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ABSTRACT

The scattering of plane electromagnetic waves of wave number k by &n infinite slit of width
2a formed by two perfectly conducting semi-infinite coplanar screens of zero thickness is con-
sidered. For the case when the direction of the incident electromagnetic wave is in a plane
perpendicular to that of the screens and when the slit is oriented such that its edges are parallel
to the incident magnetic vector the agymptotic series for the transmission cross section per
unit length of the slit is determined up to the order (ka)—-4. The generalization of the method
for the treatment of the case when the direction of the incident electromagnetic wave is not
restricted to be in a plane perpendicular to that of the screens is also worked out. Graphical
plots of the transmission coefficients of the infinite slit per unit length are included.

INTRODUCTION

Consider the problem of diffraction by an infinite slit formed by two semi-
infinite coplanar screens of zero thickness. Let the incident wave be a plane electro-
magnetic wave wjth its direction of propagation lying in a plane perpendicular
to the screens. The incident wave may be decomposed into two components; the
first component has its magnetic vector and the second its electric vector parallel
to the edges of the slit. With this decomposition the vector problem of diffraction
of electromagnetic waves by an infinite slit conveniently separates into two equi-
valent scalar problems. If a wave-function is identified with the component of
the magnetic vector parallel to the edges of the slit, the case of H-polarization
reduces to the problem in which the wave-function satisfies the scalar Helmholtz
equation everywhere outside the two screens and obeys Neumann boundary condi-
tion on the screens. In the same manner the case of E-polarization may also be
reduced to the problem in which the wave-function satisfies the scalar Helmholtz
equation exterior to the two screens and obeys the Dirichlet boundary condition
on the screens. In Part I of this paper the case of H-polarization is treated. The
treatment of the case of E-polarization is given in Part IT.

The geometry of the infinite slit formed by two coplanar screens is such that
it coincides with a co-ordinate surface in elliptical co-ordinates. Since the wave
equation is separable in this co-ordinate system, an exact solution of this problem
may be obtained in the form of a series of eigenfunctions of the wave equation.
The rate of convergence of this series depends on the parameter ka, where k is the
wave number and 2a is the slit width. When the slit width is large in comparison
to the incident wavelength, that is when ka is large, the series converges slowly
making numerical evaluation difficult. Hence, for high frequencies it is necessary
to treat this problem in a manner that is independent of the series expansion and
thus eliminate the difficulty of numerical computation. Clemmow (1956) treated
this problem for the special case of normal incidence. His interpretation was in
terms of the diffraction by each half plane of a sequence of excitations from the
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other. He obtained, for example, the first two terms in the asymptotic series for
the transmission cross section in inverse powers of ka. It is known, however, that
the first term which is independent of frequency can be obtained from the considera-
tions of geometrical optics. Levine (1957) gave a treatment of the problem, valid
for all angles of incidence, starting from an integral equation for the discontinuity
of the wave-function across the screens.- By an application of the Wiener-Hopf
technique to the integral equation, he obtained a pair of simultaneous integral
equations for the transforms of the discontinuities of the wave-function across
each of the two coplanar screens. The kernel in these integral equations was ex-
panded into a Taylor’s series. By retaining the leading term and then solving
the simultaneous integral equations by an iterative procedure, he obtained the
first two terms in the series for the transmission cross section. In Part I of this
paper the same problem is treated by a method basically not very different from
that of Levine. However the present procedure is comparatively simple and
allows a larger number of terms in the series for the transmission cross section to be
obtained with less algebraic manipulations.

" The procedure used here starts with the integro-differential equation satisfied
by the wave-function on the shadow side of the screens. This equation is easily
integrated to give an integral equation and the integration constants are determined
by certain conditions satisfied at the edges of the screens. By considering the
diffraction process first as due to the left-hand screen and modified by the presence
of the right-hand screen and vice versa, two simultaneous integral equations are
obtained for the distributions on the shadow side of the two screens. For large ka,
parts of the kernels in these integrals are expanded asymptotically in inverse powers
of ka. The integral equations are then of the Wiener-Hopf type and are solved
by simultaneous iteration using Fourier transform technique. Three iterations are
carried out explicitly with the result that the first four terms in the asymptotic
series for the transmission cross section are obtained. The final formula is valid
for all angles of incidence other than the grazing angle. The special case of grazing
incidence has been investigated using an alternate method (Seshadri and Wu, 1959).

2. INTEGRAL EQUATION FORMULATION OF THE PROBLEM

The geometry of the problem is shown in Fig. 1. The two semi-infinite coplanar
screens are in the plane z = 0 with their edges along ¥ = a, and y = —a, respec-
tively. A plane electromagnetic wave is incident on the slit obliquely at an angle 8
in the half space z << 0. The magnetic vector of the incident wave is parallel to the
edges of the slit and is described by

Uy, 2) = Hr(y, 2) = 0 0 03200 @

Since the direction of the incident wave is in the y-z plane the problem is two-
dimensional. The incident magnetic field is independent of x and the boundary
conditions on the screens must be fulfilled independently of x and therefore no
other components of the magnetic field are excited. Thus, all the components
of the electric field can be derived from this single component of the magnetic field
H,{y, z) = $(y, z). The time dependence of all the field quantities is taken to be
e~ and may, therefore, be suppressed.

In the region exterior to the screens the total electric and magnetic fields satisfy
the free-space Maxwell’s equations in the form

v xE = ikH N ¢ 5

vxH=—ikE .. .. .. .. (23
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FIG. 1| GEOMETRY OF THE PROBLEM

Since the only component of the magnetic field is H,(y, z) = ¢(y, 2), the components
of the electric field are given in terms of ¥(y, 2) as follows :

. o .
tkE, = ~ % :,b\y,\rz) - .

(2.4)
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. 0
ikE, = @Ja(y, 2) .. .. .. .. (2.6)

Upon eliminating B, and E, from (2.4) and (2.5) with the use of (2.2), the following
two-dimensional wave equation is obtained :

2 o2 .,
(-a-!ﬁ+a—z2+k)¢(y,z)=0 R X )

The screens are assumed to be perfectly conducting and hence the component of
the electric field £, tangential to the screen vanishes. From (2.4), it is easily seen
that on the screens the wave-function satisfies the Neumann boundary condition,
Le.

2
5950 =0;y|>a e ..o@2m

The problem is therefore to solve the two-dimensional scalar wave equation (2.6)
subject to the boundary condition (2.7). In addition, the wave-function and its
normal derivative vary continuously on passing through the slit. Further the
solution is required to satisfy Sommerfeld radiation condition at infinity and the
Meixzner corner condition at the edges of the screens.

By an application of Green’s second scalar identity, it is easily derived (1957)
that

»

PN 8
A z)=—2JG(P;y’, 0)54ly’, 0)dy” .. .. (28)
d 1IY1<a
an
¢ww=uwmeW“%ﬂ@ﬂmm%mm@H.@m
where . e
" (y, 2) = yly, z) for 2>0} L @210
Y (y,2) =y, 2) for z<<O

and G(? ; P’) is the two-dimensional free space Green’s function

- ’ i —_— -,
G(P,?‘)=ZH{)1’(HP-—p D .. ..o2an
With (2.8) and (2.9) it is seen that
. WY 0 +y(y, 0) =227 = 2™y, 00 .. L. (212
In the aperture v,lr+('y, 0) and ¥~ (y, 0) are equal and hence it follows that
T 0) =™, 0) =" 0for|y|l<a .. .. (213)
Let iy, 0) = —K(y) .. .. . (2.14)
With (2.12) it is obvious that
Wy, 0)—y (y, 0) = =202k .. .. (215)

Since along the edges of the slit, y =a and y = —a, y*y, O)—¢ (y, 0) = 0, the
following conditions are to be satisfied by K(y) at the edges:

Ky=a)=—¢n* .. .. .. .. (216
Ely=—a)= —¢ """ N ¢ V)



OF PLANE WAVES BY AN INFINITE SLIT—TI 305

where
ky =ksing .. .. .. . .. (2.18)

By a method similar to that used in the derivation of (2.8) and (2.9), it may
be shown, by the application of Green’s second scalar identity to the wave-function
$(P) and a suitably chosen Green’s function for a half space, that y*(y, #) is given
by

— ’ a - ’ ’
¢+(P)=-2f¢+(z/,0)a—zG(P;y,0)dy . . . (219)

81+393+ A
With the help of (2.13) and (2.14), (2.19) becomes

a ' — ’ ’ tkyy — ; )
iy, 2) =25 UK(y )G(P; Y, O)dy' — fe”lyG(p;y, O)dy] . .. (2.20)
.| >a |y <a

The application of the boundary condition (2.7) to (2.20) immediately gives the
following integro-differential equation

(53524-1(2) U K\(y"\H ) (k|y—y'|) dy’

+f Koy B (k|y—y'|) dy’
- f e*kr"'HE,”wiy—y'ldy']=0; yl>a.. @21

In (2.21)- K,(y) is the distribution on the left-hand screen Sily < —a) and Ky(y)
on the right-hand screen Sy(y > a). The integro-differential equation (2.21) may
easily be solved to yield the following integral equation

f Ey(y)H ) (k|y—y'|) dy' + f Koy H) (k|ly—y'|) dy’

=f eV HD (k|y—y'|) dy' +CF 4D yl>a .. (2.22)

where the constants (' and D are to be obtained by making use of the conditions
(2.16) and (2.17). Consider first, the diffraction process as due to the left-hand
screen §; and modified by the presence of the right-hand screen S, Equation
(2.22) may therefore be rewritten in the following way from which it is evident that
Ky(y) contributes to the main part of the field and that the contribution due to
Ko (y) is of lower order.

f (@) H (e ly=y') dy'+ Ko~y ) H (K| y+y'|) dy']

0
= f [ Hy (k|y—y'|) dy'+e " HY (k)y+y'|) dy']

+Ce?+De™™, y<a e (2.23)
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If now the co-ordinates are referred to the principal diffracting edge y = —a by
introducing the new variables z, o’

Y= —a—zx Y= —a—z .. .. .o (2.24)
(2.23) reduces to the following

f [Ki(—a—2)H (k| 2—2' |)da’ + Ky(a+2")H (k] 204242 | ) da']
[t}

Y . . . . .
____f [e"'klae”kl" H(()l)(kl r—z l)dx/_'_ezklaepklx/

Hf)l)(kf 2a+ x4 |)dx’]+[Ce'ik“e_‘k’+De‘k“eik ; x>0, .. (2.25)

If now the edge of the screen .S; is considered as the principal diffracting
edge with the other edge contributing an effect which is one order lower in ka,
(2.22) may bev rewritten in the following way :

f [K)HY & y—y' |) dy' + Eo(—y)BS (& |y+y' |) dy']
1]

— f [eikly’H(()l)(kl y_yl l)dy,_’_e-ikly’Hf)l)(k! y_’_yr I)dy:]
1]
+Ce D™ y>a .. (2.26)

The co-ordinates are now referred to the edge y = a by introducing the new vari-
ables z, 2’

Y= a4z Yy =a+tz’ . .. .o (2.27)
with (2.27), (2.26) becomes

f [Kyla+2)HY (k| 2—2' |) do’ + Ky —a—a2 )\ HP(k |20+ 242" |) da']
0

1] X e . .
— f [emlaezklzﬂ(()l)(kl L l) dx,_,_e-iklae-tklx

Hf,l’(kl 2a+x+2" |) dx’]+0e'.k“e'.k’+De-'.kae_"k’; z>0 .. .. (2.28)

Equations (2.25) and (2.28) are the simultaneous integral equations for
the determination of the distributions K; and K.

3. Fourier TRANSFORM SOLUTION OF THE INTEGRAL EQUATIONS FOR
Hica FREQUENCIES

In the limit of high frequencies, the current distributions are confined to
small neighbourhoods adjacent to the edges of the screens. Therefore, the signifi-
cant regions of the integral equations (2.25) and (2.28) correspond to small values of
z and z’. Hence, the lower limit in the integrals on the left-hand sides of (2.25)
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and (2.28) may be replaced by —oo. It can be shown that the effective width of
the current distributions near the edges of screens varies inversely as k. Hence x

and 2’ are of order 1/k. Further for large £, Hf)l)(k!2a+x+x’|) may be replaced

by its asymptotic expansion. The result of retaining terms up to order 1/(ka)2
reduces (2.25) and (2.28) to the following :

f [Kl(—a—x')Hg) (k|z—2']) d2’' + 2™ Koy +a)
0

- = — et

z z’ 7 3x2  32'?  3xx’ 3ix
%1 Za " da " T6ka T 3222 322 T ieae T 6t

3z’ 9 % ,
¥ 54kaz ~ B1oktat dx]

0
. ik " N kg ikex
= f [e 'klae ! le(()l) (klx—x’ I ) dx'+cze' (x+x)6t 1957
-

x ) 322 32’2 3xx’ 3z 3ix’ 9 ,
{ 1= %~ %~ Tt 2T 2T t6a2 H6akaz T 6akar ~ 510k % dx ]
+Ce M L Dt x>0 . .. . .. .. .o (3
and
Ko(a+2)HO(k|z—2'|) do’ +ae™ K (—a—2' % _x_& i
L[z( VHW(E|2—2'|) de' + I A
3z 32’2 3xx’ | 3ix 3z’ 9 ,
*3242 73202 1602 64ka2 T 6dkaz — 512k2a2% dx]
0
— ikia ik w pp(1) , 'y ihz¥) —ik ' ika z 2 ?
J [e Ve H' (k|x—2'|) de’ +ae e 1’61{1—471——4;—%
—a0
322 32’ 3zx’  3Bix 3z’ 9 .
33021 5958 T 1602+ Gikaz T oakaz 512k2a2} dz ]
+0e™ ™y D™ 250 L. .. .. (3.9
where
a=—t D 33
nka

Equations (3.1) and (3.2) are of the Wiener-Hopf type and may therefore be
solved by the standard Fourier transform technique. Two functions R(z) and S(z)
which are identically zero for z > 0 are added to the right-hand sides of (3.1) and
(3.2) respectively in order to make them valid for < 0. If K ;(—a—z) and
Kg(a+z) are defined to be zero for z < 0, (3.1) and (3.2) with R(z) and S{z) added
to their right-hand sides become valid for all z from —oo to . A complex
Fourier transformation is applied to (3.1) and (3.2). While taking the transforms
of the terms containing the factor ¢% &+#), integration is performed only between
the limits of « from 0 to c0. However, the contributions arising from the integrals
between the limits of z from—o0 to 0, are added to the transforms of R(x) and S(x)
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to give respectively R(¢) and S(¢). The result of such a transformation of (3.1)
and (3.2) is

2K (=0, w aK2 (—k) 901 Ko (—k)
Vir—ps =t K =y ~ siakare—g)

aRy(—k)  BiaKs(—k)  BiaKs(—k)
da(k—10)2 ~ 16a(k—0)%  64kat(k—{)2

-

LoE=E) 3R~k _ 3aiR'o(—k) _3aiR's(~)
da(k—0) ~ 320%(k—0)  64ka?(k—0) 16a2(k—{)2

o™ ikla 1 aeiizlu aieﬂ'kla

= Ttk o/l ek (=D  16kalh+E) (=D

9aet1 aie Joetf®

T B12k2a2(k+ke) (k—0) ~ da(k+ky)(k—0)2  16a%(k+k,)(k—L)3

Jaefr? joe1® Saet1*

T 64kaR(k+ky) (k=02 da(k+k)2(k—T) ~ 16a2(k+k,)3(k—1)

ik ik . —1k
3(161 14 3&61 12 Cie tka

T 6dkat(k4-k)2(k—0)  16a2(k+k)2(k—0)2  k+

D’:eika _
+k_§+R(l) .. .. .. .. . .. .. .. (3.4)
and
2K | aiK,y(k) aKq(k) Yo Kq1(k)

Vg k=1 T i6ka(k—L)  S12Eax(k—1)

aK (k) BiaKa(k)  3iaK,(k)
T Iab—02 16—  64ka2(k—0)?

_aEy(k) _ 3iaR"y(k)  BiaK'y(k) + 3iaK'1(k)
fa(k—0) 32a2(k—L)  64ka?(k—{)  16a2(k—1)2
2,’:e’ik1a 1 ae——ikla

= T—hF16 g | G E D)

e~ o Qe hra aie ™ k1o

= 16kalk—ky)(k—L)  512k2a(k—ky)(k—0)  da(k—k)(k—{)2
3ae— 10 3pe ™ k12 aie — 1

T 1602 (k—ky) (k=0 64kat(k—ky)(k—0)2  da(k—k1)2(k—1)
Se— 12 Sue — k12 Joce— P10

= 16a®(k~ky)3(k—1) ~ 6dka(k—k,)2(k—1) T 16a2(k—k,)2(k—{)2

ptka so—tha
+CI:1C—D;:+§ +8O . e (39)
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where the primes denote differentiation with respect to ¢ and
CJ 0

fxl(—a—z') e’ = J Ey(—at+a)e & da' = K1(0) .. (3.6)
[}

-0

(-2}

andJ Ky(a+2') e~ %' da’ = Kp(0) N & X )
0

In order to solve the transform relations (3.4) and (3.5) by an iterative
procedure set

Bl =R QO+RCQ+EG .. . .. 38
B) =Ko O+EsQ+ES Q) .. .. .. 39
By =r"0+2"0+2%0 .. .. .. @10
80 =8"w+8"0+8% .. .. .. e
C=0"+c"+0® .. .. .. . 312
D=p%+D%4+p® .. . . (313

Quantities in (3.8)—(3.13) with the superscripts (2) are one order in (ka) -1 lower than
those with the superscripts (1) and those with superscripts (1) are an order (ka)-1
lower than with the superscrlpts (o ). The principle of the method is as follows. All
the highest order terms in ka in (3.4) and (3 5) are retamed and this will give

rige to equations for the zeroth-order values K 1 ({) and Kz (l). These equations are
solved by function theoretic methods to give KIO)(Q) and X ;O (). Next the ﬁrst
two orders of terms in ka are retained in (3.4) and (3.5). If the values of K1 ({
and K;O)(l ) obtained before are used, a pair of equations involving K. gl)(l ) and K P ({ )

is obtained. These equations may be solved to give I‘(ﬁ”(g) and ]?(21)@). Since
(3.4) and (3.5) contain only the first three orders of terms in ka, for the next
iteration all the terms in (3.4) and (3.5) are retained. Use is made of the zeroth-

and first-order values of K,(f) and K({) obtalned in the first two iterations to give a
—(®
pair of equations specifying K § )(I) and K 2 ({) These equations may be solved to

give explicitly K\ (Z) and Ks'(Z). Thus Ky() and Ks(l) are determined by
successive iteration up to any desired order in ka.
The result of retaining all the highest-order terms in (3.4) and (3.5) is

2RV(-D KR gt 1wt e
Vgt k=L  Itkitie \JRE_gz hFk)k—0  F+L
+D(O)W‘k“+R(0)(C) 514
. =T N 3
an
21?;0)@) +ia1?io)(k)_ 2ie€kla 1 + ae—ikla +0(0)ieika
Vig—gt k=L  I-kitie \/hr—gz  k—k)k—0)  (h=0)
0 ~tha
Dhe 43%. .. .. .. .. 315

(k+{)
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In order to assign a meaning to these transform relations, it is necessary to remark
on the regions of regularity of the various transforms. From the way in which

R(?) and 8(0) are defined, it follows that they are regular in the upper half-plane
Im{ > ~1Ink. It is known that the transform of the Hankel function 2/4/k2—=72
is regulur in the strip —Imk < Iml{ < Imk. ButK,(—) and EK,(l) wre both
regular in the lower half-plane (/m{ < Imk). By the Meixner corner condition, it is
known that K,(—a—z) and Ks(a+2) each behave as 2 near 2 =0 and hence

K,(—0) and K3({) each behaves like {'3/2 for |{!— oo, It is now possible to solve
(8.14) and (3.15). TFirst (3.14) is rewritten as follows

EP(-D e 1

VE=C {tkitie (\/k—c \/k+k1+ie)

2k ( ac®1®  DO%He 4 )

“ k=t Gkt T2 T2k (7R
e~ " 1

T UHkitie Nkt k, +ie
+ (2 aeikla +D(0)ieiku —_ a_j ]—((0)(_]0)) (\/m _ '\/EI—C)

(E+k)" 2 272 k-t
O | /L7 k1
_0@; \ler;§+\/l;+l~R<o>(;) ce e .. (318

From (3.16) it is seen that the left-hand side is regular in the lower half-plane
(Im{ < Imk) and the right-hand side is regular in the upper half-plane (Im{ > —Imk).
Therefore, an integral function is defined in the entire {-plane. Since both sides
tend to zero in their respective half-plane the integral function vanishes. Conse-
quently, from its representation in the lower half-plane, it follows that

. ~ik,a —ik.a
7O} __ __’06__1__ _ k—; _) J 2k (ae 1
B 0= (1 «/k+k1+z’e N =2 2+
D(O)ieika o —o )
+ g — LRV (=B)
DY in (3.17) may be determined with the use of the edge condition (2.22). If

(3.17)

9e—ilk+kya ( ae®1® i ) )
© _ —tha f_— T —_ .. (3.18
DY — \/m+2ze Stk 2 K2 (—k) (3.18)
(3.17) reduces to "
500 _ _iﬂ’_(_ ’ﬂi’j) oL (319
-0 = e ! i—1 19
with (3.19) the inverse function K\"(—a—~2) is
EO(—a—2) = - [ V(—peitag
=_1 e—ikla\/kalJ T ifora>0.
'"' A C=k)VI—k
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For x =0, K(lo)(——a) = —e~ %19 thus satisfying the edge condition (2.17). Hence

(3.19) gives the correct zeroth-order value for K,(—¢). In a similar manner, from
(3.15) it may be shown that

s . 'k a I 7. .
0 gy _1e 1— k—kl-HE) ‘
B O =ip i ( N E—r e (320)
Also Kg(a+x) may be shown to satisfy the edge condition (2.16).
At this stage it is convenient to notice the symmetry in K.)(—{) and E(zo)({).
ED\(?) is obtained from I'f(lo)(-—{) by replacing &, by —k,. This is to be expected

from the geometry of the problem. Changing k;q to —k; implies that the direction
of the incident wave changes from 6 to —# and in this case the current distributions

on the two screens S; and S, are interchanged. Consequently Ky({) is obtainable
from K,(—{) by replacing k; by —k,. Therefore, it is necessary to deal only with
the equations involving K,(—{) since K,({) may be obtained from EK,(—{) by
symmetry.

With (3.4) and (3.14) the next approximation to K; (—{) is

SRD(—8) wiB(—k) aBO(—k) o«FO(—k)
Vet k=t Titke—0 T lal—pe

+°‘K;Oy(—k) _ G joe’1”
da(k—0) —  16ka(k+k)(Ek—0)  da(k+k)(k—0)?
iue'ikla O(l)ieika D(l)ieﬁw

+R% .. .. 321

T TatER—0)  F+L T k=L

After multiplying (3.21) by \/ k4 and selecting terms which are regular in the
lower and upper half-planes, it follows, from the vanishing of the integral function,
that

1/2 — . ihja (1) + ika
Kgn(_;):(_?_k_) [ LR k)= LR (= w]

k—C Sa Ba(k+%,)2 2
2k \** 20 o ]
— e s e .. .. ..o (3.22
et R (322
It was shown that K(lo’(—a) = —¢ %1%, Therefore, from (2.22) it follows that
K(l)( —a) and K(z)( a) vanish at the edge ¥ = —a, in order that K;(—a—=x) to any

approximation satisfies the edge condition (2.17). This immediately implies that

in (3.22), the terms proportional to (k—{)~ 2 must vanish by the choice of ol
since the inverse function

1 otz ; )
= — - prhetmia) . >0, oo (3.23)

_VE=L Vmz

is singular at x = 0. After omitting the terms proportional to (-0~ in (3.22)

and substituting for ; (—k) from (3.20), the following result is obtained :

. tkia 1.

(1) \ toe 1 \/i;—k,
—{) =~ . .. (324
B0 = = Gt =g 329
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It still remains to show that K(ll) (—a)=0. Now
T gt 5 T ALt
(k=2p= "~ "Tdk | (k=)'

_ d .= i(kx+7'r/4)) _ — i(kx4d)
= =2 T (—2@ Jze = —44/7x¢ .. (3.25)

Hence with (3.24), K‘ll) (—a—2) = 0 for z = 0 as required.

Using (3.4), (3.14) and (3.21) the equation for determining K\? (—{) is
obtained as

2B (=) iSO (—k) oRP (k)  9ui[RY (—k)+EDV (—k)]

ViR k= 16ka(k—y) 512k2a2(k— L)
oBV (—k)  Bia[KY (—k)+ K (—k)]  Bia[KY (—k)4+-ED (—B)]
da(k—0)2 16a2(k—Z)3 - 64ka2(k—{)2
oKD (—k) _ 3ai [EY (—k)+ B (—k)] _ 3ai [EY (=) + K (k)]
fa(k—17) 32a%(k—{) 64ka2(k—12)
Bai Ky (—k)+ Ky (k)] et
- 16a2(k— )2 T T B12k%a%(k+ky) (k—0)
3aeik1a 3aeik1a 3aei/\‘1u
T 16a(k+ k) (k—0)8 ~ 6dkal(ktky)(k—0)2  16a2(k+ky)3(k—0)
3aeik1u 3aeikla C(Q}@-g—ilm
T 8dkat(k+ k)2 (k—0) ~ 16a2(k+k)2(k—0)2  (k+)
L (3.26)
=0 . N ¢ 7

(8.26) is multiplied by 4/k+{ and rewritten so that the left-hand side is regular
in the lower half-plane and the right-hand side is regular in the upper half-plane.
Therefore an integral function is defined in the entire {-plane and this integral
function as before vanishes. From its representation in the lower half-plane it
follows that

£—p) = (2k) 2 3i°¢{X"2°)(—k)+I?‘2”(—k)} e
1 (k— )2 16a2 32a%(k+ky)
ep? [ ED(=h) 3ui{ BV (—H+EY(=B] e
+(k_;)3/2 T8 T 3202 T 32a%(k+ky)2
(2 Y[ i gy 9 {ECBHEN D] aBY (D)
k—{ 272 512k2a2 8a
: =0y 77 ika . tka
+3°“{K2 (=k)+ K, (_k)} _ a1 D®e* (3.27)
64a2 32a%(k—ky)8 ' 2

-2B
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In order that K(IQ) (—a—z) be zero for = 0, it is necessary that D' is chosen

in such a way so that the terms proportional to (k—{)~!2 vanish in (3.27). From
(3.20), it is easy to see that

W il T kl) 3.98

EY (—k) = s 1 ~5i co .. (3.28)

SOy, . ietha Getkre =k, ik A k—k 20

and K, k)ﬁ(k+k1)2_(k+k1)2' 2k 2(k+ky)  @kPEZ T (3:29)

From (3.24), by symmetry, it follows that

7 T aie " k1a '\/k+k1 3 30
K, (—k) = Sali—Ty) (@R . .. (3.30)

Saie ~ F1t Lt Iy

7o A S AN X
and K.’ (—k) 6a(kc—F,) PR)2 (3.31)

The substitution of (3.28), (3.29), (3.30) and (3.31) in (3.27) yields the following
result if only the terms one order in %« less than that in K f’(—g) are retained.

R (—p) = (2k)1/2 [azie—ikw\/Hkl _ Bae™19y/k—k,
! (k0% | 64a2(k—ky) @R 3202(k-ky)24/ 2k
_ a1/ k—ky } (2) 12 [ 3ae1k1“\/k—k1} (3.32)
64a2(k+k1)(26)%2] T (k—0)2 | 32a2(k4-k)a/26) T T T
It is necessary to show that K(lz) (—a—z) = 0 when & = 0.

Now

. -
=§$€2[ 2 J T ewkw@] = —\/ @Bl (3.33)

with (3.25) and (3.33) it is evident that K\?(—a—=z) = 0 when z = 0.
Now using (3.19), (3.24) and (3.32) it follows that

B~ =E" (~0+ED (=0+EP (-0
_ ie-ikla (1_/\/k+k1) _ iae’k a\/k kl
(L+Fy) k=)  Sa(k4ky)(k—0)>"

(2k)1/2 I:a%e—tk a\/k+k1 3M€'k1a'\/k—k1
*k—0°7 [64a2(k= k1) (20)*%  32a2(k+ky)2A/ 2k

3ae‘k1“\/k—k1] (2k)"2 [ 3ae"k1“\/k_kl}

64a2(k+ )20 | k=02 | 3202tk 2k

+

(3.34)
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It is easy to obtain K,({) from (3.34) by changing k, to —k;. The result is
. ik T . _ika, ST
Bol) =2 (1— Jk‘kl) _ GV
(E—ky) k—¢ 8a(k—k,)(k—{)*
(2k)** [azie"’*f\/k—kl _ Sue btk
(k—0)** | 64a2(k+ky)(2k)*7  32a2(k—Fy)2\/ 2k
_ 3ae‘”‘1“\/k+kl] (2k) "2 [_ 3ae""‘1“\/k+kl]
6402(k—ky) (282} T (k—0** | 32a2(k—ky)\/2k
With the knowledge of K;({) and K,({), it is possible to determine all the
quantities of physical interest in this problem. Tt happens that the transmission

cross-section per unit length may be evaluated directly from the knowledge of the
transforms (3.34) and (3.35).

(3.35)

4., THE SERIES FOR THE TRANSMISSION CROSS-SECTION

The transmission cross-section per unit length o is defined as the ratio of the
power passing through unit length of the slit to the incident power per unit area.
The ratio (t) of the transmission cross-section per unit length o to the area per unit
length of the slit 24 is defined to be the transmission coefficient.

It is easily shown (4) that

-a w
a -i 4 ’ 4 —1' ‘ 7 ’ ’
= & = cos 0— % Uw K (') dy +fa MK yfy )dy] (1)
The leading term 2a cos 8 of the transmission cross-section o is lindependent of

frequency and is obtainable from geometrical optics. With (3.6) and (3.7) in (4.1)
the final formula for £ is obtained. It is

t = cos f— C‘;Ze Re[¢M°E (k) +e ™M Eok)] .. .. (2)
The substitution of (3.34) and (3.35) in (4.2) gives the final expression for Z.
t = cos 0— 16771/21(10@)5/2 [((llj;i:: 0?2 sin [(2ka(1—sin 0)— g)]

+(%2% sin [2ka(1+sin 8)— g] ]
+256n1/?2)(ka)7/2 [(Lll-—*-:llr? (;)2 cos [2ka(1—sin 8) — Z]
+(’(1l_{§:11-‘%)2 cos [2ka(1+sin 8)— Z”

32#/2?;1“;)”2 [((llj_:iixlx1 :))3 o8 [Qka(l—sm b)— Z]

(%_'glif—é% cos [Zka(l +sin 6)— Z”

1 . ™
+W Sm2(2ka— Z) .o . « . . (43)
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Equation (4.3) gives the first four terms in the asymptotic series for the
transmission coefficient per unit length of an infinite slit for the case when the
incident plane electromagnetic wave has its magnetic vector parallel to the edges
of the slit.

It is now instructive to examine (4.3) from the point of view of Keller's (1957)
geometrical theory of diffraction. For this purpose it is convenient to consider
only the special case of normal incidence 8= 0. Once this special case is
examined, the interpretation of (4.3) for any angle of incidence # follows. For
the special cage 8§ = 0 (4.3) reduces to

1 T 27 T
=1— s sin | 2ka — ~ | + —————=5 cos | 2ka— —
8 2(ka)>* ( 4) 1287 % (ka)""* ’ ( 4)

1 w
et gin 2 a—Z
+1287r(ka)4 gin 2 (Jc(l 4). .. .. . .. .o (4.4)

It should be stated at the outset that it is not possible to treat this aperture
problem by the method of the geometrical theory of diffraction without further
elaboration. This is due to the fact that in the case of the normal derivative of
the wave-function vanishing on the screen, the diffraction coefficient for an
incident ray lying in the plane of screen has yet to be evaluated. However, from

dimensional considerations it is known that this coefficient is proportional to k32
This fact will enable (4.4) to be interpreted as contributions arising from various
orders of diffracted rays.

The term 1 in (4.4) arises from the rays directly passing the slit without
getting diffracted by the edges. The singly diffracted ray is order k™% lower than
the incident ray and since k™2 is introduced in the definition of ¢, the contribution
to 2, if anv, from the leading term of the singly diffracted ray should be proportional
to k~'. The higher order terms in the series for the field on a singly diffracted ray
will contribute terms proportional to k% k™3 ete. Further since the singly diffract-
ed ray undergoes a phase change of 7/4 only at the point of diffraction, its contri-
bution to ¢ should be monotonic with respect to the parameter ka. From (4.4) it
is easily seen that the singly diffracted rays on the whole do not contribute to ¢
for the case of an infinite slit.

The doubly diffracted rays are produced when a singly diffracted ray hits the
other edge of the slit. In this case the incident ray which produces the doubly
diffracted ray lies in the plane of the screen and hence the doubly diffracted ray is
order k™% lower than the singly diffracted rays. It is therefore evident that the
contribution to ¢ from the leading term in the series for the field on a doubly
diffracted ray is of crder k%%, Terms proportional to k™72, %2 ete. are contri-
buted by the higher order terms in series for the field on a doubly diffracted ray.
In the case of normal incidence, there is a phase change of 2ka due to the traversal
of the ray between the two successive diffractions. Since there is another phase
change of /4 at the point of diffraction, the doubly diffracted rays have a phase
factor (2ka—m/4). Obviously, therefore, the second and the third terms in (4.4) are
the net contributions from the first and the second term of the series for the field
on a doubly diffracted ray. Following the above arguments it is not difficult to
see that the fourth term in (4.4) is the net contribution due to the leading terms
in the series for the field on rays diffracted thrice by the edges.

The diffraction pattern in the far field and the high frequency currents on the
screens are also easily computed. These straightforward calculations are omitted
but may be found in Seshadri, 1959.
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5. GENERALIZATION TO THREE-DIMENSIONAL INCIDENCE

So far the treatment was specialized to the ,case where the direction of the
incident wave was assumed to lie in a plane perpendicular to the screens forming
the slit. This special situation reduced the problem to one of solving the two-
dimensional wave-equation (2.6) subject to the boundary condition (2.7). In this
section the extension to the case of the three-dimensional incidence is considered.
Since the dimensionality of the problem depends on the geometry rather than on
the type of the incident wave, it is reasonable to anticipate even in the case of the
three-dimensional incidence the reduction of the problem to one of solving an
appropriate two-dimensional wave-equation.

The incident wave can be divided into two components. The first component
has no electric field and the second component no magnetic field parallel to the
edges of the slit. The first component is referred to as the H-polarization and is
treated here. Let the incident wave be described by

=

E™ = (nf) —mp)eFtmytna .. .. .. (5.1)
and H™ = [ — (m24-n2)& 4-Img 4 Ing e+ mv+) . . . .. (5.2
( ]

where I, m and n are the direction cosines. In terms of the spherical co-ordinates
0 and ¢, it is evident that

!l =sin 0 cos$, m = sin 0 sin $, % == cos . .. .. .. (5.3)

With the help of the Maxwell’s equations (2.2) and (2.3), which the total fields
satisfy in the region exterior to the screens, it is possible to write the ¥ and z-
components of the electric and magnetic field completely in terms of the z-com-
ponents as follows :

(g—ﬁkz) E, =ik aa[i’+g;§; L (54)

(%.;.kz) B, = —ik%%+%i—§: L (D)

(%Mz) H, = g% —ik %E;_m N G X))

(a—‘f—g-}—kﬁ) H = %}%ﬂk a_a% (5.7)
The z-components satisfy the scalar wave-equation

(%+§?:_2+%+k2) 7=0 B8

It has been pointed out by Clemmow (1951}, in connection with the diffraction by
a half-plane, that if the incident field has no component parallel to the edges of
the slit, then the scattered field also has no component of the electric field parallel
to the edges of the slit. Since the incident electric field has no x-component, it
follows that E, == 0. F¥rom the geometry, it is evident that all the field components
depend on z only through the phase factor e™ Tt is therefore possible to write
the field components as follows:

E.=0 E,=E™ B, = Hge™ .. (59
and _ _ _
Hz — onetklx Ify = Hyoezklz IJ, — Hzoeiklx .. (5‘10)
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The substitution of (5.9) and (5.10) in (5.4-8) yields

& 0H . 1k 0H
=l === 11
EyO kz az F{H] k2 ay (5 1 )
0 0
1kl 9H, _ 1kl ol .
yo = Zg— 3y Heyy = 7{% e (5.12)
and
‘92 2 2
(éy—2+@+ko) H,y=0 .. .. .. (6.13)
where
B=k2—k2z .. .. .. .. (514

Since the tangential component of the electric field is zero on the screens, from
(6.11) it is seen that the boundary condition to be satisfied is

?
= Hao, 0 =0 |y|>a .. .. (5.15)

It is noticed that H,, satisfies the same equation as ii(x, ) with k2 replaced by
Icz If H,, is denoted by H,y for y << —a and H_y for y > a, it can easily be
shown that the following integral equation is satisfied by H,.

f HY ) H (ko | y—y'|) dy’+f HY ) HY (ko [y—y'|) dy’

1kmy’

= (m2+n2)f e Hé])(kojy—y’})dy'+0€iky+De_iky .. .. (5.16)

The superscript + is employed to indicate that the values of H,g; and H,p on the
shadow side z = 0% of the screens are used. The integration constants ¢ and D in
(5.16) may easily be determined by the following conditions similar to (2.16) and
(2.17) satisfied by Ho(y) at the edges of the screens:

Hooly = a) = —(mz4n2)e™ .. .. .. (517
H oy = —a) = —(m2+n2)e” "™ e .. (518

The integral equation (5.16) may be solved by a method similar to that employed
in section 3 and the values of the transforms H_4,({) and H,4o({) are obtained in
the process.

It can easily ba shown that the transmission coefficient per unit length of the
slit is given by the formula

t=mn Re[e*™ Han(km) e " Hopokm)] .. .. .. (5.19)

_r

2a(m2+4n?)
With the knowledge of the transforms H_y;({) and H,gs({), the explicit expression
for ¢ is easily written down. It is seen that the first term is the same as in (4.3).
This is to be anticipated from geometrical considerations since the leading term of
the asymptotic series is given by geometrical optics. The expression (5.1.9) .for t
reduces to (4¢.3) when ¢ = #/2, which corresponds to the direction of the incident
wave lying in a plane perpendicular to the screens. With the help of (4.3), the
first few terms in the asymptotic series for the transmission coefficient may be
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FIG.2 TRANSMISSION COEFFICIENT t; AS A FUNCTION OF ka
FOR VARIOUS ANGLES OF INCIDENCE ¢ IN DEGREES.
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FIG.3 TRANSMISSION COEFFICIENT t; AS A FUNCTION OF ka
FOR VARIOUS ANGLES OF INCIDENCE ¢ IN DEGREES.

319



320 S. R. SESHADRI : HIGH-FREQUENCY DIFFRACTION

— H-POLARIZATION —

0.4~

0 i | } 1 1 i ! I ]
0 2 4 6 8 10
ka

FIG.4 TRANSMISSION COEFFICIENT t, AS A FUNCTION OF ka
FOR VARIOUS ANGLES OF INCIDENCE ¢ IN DEGREES.
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obtained by inspection for the general case of three-dimensional incidence. Hence
no attempt has been made to write them down explicitly.

6. NuMmEeRricaL RESULTS

The values of the transmission coefficients ¢,, {3 and ¢, which are obtained by
taking only two, three or four terms, respectively, in the asymptotic series (4.3)
are represented graphically for the range of values 0 << ks << 10. The angle of
incidence § is a parameter; the plotted results of the transmission coefficient
includes all values of & from § = 0° to # = 60° in steps of 10°.

In Fig. 2 ¢, is plotted against ka for the range 0 < k2 < 10 and the parameter
# varies from 0° to 60° in steps of 10°. It is observed from the graphs that for
large ka all the graphs approach asymptotically the geometrical optics value cos 4.
Similarly Fig. 3 and Fig. 4 are respectively the plots of ¢3 and ¢, versus ka. It is
interesting to note that, as @ increases, ¢ approaches the geometrical optics value
cos 0 for larger values of ka. In conclusion it is appropriate to point out that the
high-frequency asymptotic series (4.3) is divergent. This conclusion has been
reached by Wu (1958) in his recent study of this problem.
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