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ABSTRACT

The amplitude of thermal vibration in an ionic lattice increases with rise of temperature
resulting in expansion of the lattice. Due to this increase in interionic distance the frequencies
with which the ions vibrate also change. F¥rom these considerations it is shown that the co-
efficient of linear thermal expansion for a simple ionic crystal is
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where C, is the specific heat at constant volume, Ey, the crystal energy and », the Born constant,

To account for the increase in thermal expansion due to ionic polarization, certain empirical
changes are made and the equation (a) changes to
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where Cp is the specific heat at constant pressure and Z = N¢, Zc and Ng, Zg being

the number and charge of the cation and anion respectively.

For Lil, TICl, CsCl, PbS and PbO, crystals in which polarization effect is more pronounced,
equation (b) is used for calculating « while for the other alkali halides, silver halides, alkaline
earth oxides, ZnS, CaFg, Al;O3, TiO, and SiO,, « is calculated by assigning an empirical factor
5 to the term ﬁ%}_ in equation (b).

Most of the calculated values are within 10 per cent of the experimental data, excepting
for 8i0, (Quartz), TiO, and ZnS. Unusually large thermal expansion of 8i0, compared to the
calculated value is ascribed to rotational movements of the (SiO4) groups, which are not con-
sidered in deriving the equation. With rise of temperature increase in & (experimental) for
Ca¥F, and KI is more than a (calculated).

I. INTRODUCTION

In an ionic crystal, the jons arrange themselves in certain regular patterns
so that the potential energy of the system is at a minimum. They are not however
rigidly fixed but vibrate about their respective equilibrium positions, with ampli-
tudes that go on increasing with the rise of temperature. The amplitude of vibra-
tion can be correlated with the amount of scattering of X-rays by the crystal and
the method was utilized by I. Waller and R. W. James (1927) to show that the
amplitude of vibration of Na* and Cl~ ions in NaCl crystal increased due to rise of
temperature. Thermal expansion of solids can be qualitatively explained as the result
of displacement of the equilibrium positions of the ions due to increase of the ampli-
tude of vibration (F. A. Hummel, 1950). In view of the influence of ionic vibration
on thermal expansion of solids attempts were made by several workers to correlate
this property with vibration characteristics of the ions. A number of empirical
equations correlating thermal expansion with certain other properties such as melting
point, specific heat and co-ordination number were also advanced (J. R. Partington,
1952). Usefulness and limitations of some of these attempts were reviewed by
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J. B. Austin (1952). H. T. Smyth (1955) derived an equation correlating thermal
expansion and vibration characteristics of silica. It was concluded from the derived
equation that negative coefficient of expansion for vitreous silica at low temperature
could be explained if the vibration frequency was assumed to decrease with in-
creasing silicon-oxygen distance. W. A, Weyl (1955) discussed the effect of ionic
polarizability on thermal expansion of simple cubic crystals and pointed out that ex-
pansivity should increase with increasing polarization of the ion. Although these
thoughts have made important contributions to our knowledge on the subject a
satisfactory theory explaining this fundamental property has not been developed so
far. )

In the present communication an attempt has been made to derive an approxi-
mate thermodynamic equation for thermal expansion of non-metallic crystals and
to compare the calculated values of thermal expansion with the experimental
results. The approach to this problem is similar to that of H. T. Smyth (1955).

I1. Equarioxn ror TaerMaL Expaxsion
(a) General considerations
The free energy of a solid system at 7°K. is
F = Ey—kTnQ .. .. .. Y

where F, is the equilibrium potential energy of the system and @ is the partition
function. In an ionic crystal the ions arrange themselves in such a way that the
equilibrium interionic distance r, corresponds to the minimum potential energy Eo.
Contribution of the term k7nf) to free energy F is primarily due to ionic
vibrations. If #’ be the number of ions present per molecule, then the number of
oscillators present per mole of the substance is 32'N. Assuming that these 3n'N
oscillators are vibrating independently of each other, it can be shown that

— ’ hy — -hv;'kT:l p
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where % is the Boltzmann constant, & is the Planck constant and » is the frequency
of vibration, assumed to be the same for each oscillator.

At 0°K., the second term representing vibrational contribution to the free
energy vanishes (except for the zero-point energy of the oscillators) and the free
energy F becomes equal to the equilibrium potential energy E, With rise of
temperature the amplitudes of jonic vibrations increase (I. Waller and R. W. James,
1927) and, as a result, the ionic distance r also increases (J. B. Austin, 1952), Now,
the wavelengths of the thermal waves passing through a crystal change with increas-
ing value of r. In fact, thelength of the shortest wave that can pass through a crystal
is half the interionic distance (F. Seitz and D. Turnbull, 1956). The frequency term
kTIn@ in equation (1) should therefore change with ». In order to obtain a thermo-
dynamic expression for thermal expansion a relation between the change in interionic
distance r and the terms Fy and kTInQ contributing to the free energy of the
system has to be established.

(b) Derivation of the equation

The increase in potential energy due to an increase in the interionic distance
from the equilibrium value 7y to ro+4dr is dE = fdr, where the interionic force

oF
f=-.
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Potential energy at a distance r
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B re(20),_,

2
or (), = Egta(r—rg2 .. . . .. . {3)
Ey being the energy at the equilibrium distance ro and the force constant ¢ being
equal to
1{02E
i or2 T~ 7'0'

Also, it was postulated that the vibration term £71n@ changes when the equili-
brium interionic distance increases from 7, to 7o’ due to thermal expansion. If the
rate of change of interionic distance r with k7InQ is b, then

d
b= 7 ETIng.
From equation (2),
i | P I3 dv
It was shown by H. T. Smyth that
, b
A, =1y—rg= é—-a .
Coefficient of linear expansion is
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Since the 3n'N oscillators were assumed to vibrate independently of each other,
the specific heat at constant volume

2 ohVIRT
¢y = 3Rn’ [}W] ( ¢

W W;I—)Z .. .. .. (6)
Therefore, from equations (4), (5) and (6) .
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It can be shown that when the interionic distance is r, the potential energy
Ae222  DBe?
_Ad ]

r Fad
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where N is Avogadro’s number, 4 is Madelung constant, r is interionic distance,
e is charge of an electron, z is ionic valency, n is Born constant, and B is another
constant.
oF Ae2z2  nBe2?
E“ == N —7‘—2**‘ — —r—;_ri‘

(8)
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At equilibrium position r = ry and (8_[3') =0
T ~Tg

or
B rg'lAz?
n
_ 2,2
and (B)ry = =N At (1— l) .
. TO n

Equilibrium potential energy of the crystal representing the heat of formation

per mole of the crystal from gaseous ions is By = —(&)r,
2,2
7, =NAe 2 (1__}) '
Ty n

From equation (8)
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From equations (3), (8) and (9)
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substituting the value of a in equation (7)

=_ " 7_‘_(2(1',) 1
o= wEy v dr .. . e .. (10)
dv

An approximate solution cf the term gy may be obtained in the following way.

The frequency of vibration for a linear harmonie oscillator,

82E) v
(572 ~]

4972m
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where m is the reduced mass of the oscillating ions. Near the equilibrium position,
where 7 ~ 1,
dv 1 1 azE‘)‘“ 03E
d‘=m>(a— rmry BT
From equation (9) :
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At the equiljbriilm position, r = ry and we get
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(11)
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from equations (10) and (11) we obtain

& ntd Y 4 )
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(c) Limitations of the equation

Certain simplifying assumptions are made in deriving the equation (12), not
without sacrificing its accuracy. The simple expressions for the partition function
) (Equation 1) and specific heat ¢, (Equation 6) are-obtained on the assumption
that the 3n'N oscillators are vibrating independently of each other. Theoretical
limitations of this assumption and the unsatisfactory agreement between the calcu-
lated and observed values of specific heat of the solids particularly at low tem-
peratures are well known (F. Seitz and D. Turnbull, 1956).

The potential energy E, (Equation 1) of an ionic crystal actually consists of
the following terms: (1) Electrostatic attraction among the ions, (2) Electrostatic
repulsion, (3) Polar interactions, (4) Van der Waals forces, (5) Zero-point energy.
Contributions due to each of these terms to the total potential energy of the simple
cubic crystals were calculated by M. Born and J. E. Meyer (1932). It was, how-
ever, observed that the total contribution of the terms (3), (4) and (5) to potential
energy was small. Only the first two terms are therefore considered in equation

. dv . . . .
(8). Solution of the term %Q—: given by the equation (11) is also approximate.

G. M. Barrow, R. H. Krueger and F. Basolo (1956), for instance, calculated the
values of v for inorganic complexes from the equation (1la) and compared them
with the observed infrared or Raman frequency. It was observed that the agree-
ments obtained were only in the order of the numerical values.

Another limitation of the equation is that the increase in thermal expansion
due to polarization of the ions has not been considered (W. A. Weyl, 1955). Certain
empirical changes are therefore made in the equation to account for this effect.

Polarization of an ion is primarily determined by two factors. One of the
two factors is the intensity of the electric field due to the polarizing ion f—', Z; being

i
the charge and r; being the ionic radius. To account for the first factor an empirical
'

%’-—-ZZVL Z., N, and N, Z, being the
number and charge of the cation and anion respectively. The second factor is
the ease with which the opposite ion is polarized. For the same charge, polariza-
bility of ions increases with increasing size. Increase in thermal expansion due
to polarizability of the ion may be partially accounted for by replacing the term
¢y in equation (12) with ¢,, specific heat at constant pressure. This replacement
is convenient even otherwise since ¢, can be calculated from the experimental value
of ¢, from the equation

term ./# was introduced where z =

(3a)2VT
B

where V is the molar volume, « is expansivity and B is compreséibility, and com-
pressibility data are available only for a limited number of crystals. Equation (12)
is therefore changed to

(13)

c,,—c,, =

= G 4 | 14
=iE. 2 Jroo. .. .. .o (14)

With these apologies we may now proceed to calculate coefficient of thermal
expansion from equation (14) and compare them with the experimental data for
different crystals.
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III. COMPARISON WITH THE EXPERIMENTAL DATA
(a) Cubic crystals

In Table I the necessary experimental data for calculating ¢ from equation (14)
were given for simple cubic crystals. As far as possible the data were drawn from
standard sources indicated at the footnotes, In Lil, CsCl, TIC]l and PbS crystals

TaBLE I

Comparison between calculated and observed values of coefficient of thermal expansion for
cubic crystals

Born Coefficient of linear
Crystal SIC)' }(ff b | constant | Average thegri!;il ;ﬁ%a&n'
e energy 29é}°K ) for the ionic (at 298°K.) Per cent
= = E, . crystal | charge : Difference
] 3 cal/deg
n g |K. cal/mole :
= £ mole n z o o
S i Calculated | Observed
LiF NaCl| 2389 10-044 6-0 1 35.02 34.0/ 30
LiCl - 192-1a 12-204 7-0 1 45:36 44-07 3.0
LiBr . 181-9= 12-404 75 1 45-45 50-07 91
Lil - 169-50 13-004 85 1 56-39 590/ 44
NaF " 213-8¢ 11-004 7.0 1 36-74 36-0/ 2.0
NaCl . 179-20 11-884 8-0 1 41-43 40-07 36
NaBr . 170-5¢ 12-504 85 1 43-12 43-0f 03
Nal 159-6¢ 13:00¢ 95 1 42-87 48-3f 11-2
KF " 189-24 11-734 8-0 1 38.74 36-7/ 56
KCl1 v 163-2¢ 12-314 9-0 1 41:90 383/ 9.4
KBr v 156-6a 12-82d 95 1 43-08 40-0/ 77
KI ., 147-8a 13-164 10-5 1 42.39 4507 58
42.7¢ 0-7
RbF " 180-6¢ 12204 85 1 39.74 — —
Rb(l " 157-7a 12-304 9-5 1 41:05 36-0/ 14-0
RbBr . 151-3¢ 12-68¢ 10-0 1 41-90 380/ 10-2
RbI v 14302 12-504 11-0 1 39.73 43-0f 7-6
AgCl . 203¢ 12-144 95 1 31-47 32-9% 43
(313°K..)
AgBr . 197¢ 12524 10-0 1 31.78 34-1¢ 68
MgO v 9395 8-944 7-0 2 9-62 10-0f 3-8
Ca0 - 8315 10-234 8-0 2 10-88 12-50h 12-9%
(293°-373°K..)
Sro " 7665 10-764 85 2 11-69 13.72h 14-7%
(293°-573°K..)
PbS " 7315 11-83d 105 2 1581 20-04 20-9
CsCl | CsCl 155:18 12-62¢ 10-5 1 56-18 56-0¢ 03
TiICl | CsCl 170-98 12-82¢ 10-5 1 51-80 56-0 75
a Sherman (1932).  d Selected Values of Chemical Thermo- € International Critical
b Seitz (1940). dynamic Properties (1952). Tables (1928).
¢ Mayer (1933). ¢ Kelloy (1934). h Beals and Cook (1957).
J Weyl (1955), i Hummel (1950).

* Comparatively large differences are due to the fact that the given values of «
(experimental) are for higher temperatures,
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one of the two ions is much larger than the other and these larger ions should
be polarized to a substantial extent. Equation (14) obtained after making correc-
tions due to polarization effect was therefore used in calculating « for these crystals.
For the other crystals showing small polarization effect, a was .calculated after

agsigning an empirical value of 5 to the term n 4:in equation (14). The calculated

2
. values of « for different crystals have been compared with the experimental results
and for most of the cubic crystals the agreements are within 10 per cent. Con-
sidering the simplifying assumptions made in deriving the equation and the limita-
tions of experimental accuracy, this agreement may be considered to be fair.

(b) Non-cubic crystals

In Table II, the results of similar calculations for thermal expansion are given
for non-cubic crystals and compared with the experimental values. Here, the
coefficients of thermal expansion along the different axes are not the same and the
experimental values given in Table II are the average of the values measured along
the different axes.

TasLE II

Comparison between calculated and observed values of coefficient of thermal expansion for
non-cubic crystals

Born Coefficient of linear
Crystal SE}‘] ]?;: t |constant Average thesrir(l)aslixlpo%n- °
energy Pt for the ionic . 208° !
= Structure E, ggls/dlg') erystal | charge (at 298°K.) B §
@ K. cal/mole g ° 8
& mole n z a o 5 =)
6] Calculated | Observed | ~
Al,O3 | Corundum | 36175 18-884 7 2-40 * 578 5-80¢ 03
CaF, | Fluorite 6182 16-024 ] 1-33 18-68 18-662 01
TiO, Rutile 3006 13-162 85 2:00 3-64 7-98 54
PbO, |Rutile 2831% 15-402 9-5 2-67 6-30 7:308 13-6
(313°K.)
ZnS Sphalerite 851 10-804 9 2-00 9-97 6-50¢ 53
Si0, Quartz 2996-5 10-622 7 2:67 4-14 12-27¢ 66
(323°K.)
b, d, ¢ See footnotes in Table I. ) N.B. : Transfer data for CaF, into Table I,

For corundum (AlgQjg), fluorite (CaF,) and lead peroxide (PbQ,) agreements
between the experimental and observed values of « are good. For quartz (SiOy),
however, the experimental value of thermal expansion is much larger than the
calculated value.

It may be recalled that thermal expansion was ascribed to change in ionic
distance due to increase in the amplitude of vibration. Movements of the ions
or ionic assemblies other than vibrational motions have not been considered, al-
though these possibilities cannot always be overlooked. L. Pauling (1930) pointed out
that in certain crystals movements of the ions involve change in the bond angle.
This movement called liberation of the ion results in changes of dielectric properties,
specific heat, and also thermal expansion. In fact, unusually large thermal expan-
gion of quartz was ascribed to rotation of the (SiO,) tetrahedra by B. E. Warren
(1941). The observed discrepancy between the calculated and observed values for
thermal expansion of quartz may be explained on similar ground.
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Also for ZnS the difference between the experimental and observed values of
thermal expansion is comparatively large. It may be interesting to investigate
if there are experimental evidences for thermal rotation of the ions in this crystal.

(c) Effect of temperature

In Tables Il1(a) and I1I(d) the values of & calculated at different temperatures
for fluorite (CaFg) and potassium iodide (KI) are compared with the experimental
results. In both the cases calculated values of « decrease less rapidly with decrease
of temperature. Available experimental results are not however sufficient for a
detailed discussion on the subject, Further experimental work along these lines
might yield useful results.

TasrE ITIa

Comparison between the calculated and observed values of coefficient of
thermal expansion at different temperatures for fluorite (CaFy)

Ey = 618 (K. cal/mole).b
n == 8.
Z = 1-33.
cp = 14:7+-003807 (273°-1651°K.) cal/deg. mole.
Coefficient of linear thermal
. nsi 6
Temperature Specific heate expansion X 10
T°K. X4 |
cal/deg. mole o o
Calculated \ Observeds
265-7 15-7097 18-34 18-53
255-6 15-6713 18-30 17-38
231-4 15-5793 18-19 16-78
209-8 15-4972 18-09 16-04
186-9 15-4102 17-99 14-65
156-3 15-2939 17-86 13-02
124-9 15-1746 17.72 10-26
94-4 15-0587 17-58 717

%€ & 3o footnotes in Table I.

Tasre ITIb

Comparison between the calculated and observed values of coefficient of thermal cxpansion
at different temperatures for periclase (MgO)

Ey = 939 (K. cal/mole).?
n = 1.
Z = 2.
cp = 10-86+-0011977-208700/T2 cal/deg. mole.
Coefficient of}inear thermal
Temperature Specific heate expansion X 10°
T°K. °r
cal/deg. mole o a
Caleulated Observeds
293 8-7797 9-45 9896
303 8-04903 963 10-163
313 9-1315 9-83 10-430
323 9-2462 9-96 10-697
333 9-3766 10-10 10-964
T b, e

' & See footnotes in Table 1.
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