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ABSTRACT

The equilibrium of a dielectric liquid spherical drop in the presence of uniform external
electric field is studied. It is shown that the drop becomes prolate spheroid under the influence
of both electric field and surface tension.

1. IxTRODUCTION

In this paper we shall discuss the flattening of a non-viscous, incompressible
dielectric liquid drop placed in a uniform electric field. The results of this problem
are immediately applicable to the case when the body is magnetic and is placed in
a magnetic field.

We shall use a method similar to the one used by Chandrasekhar and Fermi
(1953) but in a different form, which avoids the integration throughout space,
when changes in electrical energy are to be calculated. It will be shown that a .
dielectric spherical drop tends to become a prolate spheroid under the influence of
both electric field and surface tension, the eccentricity, €2, being given by (Eqn. 20)

02 = 9E2R€2(€1—€2)2
- ]67TT(€1+2€2)2 :

2. Tuat ForMULATION OF THE PROBLEM

A. Field distribution due to Pi-deformation

Let us consider an incompressible non-viscous dielectric liquid sphere of radius
R, with dielectric constant e;, embedded in a dielectric medium whose dielectric
constant is €, and in which there is prevalent uniform electric field E directed along
the Z-axis. When the sphere is present the distribution of electric field (using
spherical polar co-ordinates with origin at the centre of the sphere) is given by

E? = El“'+ 2(61—€2) (E@)SE‘L

(a1+2e) \ 7
0 (e1—¢€2) R0)3
Ey= —E(1—p?)i+ le1F2€5) (7 E(1—p2)t
E,i_ 3€2

=
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where B =|E|; p= cos § and E?, Eg are respectively the radial and 8 components
of the resultant electric field outside the body and E; and E; are the corresponding

quantities inside.
Following Chandrasekhar and Fermi (1953), we deform the sphere (hereafter

called Pj-deformation) such that the equation of the deformed surface is given by
r = R+eP(p), .. .. .. (2

where € << << R and P; is the Legendre Polynomical of order I. The mean radius
R after deformation is related to the undeformed value Ry by the equation

€2
R0=R(1+m) . .. .- (3)

When the sphere is deformed, the field distribution is changed. We shall denote
the corresponding variations in the electric components of Egs. (1) by SE?, SEg, 3E;
and SEZ. These variations can be derived from a potential function ¢ which

satisfies the Laplace equation
A2p = 0.

Choosing the solutions that are well-behaved everywhere, one can write

) n+2
SE° =.€l_f_ > 4, nnt1) (_rff) Po(w)

=1
n+2
3E3=%7-Z A, n(n+1) (5) Pl(u)
: eEm ' 7'"—1
aE,__EZ] B, n(ﬁ) Po(r)
X © #-1
.8E;=-5§ B,,~n(%) Plw, .. .. .. @
n=1

where A4, and B, are arbitrary constants to be determined by matching the
solutions at the deformed boundary and

opP,
on

P (w) = (1—p2)t

The boundary conditions at the dielectric discontinuities are :
(1) the tangential component of the electric field, and .
(ii) the normal displacement should be continuous across the boundary.
If « is the angle which the radius vector makes with the normal at any point
on the boundary of deformed sphere, we have (from Equation 2)

— & L
a=—gl= op
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Taking the values of the radial and 6 components of the total field after
deformation up to first order in e, the continuity of the tangential component of the
electric field at the deformed boundary gives

P, , .
P B(l—n2
€1+2€2 %R ou t=r9

(e1—€3) ( 3€Pz) X y B <= i
- [1— E(l—pu2 A . nP
+(€1+2€2) 7 ) E(—=p®) "+ (1)

_35E52"L(1_P’2) 0P 3eo ) (] — 2’.’_€E N B .P! =
W(ap = ey TTH Z LoD | ()

On simplification Eq. (5) reduces to

l_iPl 1 — l+1 a ]+1+ €1+H€2 [S )IA,‘TB aP } 0 (6)

T Q2I4+1) O 21+1) o 1—€2) | & o

The above equation clearly shows that the allowed value of » are: n={—1 and
n=1[+1. Therefore we get two equations connecting 4 and B’s;

_ l (€l+;-€") =0
D) T3 ey A+ B

)
1+ +(€1+‘)52)
(2141) " 3(e1—€2)

Similarly continuity of normal displacement across the deformed boundary gives

(DA B} =0 .. . (T)

3eg(e1—es)l =
Gt 2@t Hedimmabial =0

—eg)(1
B l(%"‘ {(+2)esdiy1—€,Biys} =0, .. o (8)

Solving Equations (7) and (8) for 4,_1, 4;41, B;—1 and B4y, we get

w0

4 — 3l(€1—€2)2
T T @) (e + 265 [er— (e +2¢0)]
Ay = _ Blei—es)
T R ) (e 263)
B = — 3ez(2l—1)(e1—¢0)
T T @I D) (er + 2eg)[er —(eg +2e0)]
Biy1=0. .. .. . .. .. .. o (9)

B. Change in electrical energy due to P-deformation

In order to calculate the change in electrical energy of the body due to the
deformation, one normally adopts the following procedure similar to that of
Chandrasekhar and Fermi. One calculates the total energy of the electric field
without the deformation throughout space and with the deformation also. Then by
subtracting the former from the latter one gets the change in energy due to

6
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deformation. This procedure is perfectly justified when the field distribution is such
that it vanishes at infinitely large distances from the body. Ifit is not vanishing at
infinity, the above procedure is not dependable. (Owing to the occurrence of in-
determinate quantities like co X 0; whose limit cannot be determined.)

An alternative procedure is the following : One should assume that the uniform
electric field E near the body is due to a charge Ed® kept at a distance d from the
body such that d > By. Now this source cannot give a finite field intensity at in-
finity, and therefore will not give rise to uncertainties in the calculation of changes
in electrical energy due to deformation. Then the limit d - co gives us unambig-
uous results for the changes in the electrical energy.

Alternatively one could assume that the field distribution is such that it
vanishes at infinity, and calculate the energy of the dielectric body in electric field
before and after deformation in the manner given by Stratton, according to which

the energy of a dielectric body (dielectric constant €;) embedded in a medium of
dielectric constant e, is

. 1 .
W =§;<e2—n>f,,.ﬁ-gdv, L)

where the integration is to be carried only over the volume of the body and E
and B’ are respectively the electric field intensities at any point in the region occu-
pied by the body before and after the body is placed in the electric field. We can
gimilarly calculate the energy of the deformed body W~

1

W”=——(52——el)f E-E"dV, .. - o (1D
8 -

where E” is the new field distribution after deformation, and integration is to be
carried out throughout the deformed volume. Then the change in electrical energy
due to deformation is given by
AW =W —W'. Y
Substituting the value of E’ from Eq. (1) in Eq. (10) we get
W’ €2(EZ—€1)E2R3
T 2 +2e)

In order to calculate the energy of the deformed sphere, we note that we need
only the field distribution inside the body.

Substituting for £” from (1) and (4) in Eq. (11) we find that

( ) R+eP, o1 n2m a2 - op

v \S2T”€Y ot T 2y 0=l

W¥ = oy J J j [(€1+2€2)+ Vi ({—1)B;, {V'Pl-l'i'(l #*) 3 }] X
0 -1Y0

X redrdpdd.  (14)

(13)

1 2

R-4€P
_(eg—e)eB2—1)Bi i | ! _ Pin)
AW = S j {;LPM+(1 w2 }rdrdpd:ﬁ.
[} ~1vY0

Now we shall calculate A W up to first order in . On simplifying Eq. (14) we
can show that

AW =0 for I £2
6r
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and
— 2
AW = _;gem}zzez(%%i%z for 1= 2, N 153

where we have used the value of B;_; from Eq. (9).

3. CHANGE 1IN SURFACE ENERGY DUE TO P,-DEFORMATION

Due to surface vension of the liquid, the surface energy of the sphere changes
when the sphere is deformed. The area 8’ of the deformed surface whose equation
is

r = Rt-ePy(p)
is given by

S, D o ] 0 2 dq-‘ 2 idﬂ
__--nJ #* s1n {r +(@) }
o

167me2
5

= 47 R2%4

2
8’;, e L (16)

= 477R§+

where we have used Equation (2).
Therefore the change in surface energy due to Py-deformation is given by

Bmre2T

AQ=——,

(17)

where 7' is the surface tension of the liquid.
The change in the surface energy is therefore always positive and is of the second
order in e. This is in contrast to A W, which, as we have seen, is of the first order
in € for Py-deformation and is negative for a deformation which tends to make it
prolate. 'We can therefore conclude that the sphere is unstable and that it will
tend to collapse towards a prolate spheroidal shape.

To estimate the extent to which the collapse may proceed, let us consider
AR+ AW for a Py-deformation. We have (cf. Eqgs. (15) and (17))

87T€2T 3€E2R2€2(€1'—€2)2

BRFAT =5 Bler+ Zes P s
As a function of e, AR+ AW has a minimum which it takes when
. 3E2R2€:_)(€1 —'62)2
T 16nT (e +2¢,)2 (19)
and the eccentricity e? = % , therefore, is given by
9E2R€o(€1-—€2)2
2. T hpita il St 9
e 67T(e; + 20,2 .. .. .. (20)

4. DiscussioN

It is interesting to note that the prolateness of the body is independent of
relative values of the dielectric constant of the body and the medium in which it is
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placed. If we have a water drop in air and establish a uniform electric field
around it, the drop gets elongated in the direction of the field. Similarly if we
allow an air bubble to form inside water, it will also get elongated in the direction
of electric field. The reason for this is as follows :

If ¢, is the dielectric constant of the sphere and e, is the dielectric constant of
the surrounding medium, then it can be shown that the electric stress Pz acting
across the boundary from e, to €; is given by

o 2E2
Py = (ea—e1) [€1E§+ 152N]’ .. .. ..o@n

8me;

where E; and Ey are the tangential and normal components of the electric field
intensity inside the sphere. From Eq. (1) we have

E 2 __E(1—u2pt
T (E]+259) ( ’U.)

Ev._agiE (22
IS _(€1+2E2) [T .. . . .. )

Substituting for Er and Ey from Eq. (22) into Eq. (21) we get after some
simplification
- 952(52—'51)E2

P = et 26

[52 +(€1—€2) 00520] . . . (23)

Now let us first consider a liquid drop of dielectric constant €, embedded in a
medium of dielectric constant e, with €; < €;. From Eq. (23), the electric stress
at the pole (u = 1) directed from e, to € is given by

Prp= —Ae
where

_ 9| e3—ey | B2

T 8 +2e)?

Also, the electric stress at the equator (p = 0) is given by
PE = —A€2.

The above equations show that the stress is acting from interior of the fluid to
the outside and hence is a tension whose value at the pole is more than at the
equator. Hence the fluid body tends to become prolate spheroid.

Let us now consider the case of an air bubble when €; < €. According to Eq.
(23), the electric stress at the pole directed from e, to €, is

Pp = Ade.
Similarly at the equator,
PE = AEz.

Therefore we see that in this case the electric stress is a pressure whose value
is more at equator than at poles, and hence again the fluid tends to become prolate.
5. CoxcrLusioN

We have seen that a dielectric liquid spherical drop suspended in a uniform
electric field becomes a prolate spheroid under the action of both electric field and
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surface tension, and further, the prolateness is independent of relative values of
dielectric constants of the drop and the medium in which it is placed.
From Eq. (20), we sec that the eccentricity of the spheroid is
_ 9E%Res(ey —e5)? G
— 1617T(€_1T‘_)€.*2)72— .. .. C) .. (24)
As a rough order of magnitude we can calculate the electric field that will
break the drop. If we put the right-hand side of Eq. (24) equal to unity, this gives
an upper limit of the value of the electric field required to break the drop. This
upper limit of K, say E*, is given by

g at2e) 1(;1)"
T (e1—ep) \9eaR/

e2

For water drops of radius 0-1 cm.
E* ~ 19,000 volts/cm.,
and for drops of radius 1-0 em.
E* ~ (6,000 volts/em.,

This shows that the stable radius increases with decrease of the electric field.
This explains why sometimes large sized drops and hails form when there is no
thunder cloud.
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