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ABSTRACT

This paper is a continuation of a previous paper in which the geometry at a point P of
a hypersurface V; of a Riemannian space V, has been interpreted in terms of the geometry of
the projective space S which is supposed to be the 3-dimensional space at infinity of the
tangent space T, of V4 at P. The results of this paper have been generalized and extended to
the case of a subspace Va of a Riemannian space Vn in the present paper. Existing tensor
equations including those of Gauss and Codazzi for & ¥a in Vi have been interpreted in the
language of the geometry of the associated projective space Sm-1.

In a recent paper (Sen and Sen, 1958), the geometry at a point P of a hyper-
surface Vg of a Riemannian space V4 has been interpreted in terms of the geometry
of the projective space S3 which is supposed to be the 3-dimensional space at in-
finity of the tangent space 7, of ¥, at P. In that paper the idea of projective
interpretation of entities belonging to a Riemannian space as given by Ruse (Ruse,
1944) had been made use of and the results were obtained by methods which were
perfectly general and easily applicable to the case of a hypersurface V, of a V,,;.
The object of the present paper is to interpret the geometry at a point P of a sub-
space V, of a Riemannian space V, in terms of the geometry of the projective
space S,,_; associated with the point P by following the method and model adopted
in the paper referred to above. We shall need the following results from Ruse’s
work in connection with the associated projective space for our discussion.

The components X* of a contravariant vector at a point P of a Riemannian
space V', may be regarded as the co-ordinates of a point of the centred affine tangent
space 7', of differentials daf at P and these co-ordinates X% (0, ..., 0), when con-
sidered as homogeneous co-ordinates, denote a point of a projective space, say S,_1,
of n—1 dimensions. This space S,_; may be regarded as the (n—1)-plane at in-
finity in 7,. Thus a contravariant vector X¢ at P of V, denotes the point of
homogeneous co-ordinates X*in 8,_;. A covariant vector u; at P of V,, represents
the (n—2)-plane of equation u; X’ =0. The metric tensor g;; defines the fundamen-
tal (n—2)-quadric of point equation g;;X*XJ = 0 and of tangential equation g'fu;u;
= 0. A contravariant null-vector and a covariant null-vector at P of ¥V, corres-
pond respectively in S,_; to a point on the fundamental hyperquadric and to a
hyperplane touching it. The (n—2)-plane X, = g’.ij represents the polar plane
of the point X* with respect to the fundamental hyperquadric. If X® and Y are
two points in S,_;, then

P’ =XV -7'X
are the co-ordinates of the line joining them. The lines of S,_; which satisfy
Riup'p® =0,
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where B is Riemann-Christoffel tensor of ¥V, constitute a quadratic complex of
lines called the Riemann complex and the lines which satisfy

rph =0,

where rj; is a covariant bivector at P of V,,, form a linear complex of lines in S,_;.

2. Let P(xf) be a non-singular point of a Riemannian space V, with the
metric

ds? = gl.jdxfdxf, (t,j=1,2,...,n).
Suppose ¥, to be a sub-space of a non-flat Riemannian space V,, with the metric
ds? = aogdy’dyP, (0, f=1,2. ..., m)
V. being defined by the equations of the form
y*=f1a1, ..., @),

where the rank of the matrix (afu/ax") is n. Then the following equations are
known to hold at the point P :—

9= amﬁy?‘iyﬂ, .. .. . .o 2n
oL
where % = gi” . If X be vector of ¥,, normal to ¥, at P, then
gy AP = 0.
There are m —n such independent vectors normal to ¥, in V, at P.
Let Ni(v=n+1,...,m) be the contravariant components in the y’s of such a
system of unit normals to ¥, mutually orthogonal.
Then
a, N NB =1, aaBN:‘/Nﬁ/ =0 (#p), . (22
Gy NE=0. .. .. .. .. (23

Let comma denote covariant derivative with respect to g,; and the 2’s and semicolon
denote fensor derivative (Weatherburn, 1950) with respect to the x’s. Then we have

upy’ 4P =0 N X))
and .

o o M
Via= 0uN, L L L L @9)
v
where (,;; are m—n symmetric covariant tensors in the #’s. Again, if U* and ' be
the components of the same vector in the y’s and the z’s respectively, then
U* ="', B X )
We shall now interpret the above and subsequent equations in terms of the

geometry of the projective space S,,_; which is supposed to be the (m—1)-plane at
infinity of the tangent space 7', of V,, at the point P. In the geometry of S, _;,

YpWp ot o o 2D



358 HRISHIKES SEN: ON THE GEOMETRY AT A POINT

represent n fixed points. They determine a projective (h—l)-pla,ne (since the rank

of (af“/ax") isn), say S,_y, in S,_;. The m equations (2.6) merely state how the
co-ordinates of any point of §,_; can be expressed in terms of those of the n points
(2.7). Inthe geometry of S,_;, the co-ordinates of the points (2.7) are 8;, 8;, ceey 8;
respectively. Therefore the n points (2.7) are the vertices of the simplex of
ri‘fgrence in the projective geometry of §,_; induced by the projective geometry
oI O, 1.

If U* is the current point in S,,_;, then the equation

a,gUUP =0 . e e (28)

represents the fundamental (m—2)-quadric in §;_;. The section of this (m—2)-
quadric by S,_; is obtained by considering U* as a point of S,_; and so by (2.6)
and (2.1) we get the equation of the section to be

gijuiuf =0. .. .. .. .. (29
Thus the section of (2.8) by S,_; s (2.9) which represents the fundamental (n—2)-
quadric in 8,_;. The m-—mn points .ZV:‘/, for v=mn+1, ..., m, determine a projective
(m—n—1)-plane, say S,_,_3, in 8,_;. The second of the equations (2.2) says that
the points N:‘I and Nz/ (v # p) are conjugate with respect to the (m—2)-quadric
(2.8). Thus for a fixed p, the (m—n—2)-plane st)—n-z determined by the m—n—1
points Nf/(v;éy.) is a sub-space of the polar (m—2)-plane of the point NZ/ with
respect to (2.8). In other words, Sif:)_”_z is contained in amﬁNZ/. The equation
(2.3) says that the point yixi (for a fixed 7) and the point Nf/ (for a fixed ») are
conjugate with respect to (2.8). As this holds for all ¢ and all », the (n—1)-plane
8.3 determined by the points yi. and the (m—n—1)-plane 8, _, 1 determined by the
points Nf/ are polars with respect to (2.8). Further the equation (2.4) says that the
point yofij is conjugate to the point ytzk with respect to (2.8). As this holds for all

#j and all k the polars of all the points of §,_; pass through all the points y?ij (for

different pairs ¢j) which are n(n+1)/2 in number. But as §,_; and S,_,_; are
polars, the polars of all the points of S,_; pass through §,_,_; and hence all the

points yofij lie in 8,-n_1- This is exactly what is stated by the equation (2.5)
which expresses each point 4’ . as a linear combination of the points N

3. The functions y“i represent a covariant vector in the ’s for a fixed value
of a. Therefore

'y’li,y?i,...,yf"i,(i=1,...,n) .. .. .. (30

represent m fixed (n—2)-planes in the projective geometry of §,_1. Let Vo be an
(m—2)-plane in 8,,_; of equation V4 U* == 0 and suppose that this (m—2)-plane does
not contain §,_;. The section of this (m—2)-plane by S,_; is obtained by consider-

ing U* as.a point of S,_;. If the co-ordinates of this section (an (n—2)-plane)is
denoted by v;, then

v = Vay'y . .. . . (3.2)

Now let W* be a point situated in S,_; which is denoted in the geometry of S, 4
by w'. The polar (n—2)-plane of w’* with respect to (2.9) is

DR o i 7%8 —
w, = gt = gy Y = a W yF, = W gy,
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where Wy is the polar (m—2)-plane of W* with respect to (2.8). This equation
is of the same form as (3.2) and it therefore shows that the section by S,_, of the
polarity in 8,_y with respect to (2.8) is the polarity in S,_1 with respect to (2.9). This
is as is to be expected.

The » equations (3.2) merely state how the co-ordinates of any (n—2)-plane
in §,_; can be expressed in terms of the m (n—2)-planes (3.1). In particular, if

v; = yl,; then the co-ordinates of Vy are given by 8; =(1,0,...,0). Similarly for
yi., y,gi, cee, y"; Thus the m (n—2)-planes (3.1) are the intersections of the m
(m—2)-planes 8; .v., 87 by 8,1 iLe., they are the (n—2)-planes of intersections of

S,_1 and the m ,(m—2)-p1anes which are the faces of the simplex of reference in
the projective geometry of S,,_1.

4. In the geometry of sub-space of a Riemannian space, the quantities £2,;
defined by (2.5) play an important part. In order to introduce them in our projec-
tive geometry we make use of the notion of derived vectors as given in Riemannian
geometry (Weatherburn, 1950). If F is a curve i V,, of arc length s, then
da?
ds

have been called derived vectors of U* and u' along E with respect to ¥, and 7,
respectively. Now, if U* and »' represent the same vector (in the y’s and the z’s)

dat ; ;
oL X —at
q = U’J"(-i? and p‘ = u’j

. o da .
then by taking tensor derivative of the equation (2.6), multiplying by ?I:% , summing

for j and making use of (2.5) we have the known equation (Weatherburn, 1950)
 daxf )
¢ = ZQV,@- WS NS (@)
1 4

Now, as in our previous paper (Sen and Sen, 1958), we adopt the following
definition :

Let the co-ordinates of a point 4 in S,_; be given as U*; and when A liesin
S.-1, let its co-ordinates in the geometry of §,_; be given as w’. Further let B = pf
be a point of 8,_;. Then the points B and C defined by

B=UNLp and C=4'p, .. .. .. (42

will be called the derived points of A in conjunction with E for the given co-ordinates of
A in 8S,_1 and S,_; respectively.

Let us apply the above definition to the equation {4.1). We first observe that
the quantities Qyy; define in §,_1, m—n (n—2)-quadrics of equations

Qv}ijuiuj'-;‘o, v=n41l,...,m). .. . oo (1.3)
From (4.1) we find that whenever Q! = 0, for all v,
U?juj = ytziufjuj'

Hence we have the following theorem :

Theorem. If u' is a common point of all the (n—2)-quadrics (4.3), then the
derived points of it (for the given co-ordinates) in conjunction with itself in S,_; and
8,1 are one and the same point.

Again, if Q,;;u'p? = 0, for all v, we have by (4.1),

® i
Ui =y
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Hence we may state the following theorem :
Theorem. If w' and p* be two conjugate points with respect to all the (n~2)-

quadrics~(4.3), then the derived goints of one in conjunction with the other in S,_; and
S,_1 are one and the same point.

5. We now introduce the following (m-—2)-quadrics in S,_, for the purpose
of obtaining further properties of the (n—2)-quadrics £2,,;. Denoting covariant
derivative with respect to Gup and the y’s by a colon, put

Ejap= M Nz g+ Vo), (Nya=aggV,f). .. .. (51
If U* is the current point in S, _;, then the (m—2)-quadrics in question are
E,/a,gU“UB = 0. .. .. . .. (8.2)

Let us find the section of the (m—2)-quadric (5.2) by S,_;. In order to do
this we shall have to consider U* as a point of S,_; and to substitute in (5.2) the
values of U%* given by (2.6). For this purpose we make use of the following
equation which may be verified :

Ny 970 = =2y
It is then seen that the section of (5.2) by S,.y is the (n—2)-quadric (4.3) for the
same value of v.

The derived point of N f/ in conjunction with a point ! for the given co-ordi-
nates N:‘/ in8,_;is Nv/;iui. This point is conjugate to u‘ with respect to the
(m—2)-quadric a,g if and only if

aaBNf/ ; 1.1/,"‘1/{3].uj =0, or Ny, iy',gju"uf =0,

o Nyjg: Yy?'iy,ﬁjuiuj =0, or Q uu =0,

v/ij

Hence we may state the following theorem :
Theorem. A necessary and sufficient condition that the derived point in S,,_1 of
N f/ ( for the given co-ordinates N f/) in conjunction with a point E be conjugate to B with
respect to the (m—2)-quadric Gup is that the point E lies on the (n—2)-quadric .Qv,i].,
Again, if the points #‘ and v* are conjugate with respect to the (n—2)-quadrie
.Qv/,;j, then by (5.3),
Oy wvi = 0, or N, bfoc Byﬂyﬁ.u"vi =0,

or agyN Z/ . ﬁyzyﬁ.uivi = 0, or agyN,; jvfy?".u" == (.

Hence we have the theorem :

Theorem. Two conjugate points with respect to the (n—2)-quadric Q,;; are such
that the derived point in S,_y of the point N, (for the given co-ordinates Ny) in
conjunction with either is conjugate to the other with respect to the (m—2)-quadric ayg.

6. In this section we obtain projective propertiesin S,_, corresponding to the
equations of Gauss and Codazzi of ¥V, in V.

Let U* and V* be any two distinct points of S,_; and let the co-ordinates of
the line joining them be denoted by '

P = UVA=V*UB. .. .. .. .. (1)
5B
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If the two points lie on 8,_; and they are denoted by «* and ¢* respectively in the
geometry ot 8,_;, let the co-ordinates of the same line joining them be denoted in
the geometry of §,_; and §,_; by

rii = wivi —viu and % = U*VA-V*UB . .. (8.2)
respectively. Then, by (2.6),
qF = (uivi—viuj)y?‘iyf’} = rﬁy?‘iy{gj .o .. .. (6.3)

This equation expresses ¢*F linearly in terms of 7%.
Now, Gauss and Codazzi equations are (Eisenhart, 1949)

Ryn = Z (Qa/hjga/ik"-Qu/hk-Qa/ij)+Rzﬁyay?‘hy’ﬁ i-’/?’j?/?k .. (6.4)
a

and
Qopij b =80/ir, j = Z (ronrpi;— praii Qi)
T

+1?a375yj"iyij§kN§/,(a, r=n+1,...,m), . .. (6.5)

where Ry, and Faﬁ'yS are the curvature tensors in ¥V, and V, respectively and for
each value of 7 and o, the quantities uro; are components of a vector defined by

g :/NE/, i+nv, Bl NN E/ = Hroji
and satisfies
ﬂra/ﬂi+ﬂm'/i =0,

Multiply (6.4) by r*r* where 4 is defined by (6.2) and apply (6.3). Then (6.4)
becomes

Ryijrhivit = z (Q6120)ir— R0 1t82055) Th’ATjk+1?apyaan . .. (6.6
a

Ryijprri* = O represents the Riemann complex of lines in S,_; and Faﬁysq“ﬁqu =0
represents those of the lines of the Riemann complex in 8, ; which are in §,_;.
Also (Q/8; 207k —LoimS20s;) iri* = 0 Tepresents the set of tangents to the (n—2)-
quadric Q4 in 8,_;. Therefore, from (6.6) we may derive the following theorem :

Theorem. Those common tangents to the m—n (n—2)-quadrics Qo in S,_; which
belong to the Riemann complex of lines in S, _; (in 8,_1) belong to the Riemann complex
of lines in S,_1(in S, _7).

To find the geometrical interpretation of the other equation, let %' be an arbi-
trary but fixed vector at P in V, and let W# be the co-ordinates of the same vector
in the y’s. Multiply (6.5) by w' and sum for . Put

aajjt = ($ofij, k=011, ) W', )
&' rojit = (Broprpij—Hra)i§ryiz) W', L N o (6)
and 00/78 = RaﬁysyiNE/w‘ = Raﬁys WaNg/ . J

Then the equation (6.5) becomes
aa/jk = Za'-,-g/jk+00/73y?;-y?k . . .. . (6.8)
T
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Here ag)js, a'm/jk.are bivectors in the x’s and Oy are bivectors in the g’s. Multi-
plying (6.8) by ri* = wiv*—wiut and applying (6.3), we obtain

aa/jkrjk = zalra/jkrjk""og/ysq’/s . . . (69)
ps -

Now, the equations ag;* =0 and a'rojur* = 0(r 7 o) Tepresent two linear com-
plexes of lines in §,_; defined by aoyr and a'zo56.  Coppsp?® = 0 represents the linear
complex of lines in §,,_; defined by Coyg and Cojygq?® = 0 represents those of the
lines of the complex which are in S,_;. Therefore, from (6.9) we may state the
following theorem :

Theorem. Let the quantities agyjr, @'raijr and Copyg be defined by (6.7) where W&
and w denote the same fixed but arbitrary point of S,_1. Then the common lines of the
m—n linear complexes of lines in S,_; defined by agjin and @'z (v72c =n+1, ...,
m) belong to the linear complex of lines in S,,_; defined by Cojys.

rd

7. Let us consider the special case when ¥V, is of constant curvature K,. If
Kq7#0,

Ragys = Ko(awaﬂa——aaaaﬁy). .. .. .. (7.1
Multiplying both sides of this equation by pxBp?3, where pf is defined by (6.1),
we get

Rogysp*Pp™® = Ko, g5 — 508, )p*Fp”°.

This equation states that the lines of the Riemann complex in §,_; are tangents
to the (m—2)-quadric og By virtue of (7.1) and (2.1), the equations (6.6) and
(6.9) reduce to

Ryieririt = z (Q0/1iQ0fin— Qo5 Rayis ) T
o

+ Ko(gniGin—Grigis i, .. .. .. .. (7.2)
and

aa,jkrjk=za'm,jkrik. N &)
T

From (7.2) we derive the theorem :

Theorem. When the lines of the Riemann complex in S, 1 are tangents o the
(m—2)-quadric a,g, the common tangents to the m—n+1 (n—2)-quadrics Qo (o =
n+1, ..., m) and g; belong to the Riemann complex of lines in 8,_;.

From (7.3) we deduce the following theorem :

Theorem. When the lines of the Riemann complex in S,_; are tangents lo the
(m—2)-quadric ayg, the linear complex of lines in S,_y defined by aqjn contains those
lines which are common to the m—n—1 linear complexes in S,_; defined by a'ropn
(rZoc=n+1,...,m).

Finally, we observe that in the particular case when V, is a flat space,
Rupys = 0 and Qoyj, Hrg)i are usually replaced by byyij, vroyi respectively (Eisenhart,
1949). In this case, theorems analogous to the last two theorems can therefore be
easily obtained whatever the class of ¥, may be.
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