have

w1 o)

and for both the components,

dy.d; 1
cos ¢ 5 "
: d1+dz o
where a = radius of the auxiliary circle,

1 J . & & &
T2 +“d2+d2 d~+d2+

Since the critical collisional frequency is given by

sin28’
c=Pu 9005 G

14

we get from (5), (6) and (7)
dy=z"1= %
v

dl.dz dy .

- d2+d2+d~+d2

(8)

(8a)

(8b)

9

(10)

(11)

(12)
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and do = =1 = "_"
2 =Y P
2
po)
where = (1— —
p=p 7
2
Now puttin a'——E—-andb’——L
0 p g - V2+p'2 —1‘2+_'p’2 ’

the equations (8a), (8b) and (9) reduce to:

o _a v P’ ]
07 3 lcos ¢ singgl

L L
Pe = v [cos ¢0+sin ¢0]
and for both the components,
cos 2¢ = a'—4/(1+a')2—4a’t’

EXPRESSIONS FOR P AND ¢ FROM THE WAVE-TREATMENT OF

SAHA, BANERJEA AND GUHA

According to Saha et al.

T A |cos¢ ' sin ¢
and
9 2 1
cos ¢—ﬁ_ 1+A—2cos2'}'+)‘4
where A = {24492 )
) v v
=z,80=-,8 =",
g Sp p (7 p
1e—r pf‘; __4mNe?
n= 85 L] rzz—)—z mpZ ’
and ta.n’}’:———s-—-
1—r

where p, Py, N, v and v, have their usual significance,
Since we have put
a =W and b =,21p2

(13)

. (l4a)

. (14b)

(15)

. (16a)

. (16b)

(17)

(18)
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it can be seen from (18) that

1 ’
/'\—2 =4a
and gin? y = &'

Thus the expressions for p and ¢ deduced by Saha ¢f el. and given in (16a) and (16b)
and (17) reduce to ~

N LA
P= V| cos ¢ sin ¢
S P’
P v [cos ] + sin ¢]
cos 2¢ = a'—1/ (1 +a’)2—4a’b’.

These are identical with the expressions given in (14a), (14b) and (15). Since
the parameters p and ¢ are related to the parameters 6 and ¢ by (1) and (2),
the polarization curves for 8 and ¢ drawn for a place for different values of
collisional frequencies and electron-densities by using Bailey’s graphical method
should be identical with those drawn by using the expressions given by Saha,
Banerjea and Guha.*

ExPrEssioNs FoR ELECTRON-DENsITY AND EnrEcTRON
CoLLISIONAL FREQUENCY FROM RAY-THEORY

We have already shown

L DR 4
Pe = Ve [cos ¢+sin 950]

Since Py P, = 1, we can write

’

v p
s Py COB¢y sindyg
PO =_—_——=
Pa v P
co8 ¢g  8in ¢y
2
P41
or g = - 1; -tan ¢,
po—-l P
v 1+Pg
or — 3 " cot ¢
P lep,
146
Also ‘v‘; = ; cot 95:
P 1—p

n

* It has been shown elsewhere that the expression for p for the ordinary wave obtained by
Saha e al. from the wave-theory corresponds to that for the extraordinary wave obtained from
the ray-theory and vice versa.
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Thus, for both the extraordinary and ordinary components, we can write

v 14p2
ZT,=l_—Pz.cot<{>=tan)'(sa,y) .. .. .. (19)
whence we get cos ¥ = %— V&
. l—tanZy p2—)2 (20)
and cos 2)’=1 ban®y _p v

1+tan2y  p'24»2
1 1 1—cos?2¢

Writing o d  sin?2¢

and substituting the expressions for cos 2¢ as given in (15), it can be shown that

1 —2(cos 2¢+cos 27) = {2 (say) . .21

a’ sin2 24
From (20) and (21), we get

' 2
{cOSy=?L=2(1—4ﬂNe)=’7 (Say)l

v Ve mp?

, , . oo (22)
Further, —1-=—V~,.?—=——ta,ny=7)ta,n'}’ J

Ve P Ve Ve

The equations (19), (21) and (22) correspond to the equations (5.5), (5.6) and
(6.7) deduced by Roy and Verma (1955) from the wave equations of Saha et al.
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