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ABSTBACT

Continuing the work of an earlier paper (Baijal and Singh, 1955), analytical expressions
have been obtained to represent the energy levels of a bounded linear harmonic oscillator for
large values of the boundary parameter. The problem i8 viewed as one involving perturbation
of the boundary and calculations are made to the second order of approximation. The first
order result agrees with that obtained by Hull and Julius (1956) by a different approach,

INTRODUOTION

In an earlier paper (Baijal and Singh, 1955) * we have discussed the quantum-
mechanical problem of a bounded linear harmonic oscillator. As shown in (I), the
effect of imposing the new boundary conditions is to cause the required energy
eigen-values to be the roots of two algebraic equations of infinite order. No explicit
formula, consequently, can in general be obtained to represent the energy values
and recourse is had to approximate and numerical methods. A dimensionless
boundary parameter £, was introduced in (I) and energy levels, and oscillator
strengths involving the first few states, were computed for §p<3. Forf <<1
an approximate formula for the energy values was obtained by treating the poten-
tial energy term in the Hamiltonian as a small perturbation, but no consideration
was given to the behaviour of the oscillator for £, > >1. The purpose of this
paper is to discuss the energy levels of the oscillator for large values of £, -An
asymptotic formula for the energy levels, for £ > > 1, was given by Auluck and
Kothari in their original paper (1945), but, as pointed out by Hull and Julius (1956),
their result is not valid because of an incorrect use of the asymptotic expansions.
The latter authors obtained a first order result by & different approach. In the
following sections we investigate the energy levels of the oscillator, for &>>1
by the method of boundary perturbation. Such methods are extensively discussed
in, the literature for the more general case of three-dimensional problems (Morse and
Feshbach, 1953). The calculation is carried to the second order of approximation ;
the first order result agrees with that obtained by Hull and Julius.

Section 1
The Schrodinger wave-equation for a particle of mass m moving in a field of
force of potential (—%)ams is

. v
g+%’;(ﬁl-—%«z’)lﬁ=0. Lo .- (D

* In what follows, this paper will be referred% as (I).
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1
=n+-)7iw,
( 2 N £

T = (ﬁ/2mw)* ¢

where w w (a/m)! is the ¢ classical’ angular frequency of the oscillator, we get

%)

d§,+(n+§ }.¢5¢=0. .. .. o (3)
The solutions of this equation are )
. P& =W, +3(6), .. .. . (Y]
where :
W, 11 () = i€ [f- e e lesd) e”-.._.] . ®
W,.,_,,(g)=e‘*52[ ,g+”‘”"2)f—....]. )

If the particle is enclosed between infinitely high and steep potential walls at
n = & /2 the eigen-values of n are determined by the conditions

$ (£ Y2) =0, O )
or, in terms of ¢,
W, 11 (£) =0, N (-
where "
£ = (2’;’”) U2 =1y .. .. .. .. (9

= (,ik) being the classical amplitude of the oscillator when it has energy Aw.
The zeroes of W,, _; (fo) for a given fo determine the first (i.e. the lowest),

third, fifth...... , energy levels while those of W, , 13 (§)) give the second, fourth
...., energy levels. We shall denote by n, the value of » corresponding to the gth
level (¢ =1,2,3....). In(I)n,and dng/dﬁo were tabulated for the first five levels
for £, <3.

For £, — oo ('free’ oscillator) ng— (g—1), and, as is well known, the normal-
ised wave funections are given by

g, = Oq_le“le‘iﬂq_l €v2, .. .. .. (10)
where the H s are Hermite polynomials and
Cp-r = (mwfak)t [(g-1y1 27174 .. .. ..oy

We oan write §_ in the alternate form

¢1=Ag-l Wq-l, -3 (E), q= 1, 3,5 ......

=Bf-1 Wl-—ls +1 (E)) 9——-2, 436 .. e e (12)
1B
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with

Agoy = (=)0 (ap/mh)t M ’
(q___!) 1 ole=1)2
2

and (13)

[g—1)1 ]

= (—)72~1 - *———-,————-_
Booy = (=) (mofalt S s

The normalised wave functions for the bounded oscillator, in general, will be
denoted by ] . .
L g (B ¢ 1)

- q
the plus sign corresponding to the even levels (=2, 4, 6....) and the minus sign
to the odd levels (¢ =1, 3, 5....). It follows that as £ — oo

an,_* =>4 qu,-§_>Wq—l,—} .. . .. (15)

7-1?

0,:‘]' +3 —)Bq_l; W”q» +1 —> Wqu, Ly R e e (16)

The following recurrénce‘ formulae for the W’s have been reproduced from
(T) for the sake of convenience :

W1y HEWa o =+ DWapy =0

Wn+1, —i+§Wn,i - Wu—l; -1 =0
, Lan
W”’ 1 —'LfWﬂ,  Sand Wﬂ+l, -% =0

’

W,,’ -1 "'éle, —i+(n+1)Wﬂ+l,i =0

With the help of the first two formulae, the last two results can be put in
the alternate form
W;,* +34EWay —Waq, .4=0
s 18)
W, _H¥W, 3+nW, 13=0

Here ° dash’ denotes differentiation with respect to £.

To determine the eigen-values of » for a given ¢, we have to solve equation
(8) numerically. This was done in (I) for £, < 3. For large values of ¢, the
numerical calculations become rather tedious, and hence the need for approximate
methods. In what follows we try to obtain an approximate formula for the
n;.s, for £, 1, by the method of boundary perturbation. - :

From the differential equation satisfied by the W functions we easily obtain

, £°
—[ Wy, i&W,.q,iiLéo

ng—(g—1) = o [

13
J‘ Way, +3Woo1, 13d€
31 : :

where the plus sign is to be taken for the levels ¢ = 2,-4, 6 . ... and negative sign
for thelevels g =1,3,5.... )
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Using recurrence relations (17) and denoting [n,—(7—1)] by An, we get

214 ) W1, -3(E0)Wa 11, 3(60)

g=1,3,5..., .. (20)
q Eo
f Wag, —1Wq-1, ~3df
_Eo
—2W,- Wa i1 -
_ g: 1, #(€0) Wayt1, i(fo)’q=2,4,6__._ B .ol
j qu, }Wq_1, *df
—£

A first approximation to An, can now be obtained by replacing », by (g—1)
in the above formulae and taking the limits of the integrals as 4 oo instead of +&,.

To a first approximation, therefore,
An, = o slboWaslbe) 135 .. .. (@
f w2 _.dt '
—w

g-1,-17®

= =2Wq-1, (o)W, —i(fo)’ g=2.46... .. . (23)

3
2
f Wq—l,%dét
-0

Expressing W’'s in terms of H,'s through equations (10) to (13) and neglecting
(fo‘ 2) and higher order terms in comparison with unity, we get

2
ey L ey

This result differs from that given by Auluck and Kothari (1945) by a factor
of } but agrees with that obtained by Hull and Julius (1956).

An = (2/m)te

Section I1

Reverting to equations (20) and (21) we see that in order to get a better
approximation for Amn, we should evaluate Wn, 41 i*(fo) more accurately.

Considering first W"q +1, 1(60), we get
W,.q+1' *(f) = Wq’ *(g)f(f) . . ‘e (25)

wherein the limit £, » co, f(£) = 1 for all £. Substituting (25) in (3) we get the
following equation for f(¢) :

a%f|dE2+-2(df|AE)AW o, 3 /dE) Wy, 1+ Amg . f=0 .. .. (26)

We solve this equation by the method of successive approximations. For
£o> > 1, Angis small, and thus to obtain a first approximation for f we neglect
the last term in (26). The equation can then be integrated to yield

dfjdg = A|W? O 6.1}
where 4 is given by

A=fEW: (E) o - o .. .. (28)
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From (25) and the recurrence formulae (18) it is readily shown that
f'(o) Wq, *(fo) = —f(&o) Wq_l, _i(fo),
8o that

A= —fl)W, W, &) .. .. .. (29)
For £, large
e 2T =21 -6 /2,0
A= TyE ¢ b

Since we are interested in the value of f(£) for ¢ = £, >> 1, we expand df/d¢ in
powers of (¢7'). The result is

(1=@-v2/8+06Y) .. (30

e =148 D o],
where
2 1,
a,= —qfige b0/ g [1" (i?lﬁ+0(§§4)] o (32
0
Integrating (30) and imposing the condition f(£y) = 1 for ¢, — co we get

fEo) =1—gq/E—2¢2/E440(£5%) .. .. .. (33)

Therefore for (7/£5) small
Wil = W, (60) [1=(@/E)— (@2 /) +0(659] .. .. (34

A similar calculation gives
Wi, -atbo) = W, _y(6o) . [1—(a/ &) — 242/ £)+0(£°)] .- (35)

Substituting from equations (34) and (35) in (20) and (21) we get to the second
order of approximation

e—g(z)/zﬂq(fo/ \/ﬁ)Hq—l(fl)/\/é)

Aty =773 1+ Ang/g)fyléo), g=1,3,5... (36)
e~THY_ (2)de
L
—&/2 - -
= L VIV ) g2 s (37)
£0/V2
e~"H;_ () dx
~£o/N/2
where
f (&) =1—(q/E)~(2¢2/E)+0(E7). .. .. .. (38)

In Table I values of An, for £, = 3, for the first and second energy levels, as
obtained from (24), and (36), (37), are compared with the exact values computed
numerically in (I). The difference between the approximate (second order) and
exact results is seen to be about 19, for the first level, and about 5%, for the second
level, even for such a low value of £,.
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TasLe I

Comparison between the exact (numerically calculated) and approximate values of Any and
Ang 88 obtained from formulae (24), and (36), (37).

Any Ang
€0
First Order Second Order Exact First Order Second Order Exact
30 0-0266 0-0242 0-0239 0-239 0-174 0-184
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