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ABSTRACT

We consider a self-gravitating cylindrical mass of compressible fluid having infinite
conductivity. Initially it is supposed to be in equilibrium under the action of its gravity, an
axi-symmetrical magnetic field and an external gas pressure. The purpose of the paper is to

find out the displacements £ = {0, 0, (@, &) }, which would render the magnetic field force-free

preserving the hydrostatic— equilibriurn of the mass. We also calculate the corresponding
changes in the magnetic energy per unit length of the cylinder and the pressure distributions in
two particular cases.

1. In this note we consider a self-gravitating cylindrical comypressible mass of
infinite conductivity in equilibrium under an axi-symmetrical magnetic field and
an external pressure py on its boundary with a view to find out the displacement
which will render the given magnetic field force-free retaining the configuration in
equilibrium. Xt also indicates whether the displacements required to render an
equilibrium magnetic field to force-free are physically realized without the help of
an external system., In a recent paper Majumdar (1959) has discussed the case of
infinitely conducting incompressible fluid bounded by an infinite cylinder with
rectangular cross-section which is taken to be perfectly conducting. At the end
of the paper, for the sake of comparison, we compute the change in magnetic energy
brought about by the displacement.

2. Consider a gravitating cylindrical compressible mass of infinite conducti-
vity which is in equilibrium under

(i) gravitational force,
(ii) pressure gradient
and (iii) Lorentz force.

The equation for the hydrostatic equilibrium is

_\1
0=_Yl’_2gm_(‘“ﬁ+z”—(curlg)xy, L)
np

p @

where & is the unit vector along radius, m(®) is the mass per unit length of the
cylinder contained within the radius & and @ is the universal gravitational
constant.,

An axi-symmetric field may be written as

oP 19
==&, o, - 5= (&2 . . (2
H [ “’az"“T’,,-,aa(‘"”]’ @
where P and T are scalar functions of @ and z. We wish to find out a displacement
of the type
' § = [Oy 0: ;(‘Bs qs)] c ‘e . .. (3)

which renders the field (2) force-free preserving the equilibrium.
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If p’, p’, H', denote the density, pressure and the magnetic field in the force-
free case, the equilibrium equation is

el e - .. . .. (la)
P @
The equation of continuity gives us
p_ 0z+¢§)
== = = l, 4)
P o(r) (
r+§)

where e )— is the transformation determinant from the co-ordinates (@, ¢, z) to

(0. ¢, 2+ (o, ¢)].
In view of (4) the fields H and H' are related by the following relation,

H=H+H -v)¢ .. . . .. (5
Substituting in (5) the values of J and ¢ from (2) and (3), we have
. _oP
H(T) = —(U“a*z—
H¢ = @T ’ (6)
+ 10
= = (&2 -
i, = & 0 (@2P) +
om0 _dPdl .
wherez-—’lgg—wga—d;. .. .. . .. .. .. )
Since we wish H’ to be force-free, we put curl H' =« H’, .. .. o (8)
where o is a constant, so that
140z d - }_ _gf -
a{é‘a—é‘é(wT) ——‘—d(l)az .. . . (xz)
0§_(oP 818_2}3_g____,. b
and
10 ,_ a0, .,
=56 (@27) 556 (02P) tam (8¢)
Since
div H' = 0, 9)
We get
On
'a;—o .. .o . .. .. (9!1)

Further, the fields H and H’ should satisfy Chandrasekhar and Prendergast
(1956) equations for the equilibrium under axi-symmetric fields, namely

T = f(&2P) .. .. .. .. (9)
and
(AP, @tP) _oT2

@ 2 oz (9e)
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where f is an arbitrary function and A is the Laplacian operator in five dimensions
given by

52 2
From (85) and (8c),
- % (ouD %‘i‘)) - a—&; [é % (J)ZT)] = a2eT e (10)
Combining (10) with (8a), we get
a—z;d;{z} =g—;(aﬂTHa%{éa%(a?T)}q-amZT .. (1N
Now by (11) and (9a)
%(aﬁwaa‘;%l 9 @ 2T)}+42@2T=0 L (12

The solution of (12) can at once be written as
@27 = @[ AJ (Va2 —p23) + BY (Va2 =B%a)] cos (Bz+7).

where 4, B and 8, and y are arbitrary constants and «2 > g2,
Finiteness of @7 on the axis (@ = 0) gives B = 0, so that the requlred solution
for T is

7 AJl(\/az_ﬁ;&) cos (Bz+7) N . L (3)
From (8a) and (9a),
o2
azz(ocP T) = 0. .. .. .. .. (19)
which, on integrating, gives
p=Tlyd@z @) )
o o o

where g(@) and (@) are arbitrary functions. Substituting (15) in (8c), we have

@%@ +aip(@)]. .. .. .. (16)

T -

w:xa'

Since =z is independent of z, we should have g(@) = 0. Hence
1 2 : ,
7= — — — [a%Y(D)] .. .. .. (16"

also
(aP—=T) = Y(@) .. .. .. .. (158

Now (98), (13) and (15) imply that 7" and P are independent of z, so that
T=4J1(ac3) .. .. . .o (17)
w
Then from (7) and (16’)

f i
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:80 that
1 d
- — - [0%)(®)]
o do )
{= 6] b, . .. o (18)

the arbitrary function in the integration is taken zero choosing { = 0 at ¢ = 0.
“Thus the field

B=[O,AJ1(a¢D),AJO( +-——{w2l[ub}] O )}

is transformed to the forc:-free field

B =10, 4J(aw), AJy(ad)] .. . .o (199
by the displacement given in (18).

3. Boundary conditions: At the boundary of the contiguration the following
-conditions have to be satisfied

) (+57).= (457
(I) ([J‘l" 87 Jint + Bn out

) [Hzlw =[Hz . o (20)

out
111) [Ja]int = [J;]uut

In an axi-symmetric case if the normal component of the magnetic field is zero
on the boundary, it is zero outside the configuration in the absence of volume
currents there. Hence (ii) and (iii) of (20) are automatically satisfied for both the
initial and final fields. Again condition (i) of (20) is satisfied by assuming certain
gas outside the configuration.

4. We now choose the boundary of the configuration of the cylinder at @ = @,
where {Hy}, =0. Then adyg is the first non-zero zero of Jy(a®). Then, for the

finiteness of { on the boundary of the configuration, (@) should be properly chosen.
Let us consider the following particular choice of (@) :

$(®) = BJofai), O 13 )
where B is a constant. :
In this case
B
=12 52
={-Bals
P o= :1-]1}@(3\} (22)
w
_ A tll(ad)) ]_3 - }
p= 2N B ) s
and the field is
H = {0, 4J(a&), AT o(2@)+BaJ,(ad)}. .. o229

Comparing (19') and (22'), H and H’ become the same on the boundary of the con-
figuration and that, H, being discontinuous on the boundary, there will be toroidal
surface current which is the same before and after the displacement.
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Assuming uniform density, the distribution of initial pressure is given by

o _.

_dr . -k 3 T !
0= - +2nGPa— i [ABaw {Jl(aw)—Jo(mw)j

—BQam2J1(a&)J0(ad))], .. .. .. .. (23)
which, on integrating, gives |

P = py+nGoY (&) —@?) — 4% { AB&J (@) o(ad)

+§:a‘)2,}f(m)}, .. .. .. oo (24)

where p, is the inside gas pressure on the boundary.
In the force-free case the pressure is

p = pyFnGe@i—at), .. .. .. .. (25)

where p, is the inside gas pressure on the boundary same as before.
The change in energy per unit length of the cylinder is given by
a0
I , o rB? _ fo_ e
Bﬂlzzj (HQ——-HZ)wdw=——2—i—w(4]{J](awo)} N .. (26)
o '
so that the magnetic energy of the force-free field is less than the initial equili-
brium field.
5. We shall now choose a different set of boundary conditions, namely, at
@ = (l-lo
Ha = O
To(ad) = 0, 5= {a%(@)} =0,
so that H, =0 and a®, is the first zero of Jy(a®). Taus there will be surface
current parallel to z-axis and under the action of final force-free field this surface
current is conserved. One simple choice of (@) satisfving the above boundary
condition is

In this case, the field is given by
H =10 4J(a@), (A+B) o)} .. .. .. (28)
The displacement is .

T1(ad) $ (29)

{=
The initial pressure distribntion is given by

%+2n6‘a‘»p2— ﬁ'{a(Bz+2AB)-]1(a:¢D)J0(auB) }=0 .. .. (30)
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which on integration gives

.» B2+24B
P = poFnGe(al —a?) _u(_"‘sw—) Plaa), .. .. (31

where p, is the inside gas pressure on the boundary. In the force-free field case
D = po+ nlip2 (d')g —(I)Z) .. e .. .. (32)
The change in energy per unit length of the eylinder

SM = — ’§ng+2‘43)5,§ T2 (acd).

If 4 and B have the same sign, the change in the magnetie energy is negative,
otherwise it is positive.

In the special case, when B = — A4, we have
H =10, 4J (aa), 0}, .. . .. .. (33)
_ Yo o(x@) s
C—{-Il(dtﬂ) b .. .. .. .. .o (34
H =10, AJ(2d), 4Jol2@) |, .. .. .. (35)

We note that the initial toroidal field is transformed into helical field by the above
displacement.
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