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ABSTRACT

The scattering of plane electromagnetic waves of wave number k by an infinite slit of width
2a formed by two perfectly conducting semi-infinite coplanar screens of zero thickness is in-
vestigated. In Part I of this paper, a treatment of the problem was given for the case when
the direction of the incident wave is in a plane perpendicular to that of the screens and when
the incident magnetic vector is parallel to the edges of the slit. In this part the case where
the slit is oriented such that its edges are parallel to the incident electric vector is examined
and the asymptotic series for the transmission cross-section per unit length of the slit is deter-

mined up to the order (ka)_ﬁ/z. The method for generalizing the results for the case when
the direction of the incident wave is not restricted to lie in a plane perpendicular to that of the
screens is indicated. Graphical plots of the transmission coefficients of the slit per unit length
are also given.

1. INTRODUCTION

In Part I (1) of this paper, the problem of diffraction by an infinite slit formed
by two perfectly conducting, semi-infinite coplanar screens of zero thickness was
considered for the case when the magnetic vector of the incident plane electro-
magnetic wave is parallel to the edges of the slit. In this part, the corresponding
analysis is carried out for the case when the electric vector is parallel to the edges
of the slit. The general procedure is similar to that used for the case of H/-polariza-
tion but the analysis is somewhat simpler due to the fact that ths present problem
gives rise to a pure integral equation instead of an integro-differential equation.

The E-polarization, for which the incident plane electromagnetic wave has
its electric vector paralle} to the edges of the slit, has received more attention than
the H-polarization. Levine (unpublished) appears to have been the first to have
treated this problem in unpublished work. Karp and Russek considered this
problem in terms of the successive diffractions from the two-half planes and deduced
the first two terms in the cross-section per unit length of the slit. Clemmow (1954)
carried out the analysis starting from a viewpoint similar to that of Karp and
Russek and obtained the first five terms in the series for the cross-section per unit
length. Timman (1956) and Burger (1955) have given a different approach to this
problem. The steady state, two-dimensional wave-equation of elliptical character
was transformed into a wave-equation of hyperbolic type in three dimensions.
The transformed problem was solved to give the first three terms in the asymptotic
series for the cross-section. These investigators restricted themselves to the special
case of normal incidence. Keller (1956) treated this problem from the viewpoint
of the geometrical theory of diffraction and obtained the first correction term to
the geometrical optics value of the cross-section, for the general case of obliquely
incident plane waves. It can be shown, however, that his method is not capable
of giving all of the higher order terms. In this investigation, an integral equation
procedure is used to find the first four terms in the series for the transmission cross-
section per unit length for the general case of oblique incidence.
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The formulation used here is based on the integral equation for the unknown
function on the shadow side of the screens. By considering successively first the
right-hand screen Sg, as influenced by the incident field and a secondary field due
to the left-hand screen and then the left-hand screen Sy, as influenced by the incident
field and a secondary field due to the right-hand screen, two simultaneous integral
equations are obtained for the unknown function on each screen. Application of
the complex Fourier transformation to these equations results in two simultaneous
algebraic relations for the transforms of the two unknown functions. These réla-
tions are then solved for the transforms of the two screen functions by simultaneous
iteration using the Wiener-Hopf procedure. With the knowledge of the screen
functions, the series for the transmission cross-section is readily evaluated. The
final formula is valid for all angles of incidence other than the grazing angle. The
limiting value of the transmission cross-section for the grazing angle can be easily
shown to be identically zero (Seshadri and Wu, 1959).

2. InTEeRAL EQUATION FORMULATION OF THE PROBLEM

Consider two infinitesimally thin plane screens §; and §,, located in the plane
Z = 0, with their edges along ¥ = a and y = —a and thus forming an infinite slit
of width 2a (Fig. 1). A plane electromagnetic wave is incident obliquely on the
slit at an angle @ in the half space Z < 0. The slit is oriented in such a way that
the incident electric vector is parallel to the edges of the slit and is described by

W, 2) = BX(y, 2) = M0 om0t sh) ey

The problem becomes a two-dimensional one since the direction of the incident
wave lies in the y-z plane. The incident electric field is independent of = and the
boundary conditions on the screens must be fulfilled independently of x and there-
fore no other components of the electric field will be excited. Thus all the compo-
nents of the magnetic field can be derived from the z-component of the electric field.
Let this component of the electric field K (y, 2) be denoted by the wave-function
Py, 2). )

Apart from the time factor e*¥, it can be shown that the wave-function (y, 2)
savisfies the following two-dimensional wave-equation, except for z = 0.

LI D
'a—y§+—zé+ lll(y, Z) = . .o . (22)
Since the screens are assumed to be perfectly conducting, the tangential component
of the electric field, E,(y, 2), vanishes on their surface. Hence the Dirichlet boundary

condition
Py, 00=0 [yl>a.. .. . o (23)

is satisfied on the screens. The problem is therefore to solve the two-dimensional
scalar wave-equation (2.2) subject to the boundary condition (2.3). In addition,
the wave-function and its normal derivative vary continuously on passing through
the slit. Further the solution is required to satisfy the Sommerfeld radiation
condition at infinity and the Meixner corner condition at the edges of the screens.

It can be shown (Seshadri, 1958) that the distributions on the shadow side of
each of the two screens, K;(y) (y < —a) and Ks(y) (y > a), satisfy the following in-
tegral equation

f Ky HY (k |y—y' |) dy'+f Ko\ H e |y—y' |) dy’

= J. e VH & ly—y Ddy .. (24)
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where
ky=Fksing .. .. .. .. .. (2.8)
and
K(y) = ! 9 (y, O 2.6
y) = ihm0&¢% o e o (26)
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From the point of view of Keller’s geometrical theory of diffraction in the limit
when k tends to infinity, the field at any point in the y-z plane arises principally
from the screen distributions in the neighbourhood of the regions P, and P, where
the plane intersects the edges of the slit. First the field caused by the distribution
near P, is considered. This distribution K,(y) is due primarily to the incident field
and is modified by the secondary effect due to the screen distribution Ky(y) near P,
This point of view can be incorporated into the formulation by recasting the integral
equation (2.4) in the following way

f_ (K@) HOE y—y' ) dy + Ko(—y ) H (k| y+y' ) dy')

0
= f [exp (iky ) HO (k| y—y' ) dy' +exp (—iky ) HY (k |y+y']) dy]

for y < —a (20

Let the co-ordinate be referred to the rim y = —a of the slit under consideration
by introducing the new variable 2

Y= —a—=x y = —a—zx' .. .. {2.8)

The equation (2.7) with (2.8) reduces to

f [Ki(—a—a)H (k| z—2'|) do’' + Ko(ada) HP (k| 2a+2+2" |) da’]
0

0
_ j [e—ikl(a—rx’)Hél)(k | r—a D dx,_’_ezkl(a»f-x')Hél)(k I 2a+x+2’ ]) dx']

x>0 .. (2.9)

Next the roles of P, and P, are interchanged so that the integral equation {2.4) can
be rewritten in the following way

f LK\ (=) HS k| y+y' ) dy' + Koy H (k1 y—y' ) dy']

= f [e" Y HP Kk y+y' ) dy' +¢" H (k| y—y' ) dy')
0

fory >a .o (2.10)

If the co-ordinates are now referred to the other rim of the slit, ¥y = a, by
introducing the new variable x,

¥ =a+tzx ¥ =at+a .. .. .. .. (211)
(2.10) reduces to

[ [Kl(—a—x’)Hg)(k 12a42+2"}) dm’-l-]\’g(a-l-x’)Hf,”(k |z —zx'|) dx’]
Yo

0
=f [~ (‘”"H((]l)(k [2a+4x+2")) d:v'+eik1(“'*”H((]l)(k |z—z'|) dz’]
~a

x>0 .. (212)

Equations {2.9) and (2.12) are the two simultaneous equations for the deter-
mination of the distribution K, and K.



326 5. R. SESHADRI: HIGH-FREQUENCY DIFFRACTION

3. FouriER TRANSFORM SOLUTION OF THE INTEGRAL EQUATIONS FOR
Hica FREQUENCIES.

In the limit of high frequencies, the significant regions of the integral equations
are in the neighbourhood of the rims of the slit corresponding to small values of
z and #’ in (2.9) and (2.12). It can be shown that x and z’ are of the order of

P Therefore for large %, the lower limit in the integral on the left-hand sides of
(2.9) and (2.12) may be replaced by — and Hél) [k{ 2a+x+42']|] is approximated
by its asymptotic expansion. The result of retaining only terms up to order ]—fl;
reduces (2.9) and (2.12) to the following

® , X
g o ’ LI TSN A x4 ot ,
J [Kl( a—2')H (k|x—2' |) da’4 Ko(a+2a")ae (1 I —lﬁka)dx]
0

L 4ka ~ 16ka

0
:j [e—ikl(aw')ﬂ((]l) (k|z—2’ [)dx/+aeik1(a+x')eik(x+x’) (1_ r+x 4 )axl]
-
x>0 3.1)

’ e P i , AT (Tt 1y g
J“ [Kl(-—a—x ) xe (1 10 16ka) da'+Kq(a+2')H ' (k|x—2' |) dx
0

Y

0 .
_ ~ikylatx) ikaiw) (o @@ 4 ik (et x) pp(l) L
= J [oce 1 e (1 2 —16ka) dx'4e'"1 H, (Blz—z'|) dx

| S5 S | I

x>0 .. (3.2)

S (3.3)

&= ka

Two functions R(z) and S(x) which are both zero for x > 0 are added to the
right-hand sides of equations (3.1) and (3.2) respectively, in order to make them
valid for z < 0. If Ky(—a—x) and Ky(a+z) are defined to be zero for x << 0, then
(3.1) and (3.2) with R(z) and S(z) added to their left-hand sides are valid for all
z from —o0 to 0. A complex Fourier transformation is then applied to (3.1') and
(3.2). While taking the transforms of the terms containing the factor ¢”****), the
integration with respect to x from 0 to co is performed; on the other hand the contri-
butions of the integrals in the range of z from —co to 0 are added to the trans-
forms of R(z) and S(z) to yield, respectively, E({) and 8({). The result of such
a transformation of (3.1) and (3.2) is

2By(—0)  aiBu(=E) | @ K=K u Ky(=h)
V=g k—t{ 16ka k—C @ 4du (k—0)2

2ie—1kla 1 aeﬂelu 17:8‘

= Ttk /s T k) (=0 T6Fa(k+E,) (k=)

where

o K'o(—k)
da(k—10)

+ +

qu

. ik.a . ik
xte 1 Coare

T dakFE) k=02 dak+kq)2(k—1)

lll

+ROQ .. .. .. (34
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and B
2Ko0) L aiKalk), o Ei(k)  a Kyk)  aRy(K)
Vig—re' k= T16ka k=0 4a(k—0)2 " Za(k—0)
_ 2ig"t® 1 + ae” i et
T {-kitieg/ia—p2 T b—k)(k—0) " 16ka (k~k,) (k—10)
‘az-e-“ﬁ“ aie—ikla 5 )
W=k (=D~ ZaGh—ke—g TG - 3)
where
f Ki(~a+2x)e @gxdx—-f —a—2)e dy
—1?2(;)=f Kyatz)e= % ds .. . . . . (3.8)
0

An iterative procedure can be used to solve the transform relations (3.4)
and (3.5). It starts from the developments

(=) =KV (-0 +E z),
E0=E)O+E]O L (3.7)
R(D) = RO +EV () i

and 8(0) = 8O +8D (Y f

Byo retaining all the leading terms in (3.4) and (3.5), the equations for determining
K(l )( {) and K(O)(Z) are obtained as follows :—

2KV (=) aiky (=) _ szt achtt L p®
2 _ e R (38
V72 k=g {4ie+ky \/k2—§2+(k+k1)(k“§)+ © 2
and
2By (0) iRV () it 1 ae” 1" +5%0 .. 39

Vg k=T "Itk vi—g kG0

By the definition of B(x) and S8(z), it follows that*R({) and 8({) are regular in the
2

upper half plane. Im{ > —Imk. The transform of the Hankel function V - &

is regular in the strip —Imk < Im{ < Imk. K;(—{) and K,({) are regular in the
lower half plane (Im{ << Imk). By the corner condition, it is known that
K (~a~z) and K,(a+z) each behave like 2-* near 2 = 0 and hence K;(—{¢) and
K5(2) each behave like {-* as | {| > co.

" Hence, after rewriting (3.8) in the form

=(0) . ik R =7
K, (_l) e ¥ 1 | =(0) ’b(’ ky ] ’\/2](7
e O
Vi={ {tietk [\/k r \/k+k1+ze]+2 [K~ (=045 =t
B jo= ke i -[*(0) ze kye ][ /k+§ \/)L]
T ltietki A/ Ttk fie Terk
+\/I;+€R‘°) O .. 310
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it is seen that the left side is regular in the lower half plane (Im{ < Imk) and the
right side is regular in the upper half plane (Imf > —Imk). Therefore an integral
function is defined in the entire {-plane. Since both sides tend to zero at infinity
in their respective half planes the integral function vanishes and from its repre-
sentation in the lower half plane it follows that

e [ “h—r | . iha N
7a N L we 1 _ k—l _.ﬂ Z0) e ] _%-
A ! \/k+k1_+" ] Bl RS Gl el I iy SR SRR

Application of a similar procedure to equation (3.9) yields

cika [ — .
7(0) et 1= k—=¢ | _ ai | ok

B0 =rie=h | \/k—k1+z'e_ 2 = o ©12

By setting { = —k in both the equations (3.11) and (3.12), two simultaneous

equations are obtained for the evaluation of K (0)(10) and K (0)( —k). When these are

evaluated and substituted in (3.11) and (3.12), the fo]lowmg explicit expressions for
K(O( {) and K(O ({) are obtained

« —dkia R . . ik,a 1
B0 =@_e_;[1_\/k—;] «ik [ze 1
(=0 =317 e ] [ RV iy

14

4
@ e 1 ] . 3.13
o U—) Vk+kr] V=L (3.13)
and
. ik a Ty
Z0) g T _ k—{] atk [ ie* 1
R0 = = e L@ lE—R ViR
+ 4
L ] : 3.14
+2(k+k1)\/k kl ’\/k C . . .. ( . )
With (3.7) and (3.8), the relation for determining K1 (—{) is obtained as
280(=1) _aBJ(—k) EY (=K o B (=B oEY(=)
ViE—g k=L " I6ka k—L 'da (k=0% ' da(ki—0)
» tk.a « skoa
oze 1 ate 1 ane ke
T ke ) =0 ~ T E) (=07 Gk TE @ - (19

After the multiplication of (3.15) by ’\/ k<4{ and the selection of terms which are
regular in the lower and upper half planes, it follows from the vanishing of the
integral function, that

(0)’ « dik.a b3
(1) (1) 2k %_ [__ oKy (—F) are 1 ] ﬁ)
(—D+Z B (= (k g) = G~ wrh (e

7l . 1tk a 32
+[_ «KS(—k) _ aid ] ( 2k ) ce .. (8.16)
16ka 16ka(k+ky) | \k—=¢

3B
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Similarly with (3.7) and (3.9) the relation for determining 2(21) (&) is

L L IED < I SU I Sy R S
V2= k—{ 16ka(k—§)+4a(k_g)2_4a(k__g)

_ aie—ikla aie—ikla (X.ie—ikla (1)
= TRk (—0) " Ak —0P ~ da—kyr—p TS @ - @17

As before, after the multiplication of (3.17) by 4/k+{ and the selection of terms
which are regular in the lower and upper half planes, it follows from the vanishing
of the integral function, that

_ P 2k \t  [aK(k) et ok \¥
O+ B (FZ) =[ 5 ‘Sf(ic—kl)Z] (&)

aBPE) e ](Qk )3"2 L @
Toka ~ 16ka(h—Fp)| \E={

After substituting { = —k in (3.16) and (3.18), two simultancous equations
are obtained for the determination of I?(zl)(k) and K(zl)(—-k). When these are evalu-
ated and substituted in (3.16) and (3.18) and with the use of (3.11) and (3.12), the
following explicit expressions for K (11)(-§) and 1?‘21’(5) are obtained :—

K(l)( _ g) aike‘ikla [_ ( 1 + L:I

LA S et ) V—k V=L L (k+E1) " 4k
wike1®
- B (3.19)
da(l+k) Vk—k(k—0)""
and
7 ke "1 1 1
EQ) = x __[—-———+—]
2 © da(k—k) Vit VE=LL (k—k) 4k
v —tk.a
aike (3.20)

" da(k—ky) \ Tk (k=)
From (3.19) and (3.20) only terms linear in ka are retained. From (3.11) and (3.19),
K= = EV(—=0+E(=0) is evaluated. Similarly, from (3.12) and (3.20) Ka(0)

can be found out. From a knowledge of the transforms Ki(=0) and Ky(2) al'one,. it
is possible to determine the transmission cross-section per unit length of the infinite
slit.

4. EVALUATION OF THE TRANSMISSION COEFFICIENT
The transmission cross-section for unit length is the ratio of the power passing
through unit length of the slit to the incident power per unit area. The transmission

coefficient ¢ is defined as the ratio of the transmission cross-section to the area 2a
per unit length of the slit. It can be shown that

=cose—c-%-i—0Refe""“r”'K(y')dy' ce . (4

J
81+,

{t =

c
2
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With the help of (3.6), (4.1) may be rewritten as

t = cosf— —S~0R [m af eikl"’Kl(—-a—x’)dx’-l—e“ikl“f €~ik11’K2((1+.’E,)d17,:|
0

2a 0

-tk,a

[1——13 [e ‘Bik)4e 2 I?Z(kl)]] cos 0 .. .. .. (4.9

The use of (3.13), (3.14), (3.19) and (3.20) in (4.2) gives the following expression for
the transmission coefficient :—

] [cos [2ka(1+sin 0)— Z] cos [2ka(1—sin 6)+Z~;] -

24/ a(ka)™™ +

1 m
.t gn2{2ka_"
27 cos B(ka)2 s < (Zka 4)

. [cos [3 (2ka— g) A+-2ka sin 0] cos [3 (Qka-— f—;) —2ka sin e] }
87" % (k)"

t = cos §—

(14sin 6) (1—sin 6)

+

(14sin 6) (1—sin 6)
: sin [2ka(1+sin 6)— 717] sin [Qka(l—sin 6)— ’_;] }
+32\/7_7(ka)5/2 (14sin 6) + (I—sin )
| sin [2ka(1 +sin 6)— Z] sin [2ka(1—-sin 6)— ’ﬂ }
T 4/ (k) Fsm0? T (I—sm0p? o (43)

For the special case of normal incidence § = 0

1 )
AR g — — h—
t_2a 1 \/7.7 ra) 7 cos( ka 4) k2 251112(21&1 )

1 . T _’z . T
4\/ ka 52 [ cos 3 (Qka— 71) i sin (2]5“_ 4)} (44

By carrying out more iterations, higher order terms in ¢ can be calculated.
Although the procedure is siinple, in principle, the algebra becomes 100 complicated
to permit the ready evaluation of higher order terms.

It is possible to interpret the various terms in (4.4} as contributions arising
from various orders of diffracted rays in a manner similar to that given in Part T for
the H-polarization. It is sufficient here to mention that the second part of the last
term in (4.4) is due to the second term in the series for the field associated with the
doubly diffracted rays and this contribution is unobtainable by Keller’s geometrical
theory of diffraction.

With the knowledge of K;({) and K,({), the diffraction pattern in the far field
and the currents on the screens are also easily computed (Seshadri, 1958).
However, since these calculations are straightforward they are omitted here.

5. GENERALIZATION TO THREE-DIMENSIONAL INCIDENCE

In the preceding treatment, the direction of the incident wave was assumed
to lie in a plane perpendicular to the screens. However, for the case in which the
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direction of the incident wave lies in any other plane, a simple modification of the
expressions obtained for the two-dimensional case yields the result. This fact was
proved in Part 1 for the case when the incident electric field had no component
parallel to the edges of the slit. The treatment of the other case where the
incident field has no magnetic vector parallel to the edges of the slit is briefly
outlined in this section.

Let the incident wave be described by

Einc = [(m2+n2)£—7lll"l7—7'Ll2] eth{lx+my+nz) . R (51)
ﬁim‘ = [ng—ms] ikl my+nz) . .. .. .. (5.2)

where [, m, and n are the direction cosines. If the incident field has no magnetic
vector parallel to the edges of the slit, it follows that the scattered magnetic field
also has no component parallel to the edges of the slit. Hence H, =0.
In addition, the geometry of the slit is such that the dependence of all the field
components on # is through the phase factor e**. Hence it is possible to write
the field components as follows :—

E,=E.¢™ E,=Ee"™" E,=Ee" L (5.3)
H, =0 H, = H,e"™ H, = E™" . .. (5.4)
With the help of Maxwell’s equations, it may be readily shown that
ikl 8 __tkl 9E 4
EyO = ? ay 20 = F oz (55)
4 0
ik 08, __tk0E
Ho=—n Ho=g=y (5.6)
and
(02 2% =
(3372+a72+1~0) Ep=0 . . (BT
where
ko= k2(1—12) . .. . .. (5.8)

Since the tangential component of the electric field is zero on the screens, it follows
that

Eow=0;lyl>e .. .. .. .. (5.9
It is seen that H,q satisfies the same equation as §i(x, y) with k2 replaced by ké
Let the following function be defined :—

y< —a Km(?/)} _ 1 (aE,O)
y>a Koa(y)) —  ikn\ 92 /.o

It may be shown that the following integral equation is satisfied by the screen
distribution Kg (y). The superscript + indicates that the value of K(y) is that
corresponding to the shadow side z = 0+,

. (5.10)

f Ko;(y')Hf)l)(koly—y’l)dy’+f Kooty ) H (ko |ly—y' ) dy’

= —(m2+n?) J. M HD Eoly—y Ny .. .. (311
. -a
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The integral equation (5.11) may be solved by a method analogous to that
employed in section 3 and thus the values of the transforms Kg(f) and Ko(2) are
obtained.

The transmission coefficient per unit length is readily shown to be given by
the following formula :—

t = e )Re [e"""‘“z{‘m(km)+e"'k”‘“Eoz(km)] .. (5.12)

n 2a(m2+n?

The expression (9.12) for ¢ reduces to (4.2) when ¢ =% which corresponds to the

direction of the incident wave lying in a plane perpendicular to the screens. Since
the explicit expression for ¢ is easily written by suitably changing the expression
(4.3), no attempt is made to write them down explicitly.

6. NUMERICAL RESULTS

The values of the transmission coefficients &5, {3 and t4 which are respectively
the first two, three and four terms in the series (4.3) are represented graphically
for the range of values 0 < ka << 10. The angle of incidence # is a parameter; it
ranges from 8 = 00 to § = 609 in steps of 100.

In Fig. 2, t; is plotted against ka for various angles of incidence 8. For large
ka, all the graphs are seen to approach asymptotically the geometrical optics value
cos 0. The plots of t3 and ¢, are in Fig. 3 and Fig. 4 respectively. A study of
three graphs reveals two interesting features. Firstly as 6 increases, ¢ approaches
the geometrical optics value cosf for larger values of ka. Secondly, for the case
of the E-polarization the variation of ¢ with ka is more oscillatory and less smooth
compared to that for the H-polarization. In addition the transmission cross-
section for the E-polarization exhibits resonances whereas in the case of H-polari-
zation no noticeable resonances are present.

7. CoNcLUDING REMARKS

Apart from the diffraction problems which are amenable to solution in the
form of a series of appropriate eigenfunctions, the problem of diffraction by a
wedge with the half-plane as a special case is virtuslly the only one for which
solution in a closed form is available. The Sommerfeld problem of diffraction by a
half-plane can be solved exactly by the use of the Wiener-Hopf technique. But
such a solution is not available for the problem of diffraction by an infinite slit.
However, instead of a solution in a closed form, if a solution in the form of a series in
inverse powers of ka is sought, then the coefficients in this series can be obtained
exactly by the exploitation of the Wiener-Hopf technique as carried out in this
paper. Such series solutions are found to be very useful, since with two or three
terms they represent adequately the exact solution over a surprisingly wide range
of the parameter ka, i.e., ka > 2. This method has also been applied (Seshadri and
Wu, 1958) successfully in obtaining the exact agymptotic solution for the problem
of diffraction by a circular aperture in an, infinite plane, perfectly conducting
screen.
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